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ABSTRACT. In this paper, we present an elementary method to compute or estimate the
exact 2-divisibility of exponential sums associated to symmetric Boolean functions. As a
direct consequence of these results, we prove some of the open cases of Cusick-Li-Stanicé’s
conjecture about balanced symmetric Boolean functions.

1. INTRODUCTION

An n-variable Boolean function F is a function defined over F™ with values in F, the finite
field with two elements. Symmetric Boolean functions in n variables are Boolean functions
whose value does not depend on the permutation of its input. These functions are simpler
to study because instead of having to consider all of the 2™ possible inputs, we only need
to consider n + 1 inputs; this also makes them more efficient to use if their values need to
be stored in a computer (memory constraints).

Elementary symmetric Boolean functions are the building blocks for all symmetric Boolean
functions. This is why understanding their behavior is very important. There is a unique
elementary symmetric Boolean function in n variables of degree k and it is denoted by

(1) Ong = 0n(X1,..., Xpn) = > Xj, - X,

1<51<g2<...<jp<n

Surprisingly, these functions are still not completely understood. In general, the problem
of computing the exact divisibility of Boolean functions is hard. Usually, the known results
just provide an estimate for the divisibility. The main goal of this paper is to present an
elementary method to calculate the divisibility of exponential sums associated to symmetric
Boolean functions. As an application of our method, we compute the exact divisibility of
several infinite families of symmetric Boolean functions. In some cases we obtain estimates
that improve previously known lower bounds in divisibility. To calculate the divisibility of
the exponential sums studied, one can follow a general method which will be described in
the next section.

In 2008, Cusick-Li and Stanica proposed a conjecture about the non-balancedness of
elementary symmetric Boolean functions, which states ([CLS08]):

Conjecture 1.1 (Cusick-Li-Stanica). There are no nonlinear balanced elementary sym-
metric Boolean functions except for degree k = 2! and 211D — 1-variables, where I, D are
positive integers.
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In [CLS08, CLS09, GLZ11, STP13, CM11, GGZ12], several cases of Cusick-Li and Stanica’s
conjecture are tackled. The state of the art of results on the conjecture up to 2013 can be
found in [STP13]. In 2015, many of the boundary cases of Cusick-Li and Stéanicd’s conjec-
ture were shown to be true [CGM15]. Our results give affirmative answer to some open
cases of this conjecture.

Finally, we want to point out that our method could be applied to other families of sym-
metric Boolean functions not included in this paper, but we feel that the families presented
here show its efficiency.

2. PRELIMINARIES AND DESCRIPTION OF OUR METHOD

Let F be the binary field, F" = {(z1,...,2,) : x; € Fi = 1,..,n}, and F(X) =
F(X1,...,X,) be a polynomial in n variables over . The exponential sum associated
to F over Fis

2) S(F)y= 3 (-,
T1,...,tn€F

A Boolean function F' is called balanced iff S(F') = 0, i.e. the number of zeros and the
number of ones are equal in the truth table of F. Equivalently, F' is called balanced iff
{z € F" : F(x) = 1}| = 2"~!. The property of being balanced is a very useful one for
cryptographic applications, for it means that the function has no bias towards a specific
value (in a certain way this guarantees that the function is “random”). Determining whether
or not a function is balanced can be difficult in general. However, as a direct application
of some of our results, we can determine whether certain families of Boolean functions are
balanced.

Our aim is to compute the highest power of 2 dividing S(F') for the case when F(X) is
a symmetric Boolean function. In general, if m is a non-zero integer, we denote the highest
power of 2 that divides m by va(m), where m = 2"2(™g and a is not divisible by 2. We
refer to vo(m) as the 2-adic valuation of m or as the exact 2-divisibility of m.

Let A; = {(z1, - ,2n) € F" : wa((z1,--- ,2)) = j}. Clearly, |A4;| = (2‘) and o, 1 (x) =

(,]c) for x € A;. Thus, in the case of an elementary symmetric polynomial, the exponential
sum can be written as

3) o =3 (M) 0.

In general, we have that
(®) )
S(oy, P R oo ) = Z (—1)7mk (@150 sZn)+ 0 gy (T1500%0) <n> (_1)(151)"'"""(1@’1)'

T1,...,en€F =0

Define N(n, k) = {0 <j<n]| (i) =1 mod 2}. Note that

(5) S(onp)=2"-2 Y (?)

JEN(n,k)
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Thus,

(6) va(S(onp)) =va |27 —2 Y <;‘> .

JEN (n,k)

In other words, whenever V2< > JEN(nyk) (?)) < n — 1 we have that computing the exact
2-divisibility of 3 ey, 5 () vields the exact 2-divisibility of (o).

To study v2(S(on,k)), we will do the following:

1. Use Lucas’ theorem to determine which binomial coefficients will be elements of
N(n,k)={0<j<n|(]) =1mod 2}.

2. Conjecture the value of v2(S(0y, 1)) = | via computer experiments.

3. Study the binomial coefficients in the sum -y, (?) and show that some of
these have valuation greater than or equal to [.

4. Consider the binomials in the sum which have 2-adic valuation smaller than [, and
show that the 2-adic valuation of the sum of these binomials is equal to [ — 1.

Recall that vo(m+n) > min{ra(m), v2(n)} and vo(m—+n) = min{va(m), va(n)} for vo(m) #

va(n). Since we have ¢ v, k) (?) = Y jeN(nk) (?) + 2 jeN(nk) (’;), then, if we are able
va((1))21 va((7))<t

to show that v ( Y _jeN(nk) (?)) = [ — 1 we would have that

1/2((?))<l
n n n
(7) w( > <j)+ 3 <j>)=1/2< 3 <j>>:l—1.
JEN(n,k) JEN(n,k) JEN (n,k)
v ()21 va((7))<t va((7))<t

Hence, if we complete the steps described above, we will obtain v (S(oy, %)) = L.

Also, we point out that of these four “steps”, number 4 is definitely the hardest. This is
because in general, calculating the valuation of a sum is not easy if some of the summands
have the same valuation (which is our case). Estimating the valuation is somewhat easier,
and this is what we do in step (3).

Theorem 2.1 is one of the tools we use to show v, ( Y jeN(nk) (?)) =[-1.
I/2((?))<l

Theorem 2.1 ([TL04], Corollary). Define the lacunary binomial sum

0 Guam) = 3 (2 0):

t=0
with k : 0 < k <1 —1, and consider the situation where I = p™, p prime, m > 1. For
m>1,0<k<2m n>2""1 we have vy (Ggmvk(n)) > Lsz—lJ — 1, where Gy (n) is as in

(8).
Furthermore, if
n=co+2 +4e9+---+2" g, 1 427y
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and
k=9+271+42+-+2"
with 0 < g;,v; <1, then

1. when q = 0 equality holds if and only if e; > ~;, i =0,1,--- ,m —1,

2. when q > 0 equality holds if and only ife; > v;,1=0,1,--- ,m—3 and Vpm—2+Ym—1 >
Em—1 f Em—2=10r Yym—2==¢Em-1 if €m—2=0.

In some of what follows will use the following well known result:

Lemma 2.2. For m > 3,
2777,71

[T@-1)=1 (mod2™).

=1

Proof. For m = 3 the result is trivial. We proceed by induciton on m. Suppose H?i;l (20 —
1) =1 (mod 2%) for some k > 3. Then

219 2/9 Qkfl
[[ee-n= ] @-1v]JJ@-1
=1 1=2k-141 =1

2k71
=22 -DeEF -1 -1 eeF -2 v —peEF -2 1y -1 JT@-1)

=1
2k—1

= (-1)(=3)-- (=2 =3) (=" = 1)) [T @2 ~1) (mod 2**")

=1
2

2k—1 2k—1 2k—1
=" [[e-n[[e-v=]]e-1
=1 =1 =1

But H?i;l(Ql —1) =1 (mod 2F) implies HZQZI(QZ —1)=1or 1+2*F (mod 2¥+1). In both
_ 2
cases (Hfill(m . 1)) =1 (mod 25+1), for (1 4+ 25)2 =1 4 226 4 28+1 = 1 (mod 2++1).
O

Corollary 2.3. The product of 29~ consecutive odd integers is congruent to 1 (mod 27).

Remark: Series multisection of binomial coefficients ([Ram34]) is a common technique
for this type of problems. We tried to apply it to study the divisibility of the lacunary sums
considered here but were unsuccessful.

3. OUR METHOD IN ACTION

In this section, we apply our method to a family of elementary symmetric Boolean func-
tions. We compute its exact divisibility, which allows us to see that this family satisfies
Cusick-Li-Stanica’s conjecture. For this family we provide all the details in the proof and
we label each step.
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Theorem 3.1. Let a, i, s be natural numbers with i > 25t 4 s — 4. Suppose that n =
2%(2" — 1) and k =2%(2"=° —1). Then,

va(S(opr)) =2 — 1.

Proof. We label the steps as in the process described in the previous section.

1. Here k is of the form 22(2:7*—1). By Lucas’ therorem want to find all the j such that
k < jand j <n. Hence N(n,k) ={j =k +1:supp(k) Nsupp(l) = 0 and j < n}.

2. We conjecture VQ(ZjeN(mk) (?)) =251 — 2 g0y =251 1,

3. We study the binomial coefficients in the sum ) JEN(n,k) (7;) and show that some of
these have valuation greater than or equal to 2571 —1. Let j € N(n, k)\{k+t-2075
t e NU{0}}. We have that

9) (") = wali) + waln = ) - walon).

It is clear that j = k + [, where supp(k) N supp(l) = 0. Now,
e wy(n) =1,
o wa(j) +wa(n —j) =wa(k) +we(l) +waln—k—1)>i—s+1+i+2.
Thus, we have that wa(j) + wa2(n —j) —wa(n) =i—s+1+i+2—i=14i—s+3.
Since i > 25! 4+ 5 — 4, we have yg(?) >0t 4 g4 g43=25t1_ 1,
4. Now we consider the binomials in the sum which have 2-adic valuation smaller than
25t1 _ 1, and show that the 2-adic valuation of the sum of these binomials is equal

to 2571 — 2. A
Let j € {k+1t-297"5:¢t € NU{0}}. It is clear that 1/2(;‘) =0< 25— 1. We
have that } ;s o0ti-senufol) (7;) =2t (jst.gati-s). Now, by Corollary 2.1

we have that 1/2( fial (Ht_;ﬂ_s)) —9stl _ o

We have showed that v < ZjeN(n,k) (;l)) — 25+1 _9 while vy ( ZjeN(n,k) (7;)) > 95+l 1
(7)) ()21
whuch implies v5(S(0y,x)) = 2571 — 1. O

4. VALUATION OF ELEMENTARY SYMMETRIC BOOLEAN FUNCTIONS

In this section we compute the exact divisibility of two families of elementary Boolean
functions. Also we apply our method to estimate the divisibility of families of elementary
Boolean functions.

Theorem 4.1. Let n = 2%(2! — 1),k = 2%(2172 + 2173 — 1) with i > 6. We have
VQ(S(Un,k)) =4.

Proof. We have that the minimum is attained in x = k, k + 20 k20T p 4 2070 4
20+i=1 e | VQ((Z)) = 0. We need to prove

n n
<k> = 11 mod 16, (k n 2a+i_3> = 3 mod 16.
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We have
n 40 40 40
= (=4 1)(=+1)-(—=+1)=11 16.
<k> (1+)(2+) (23+) mod 16
n 8 8 8
. =(2+1)(=+1)---(= +1) =3 mod 16.
(k+2a+l—3> F+DGE+Y--(G+1)=3mo
Hence

n n

In similar manner we can prove that

n n
(kz n 2a+i_1> = 9 mod 16, (k: 4 ga+i-3 | 2a+i_1) = 1 mod 16.

Hence

n n
<k: + 2a+i—1) T (k + ga+i—3 4 2a+i—1) =9+ 1= 10 mod 16.

Therefore

n n n n
2 i . ) =24 dl1l
<k> + <k; + 2a+13> + (k + 2a+7,1> + <k 4 a+in3 4 2a+11> mod 16

We have proved that 1/2((2) + (kHZLH_g) + (kﬁfﬂ._l) + (k+2a+i_§+2a+i_1)) = 3. For j €
N(n,k) and j is not a minimal solution, we have 1/2((?)) > 4. Let A= {k,k+2T3 k+
2a+i—1’ k+ 2a+i—3 + 2a+i—1}‘ Then

S(one) =2"=2( > <n> + 8m) = 2" — 16my + 8m,

JEN(n,k)\A
where m is odd and m; is an integer. Now This completes the proof. ]
Remark. The case for ¢ = 5 can be computed but there two cases a = 0,7 = 5 and

a > 0,7 =5. For two cases we obtain the same divisibility vo(S(op 1)) = 4.

Now, we consider a generalization of Theorem 4.1.
Theorem 4.2. Let n = 2%(2" — 1),k = 2%(2175 4207571 — 1) with i > 2° + 1. We have
VQ(S(O'n’k)) > 2%,

Proof. We have that the minimum is attained at
T = k -+ a12a+i—s+1 + a22a+i—s+2 4t a5712a+i_1,ai c {0, 1}’
and

yi = k+ 2a+i—s—1 + b12a+i—s+1 + b22a+i—s+2 et b3712a+i_1, b, € {0’ 1}
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ie. 1/2((”1)) = 1/2((%)) = 0. Using Theorem 2.1, we have

2571

n S
VQ( ) (k: 4 j2a+i—s+1>) =2 -2
=0

25—1
n
V2( <k+2a+z s—1 +j2a+l s+1)) =925 __ 9.
=0

Any other solution with (J) = 1 mod 2 satisfies v2((})) > 2° — 1. Hence v2(S(oy 1)) > 2°.
O

M

Example 4.3. The estimate given by Theorem 4.2 is an improvement to Ax’s theorem.
For example, if i = 18 and s = 4, we have that 15(S(09a(215_1) 20(2144213_1))) > 16. Ax’s
theorem implies that 15(S(0a(215_1)20(2144913_1y)) > 11. When the value of s increases,
we get a much better estimate, i.e., s = 15. Our result is v5(S(0y, 1)) > 32768, while Ax’s
result is v2(S(0p 1)) > 21846.

Our data suggests the following conjecture:

2571 2571
n n
V2 Z r9a+1—s+1 + Z ati—s—1 ‘oati—s+1 ) =2°—1.
o \k 2 oo k2 + 52

Conjecture 4.4. Let n = 2%(2" — 1),k = 2%(275 4207571 — 1) with i > 2° + 1. We have
VQ(S(O'n’k)) = 2%,

Now we estimate the divisibility of another family.

Theorem 4.5. Let a, i be natural numbers with i > 2571 4 s — 2 and a > 2. Suppose that
n=2%2"-1)+1 and k =2%2""% — 1). Then,

va(S(onr)) > 2T — 1.

Proof. This result follows from the aplication of Theorem 2.1 twice.

We want to show VQ(ZJGN(n k)( )) > 25711, We do this by showing that I/2<ZJEN(n w (7 )) >
va((7))=0
25t 1 while VQ(ZJEN ") ( )) > 25t
va((7))>1

Let j € {k+1t-29"= . ¢t c NU{0}}. It is clear that 1/2(?) = 0. We have that

251 251
Zje{k+t-2a+i*3:t€NU{0}} (?) = 24t=0 (k+t-27}l+i*5)' Now, by Theorem 2.1 we have that V2( t=0 (k-i—t-;“*s)) =
95+l _ 9
Let j € {k+1+1t-20775:¢ e NU{0}}. It is clear that 1/2(?) = 0. We have that
251
D je (k120 i-s:teNU{0} ) (?) = Y=o (pr14e90ti-s)- Now, by Theorem 2.1 we have that

25—1 n __ os+1 _
V2( t=0 (k+1+t-2a+i—s)) =2 2.
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251 n 251 n 1
Therefore, V2< t=0 (k+t-2a+i*3) + > -0 (k+1+t-2a+i*5)) > 2t — 1

Now let j € N(n,k)\ ({k+t-2975:t e NU{0}}U{k+ 1+t 2075 : t e NU{0}}).
We have that

n . .
(10) (") = wali) + waln = ) - walon).
It is clear that j = k + [, where supp(k) N supp(l) = (). Now,

o wa(n)=1i+1,
o wy(j) +wa(n —j) =wa(k) +wa(l) +wein—k—1)>i—s+1+i+3.

Thus, we have that wo(j) + we(n—j) —we(n) =i—s+1+i+3—i—1=1i—s+ 3. Hence,
if we take i > 251 4+ s — 3, then yg(?) >95tl 4 g3 g4 3 =25t

O

5. EXACT DIVISIBILITY OF A EXPONENTIAL SUMS OF THE TYPE
RODIER-MORENO-MORENO

In [?, ?], the authors give counterexamples of Cartliz-Uchiyama’s conjecture. They con-
sidered exponential sums associated polynomials in one variable of degree 2° — 1 over the
finite field Fsm. In the authors continued the computation of the divisibility exponential
sums with leader monomial x%s_l --- 221, Motivated by this, we compute the exact divisi-
bility of the symmetric Boolean functions of degree 2° —1 in (2°* — 1)-variables. Sometimes
the calculation of the exact divisibility of a exponential sum implies the exact value of the
exponential sum. Our method can be applied to compute the value of a family of elementary

symmetric Boolean functions.
Theorem 5.1. Let k=2° -1, n=2"—-1and 0 < k; <--- <k, <2%—1. Then
va(S(0)) = 25mFl=s _ 1

where 0 = opos_1 + Op g, + -+ 0p,y -
Proof. We have that

N(n,25—1,kr...,k1):{j|(28*7_1>+<Z>+...+<kjl) =1mod2,0<j<n}

:{j+i-25|(25‘7 1)+(IZ>++<IZ> =1mod2,0<; <2 —1,j+i-2°<n}.
- T 1

Let A;(j) = {j+i-2°| (/1) +( )+ -+() = 1 mod 2, }, where 0 < j < 2°—1, j+i-2° < n.
Using Theorem 2.1, we have v9(A;(j)) = gsmtl=s — 2. The result follows from the fact that
then number of j's satisfying (,,” ) + (kﬂr) 4ot (kﬂl) =1mod2,0<j<2°—1lisodd. O

Now we compute the value of a family of exponential sums associated to elementary
symmetric Boolean functions.

Theorem 5.2. Let n=m 25" k =25+ 1. Then S(on) =21
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Proof. We need to find when (i) = 1 mod 2. This happens when j =1 -2" + 1 4 2i where [
is odd with 1 <1< 2mandi=0,...,2" L. There is a one to one correspondence between
(?) and (nfj) satisfying o

(_1)(@*( #) = —1 for 7 odd.
Let A= {j|(]) =1mod2, j =1mod2} and A’ = {j|(]) =0mod 2, j =1mod 2}. By
the above argument

#2350 5 0)-50)

Therefore Z <n> = 92""2 We have
JEA

S(oan) =2"—2(>" <7>) —9gn _gn=1 _gn-1,

jeA J

Remark. In [CLS09], the authors proved Theorem 5.2 using other method.

6. CONCLUSION AND CONJECTURES

In this paper we introduced a divisibility method for symmetric Boolean functions. We
included several applications of our method to show the simplicity and efficiency. Our
method is a good tool to get information about symmetric Boolean functions when the
2-expansion of its degree contains many ones(see the theorems of this paper).

Conjecture 6.1. Let a, i be natural numbers with i > 25t + s and a > 2. Suppose that
n=2%2"~1)+r,r=0,1and k =2%2"m —1). Let m = 2" + q with ¢ < 2! be an odd
number. Then,

s—1 1

va(S(ns)) = {QEZ wa(m) £ +r+1 i1 =0,

27t —wo(m) +1+7r+1 if 1> 1.
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