CHRISTIAN A. RODRIGUEZ; ALEX D. SANTOS; IVELISSE RUBIO; FRANCIS CASTRO;

DEPARTMENT OF COMPUTER SCIENCE,

UNIVERSITY OF PUERTO RICO, RIO PIEDRAS CAMPUS

ABSTRACT

Given ¢ = p", d; and d,, we construct partitions of polyno-
mials of the form F;,(X) = X (X T4 aX B 4 b), where

a,b € F;, that have value sets of the same cardinality. As
a consequence we provide families of permutation polyno-
mials and of polynomials with small value sets.

PRELIMINARIES

Definition. A permutation of a set A is an ordering of the ele-

ments of A. A function f : A — A gives a permutation of A if

and only if f is one to one and onto.

Definition. A finite field F¥,, ¢ = p", p prime, is a field with
qg = p" elements.

Definition. A primitive root o € [, is a generator for the
multiplicative group F.

Example. Consider the finite field F;. We have that: 3' =
3,3 = 2,3 = 6,3 = 4,3> = 5,3% = 1, so 3 is a primitive
root of [Fr.

Definition. Let f(x) be a polynomial defined over a finite field
F,. The value set of f is defined as V; = { f(a) | a € F,}.

Note that a polynomial f(z) defined over F, is a permuta-
tion polynomial if and only if V; = F,.

MOTIVATION

Binomials that produce permutations of finite fields have
been studied extensively. The next case to be studied are tri-
nomials. We have found that within the family of polyno-

mials of the form F,,(X) = X (X T LaX'm 4 b) , there

are many permutation polynomials. We want to find con-
ditions in a, b that guarantee that £, ;(X) is a permutation
polynomial and count how many permutation polynomials
exist in each family.

ACKNOWLEDGEMENTS

This work has been supported by a grant from the Center
of Undergraduate Research in Mathematics (CURM) from
Brigham Young University. Travel funds were provided by
the MAA and the University of Puerto Rico, Rio Piedras.

PROBLEM

Study the value set of polynomials of the form

1 1
Fop(X)=X(X @ +aX B +b)

over finite fields F, and determine conditions in
a, b such that they are permutation polynomials.

RESULTS - VALUE SETS

We define a relation to construct equivalence classes of
polynomials with value sets of the same cardinality.

Definition 1. Let a = o', b = o, where « is a primitive root in
IF,, and ~ be the relation in F; x I} defined by (a,b) ~ (a’,0)
’L"‘h(q - — 4z 1) b/ _ &J‘Fh( 7

— a = « 1 wherehEZ.

Example. Let ¢ = 13, d;
take a = 2* = 4,0 = 2° = 8. Now (a,b) ~ (a', V) ifcmd only if
a = a*T? Yy = ot For example (2%,2°) ~ (22 , 2316)),

Lemma 1. The relation ~ in Def 1 is an equivalence relation in

7 X 7.

The equivalence relation defined above induces an equiv-

alence relation in the set of polynomials of the form
g—1

Fopo(X) = X(X & T L aX'm 4 b) with equivalence classes

[Fa,b] _ [F()éi,(){j] _ ) b/ __ O[H_h( dq )}

This provides a construction for polynomlals with value
sets of the same cardinality.

Theorem 1. Suppose that F,;, ~ F, y where ~ is the equiva-
lence relation of Lemma 1. Then |V ( ab)\ = |V (Fy )l

Number of Permutation Polynomials

(16, 1), (25, 36),
(9, 1), (21, 36),
(12, 1), (28, 36)

(4 3), (34, 34),
(30, 3), (33, 34),
(3, 3), (7. 34)

(4, 31), (34, 6),
(30, 31), (33, 6),
(3, 31), (7, 6)

| Va.b [ =19
(16, 4), (25, 33),
(9, 4), (21, 33),
(12, 4), (28, 33)

| Va.b | = 37

* Note that the number of polynomials
in each cell is 6 = lem (2, 3)

* The polynomials within each cell hav
value sets of the same size. The size of the

IV;,],|=37 value sets associated to different cells

mght mghtn ot be equal.

Pairs that produce PP

RESULTS - PERMUTATION POL

Proposition 1. ||F, ;|| = lem(dy, ds).

Starting from one polynomial we can construct lem(dy, ds)
other polynomials with value sets of the same cardinality:

(0%,0%), (0%,0%), (™, 0®), (0™, 0%), (0, 0®), (02, a*)

Theorem 2. The number of polynomials of the form F, ,( X) with
Vas| = nis a multiple of lem(dy, ds).

A direct result of Theorem 2 is the specitfic case where
Vas| = ¢, when we have permutation polynomials. Also,
the construction above provides a way to obtain families of
permutation polynomials.

Corollary 1. The number of permutation polynomials of the form
F,»(X) is a multiple of lem(dy, ds).

— 2.dy = 3, then we have o = 2 and f | ONGOING WORK

e Study our results on the famﬂy of polynomials of the
form F,(X) = X"™(X @ T 4 aX'® + b)

e Find necessary and sufficient conditions such that
Vap = F, and V, ; is of minimal cardinality.

e Collect data on number of permutation polynomials of
this form for different values of d; and d, and compare
results with number of permutation binomials.

APPLICATIONS

e The encryption operator of some cryptosystems is a
permutation of a finite field F, and needs to be effi-
ciently computable. Expressing this operator in terms
of a polynomial is simple and efficient.

e Polynomials with minimal value sets are related with
curves with a large number of rational points.
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