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Introduction

An Algebraic Perspective

Algebraic Formulation

a:Zn—> Zn When can we write a(i) = b(i) — c¢(i) (mod n) where
b,c : Zn, — Zp, bijections?
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Introduction

An Algebraic Perspective

Algebraic Formulation

a:Zn—> Zn When can we write a(i) = b(i) — c¢(i) (mod n) where
b,c : Zn, — Zp, bijections?

Hall's Theorem

Let a be a function a: Z, — Z,. Then a = b — c with b, ¢ bijections on
Zy if and only if 37, a(i) =0 (mod n).
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Our Problem

A small tweak

What if we only specify that the indegree and outdegree of each vertex are
the same?
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Our Problem

A small tweak

What if we only specify that the indegree and outdegree of each vertex are
the same?

0 1
b=5,4,3,0,3,1
5 2 c=5,3,1,4,0,3
a=0,1,2,23,4
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Our Problem

Problem

Given a function a: Z, — Z, and a multiset M = {{g1,...,gn}} of
elements in Z,,, can we write a = b — ¢ for two functions b, c : Z, — Z,

such that {{b(i) | i=1,....,n}} = {{c(i) | i=1,....,n}} = M ?
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Our Problem

Problem

Given a function a: Z, — Z, and a multiset M = {{g1,...,8n}} of
elements in Z,,, can we write a = b — ¢ for two functions b, c : Z, — Z,

such that {{b(i) | i=1,...,n}} = {{c(i) | i=1,...,n}} =M ?

Problem
Given a sequence a = a1, ..., ax of elements in Z, and multiset M. When
can we write a = b — ¢ two sequences b = by, ..., by, c = c1,..., ck such

that b, c, are reorderings of M?
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A Useful Definition

Definition

Let a = a1,...,ax be a sequence of elements in Z,. We define a new
sequence S(a) = S(a1), S(a2), ..., S(ak) where S(aj) =>_; a;. Let
| € Zp, we denote | + S(a) :=/+ S(a1),/ + S(a2), ...,/ + S(ak)
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A Useful Definition

Let a = a1,...,ax be a sequence of elements in Z,. We define a new
sequence S(a) = S(a1), S(a2), ..., S(ak) where S(aj) =>_; a;. Let
| € Zn, we denote [+ S(a) := 1+ S(a1),/ + S(a2), ...,/ + S(ax)

v

a=1,3,3,4,6,1,3, a; € Z7.

.
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A Useful Definition

Definition

Let a = a1,...,ax be a sequence of elements in Z,. We define a new
sequence S(a) = S(a1), S(a2), ..., S(ak) where S(aj) =>_; a;. Let
| € Zp, we denote | + S(a) :=/+ S(a1),/ + S(a2), ...,/ + S(ak)

| \

Example
a=1,3,3,4,6,1,3, a; € Z7.
S(al) =1

.
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A Useful Definition

Definition

Let a = a1,...,ax be a sequence of elements in Z,. We define a new
sequence S(a) = S(a1), S(a2), ..., S(ak) where S(aj) =>_; a;. Let
| € Zp, we denote | + S(a) :=/+ S(a1),/ + S(a2), ...,/ + S(ak)

| \

Example
a=1,3,3,4,6,1,3, a; € Z7.
S(al) =1

S(az) =1+3=4

.
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A Useful Definition

Definition

Let a = a1,...,ax be a sequence of elements in Z,. We define a new
sequence S(a) = S(a1), S(a2), ..., S(ak) where S(aj) =>_; a;. Let
| € Zp, we denote | + S(a) :=/+ S(a1),/ + S(a2), ...,/ + S(ak)

| \

Example
a=1,3,3,4,6,1,3, a; € Z7.
S(al) =1

S(az) =1+3=4

S(a7)=1+3+3+6+1+3=0 (mod 7).

.
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A Useful Definition

Definition

Let a = a1,...,ax be a sequence of elements in Z,. We define a new
sequence S(a) = S(a1), S(a2), ..., S(ak) where S(aj) =>_; a;. Let
| € Zp, we denote | + S(a) :=/+ S(a1),/ + S(a2), ...,/ + S(ak)

| \

Example
a=1,3,3,4,6,1,3, a; € Z7.
S(al) =1

S(az) =1+3=4

S(a7)=1+3+3+6+1+3=0 (mod 7).

S(a) =1,4,0,4,3,4,0

.
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First Result

Definition

Let a = aj, ..., ax be a sequence of elements in Z,. Then a is a zero sum
sequence if fozl a; =0 (mod n).
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First Result

Definition

Let a = aj, ..., ax be a sequence of elements in Z,. Then a is a zero sum
sequence if fozl a; =0 (mod n).

Proposition
Let a = a3, ..., ax be a sequence of elements in Z,. There exist sequences
b=by,...,bx, c=c1,...,ck where cis a rearrangement of b with

a; = bj — ¢; if and only if le'(:l a; =0 (mod n).
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Example

a=3,2,5411,5, a € Zs.
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Example

a=3,2,5,4,1,1,5 a; € Z7. Let b= S(a) = 3,5,3,0,1,2,0.
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Example

a=3,2,5,4,1,1,5 a; € Z7. Let b= S(a) = 3,5,3,0,1,2,0.

b:3 53 0120
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Example

a=3,2,5,4,1,1,5 a; € Z7. Let b= S(a

b:3 5 3 0
c:0 3 5 3
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Example

S(ak) =0 (mod n) if and only if a is zero sum.

Cruz, Ramos, Rubio Differences of Functions with the Same Value SEICCGTC 2021 11 /21




a=3,2,541105, a € Z7;. S(a) =3,5,3,0,1,2,0.
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a=3,2,541105, a € Z7;. S(a) =3,5,3,0,1,2,0.

Definition

Let a = ay,...,ax be a zero sum sequence. We say a is irreducible if
S(am) # 0 for m < k. Otherwise a is reducible.
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a=3,2541105, a € Z;. S(a) =3,5,3,0,1,2,0.

Definition

Let a = ay,...,ax be a zero sum sequence. We say a is irreducible if
S(am) # 0 for m < k. Otherwise a is reducible.

Note that a = a; * ap where * is concatenation and a; = 3,2,5, 4,
a> = 1,1,5. Note that both a; and a; are zero sum irreducible.
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An lllustrative lllustration
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An lllustrative lllustration

b=5,4,0,3,3,0
5 2 c=5,3,4,0,0,3
a=0,1,2,3,2,4
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Let x = x1,..., X, be a sequence of elements and o € Si. Define
O'(X) = X5(1)y X5(2)1 + -+ s Xa(k)-
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Let x = x1,..., X, be a sequence of elements and o € Si. Define
T(X) = Xo(1)s Xo(2)s - - - » X (K)-

Theorem

Leta = ay,...,ax be a zero sum sequence of elements in Z,,.
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Let x = x1,..., X, be a sequence of elements and o € Si. Define
T(X) = Xo(1)s Xo(2)s - - - » X (K)-

Leta = a;y,...,ax be a zero sum sequence of elements in Z,. Let
b=bi,...,br and c = cy, ..., ckx be rearrangements of each other.
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Let x = x1,..., X, be a sequence of elements and o € Si. Define

T(X) = Xo(1)s Xo(2)s - - - » X (K)-

Leta = a;y,...,ax be a zero sum sequence of elements in Z,. Let
b=bi,...,br and c = cy, ..., ckx be rearrangements of each other. Then

a = b —c if and only if there exists o € Sy such that o(a) = o(b) — o(c)
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Let x = x1,..., X, be a sequence of elements and o € Si. Define

T(X) = Xo(1)s Xo(2)s - - - » X (K)-

Leta = a;y,...,ax be a zero sum sequence of elements in Z,. Let
b=bi,...,br and c = cy, ..., ckx be rearrangements of each other. Then

a = b —c if and only if there exists o € Sy such that o(a) = o(b) — o(c) ,
o(a) =o(a1) *--- xo(am) where each o(a;) is zero sum irreducible
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Let x = x1,..., X, be a sequence of elements and o € Si. Define

T(X) = Xo(1)s Xo(2)s - - - » X (K)-

Leta = a;y,...,ax be a zero sum sequence of elements in Z,. Let
b=bi,...,br and c = cy, ..., ckx be rearrangements of each other. Then

a = b —c if and only if there exists o € Sy such that o(a) = o(b) — o(c) ,
o(a) =o(a1) *---xo(am) where each o(a;) is zero sum irreducible and
o(b) =o(by)*---x0(bpy), o(c) =o0(c1) *---*xo(cm), 1 < m < k, where
each o(c;) is 1-right shift of o(b;) and each o(a;) is zero sum irreducible.

v
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Let a be a zero sum sequence. Let b and c be sequences such that
a=b —c and c is a reordering of b. Then c is 1-right shift of b if and
only ifb =1+ S(a) for some | € Zp.
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Lemma

Let a be a zero sum sequence. Let b and c be sequences such that
a=b —c and c is a reordering of b. Then c is 1-right shift of b if and
only if b= [+ S(a) for some | € Zj,.

| A

Example
a=1221, a; € Ze.

v
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Lemma

Let a be a zero sum sequence. Let b and c be sequences such that
a=b —c and c is a reordering of b. Then c is 1-right shift of b if and
only if b= [+ S(a) for some | € Zj,.

| A

Example
a=1221, a3 €Z Letb=S(a)=1,3,5,0and c=0,1,3,5.

v
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Lemma

Let a be a zero sum sequence. Let b and c be sequences such that
a=b —c and c is a reordering of b. Then c is 1-right shift of b if and
only if b= [+ S(a) for some | € Zj,.

.

Example

a=1221, a3 €Z Letb=S(a)=1,3,5,0and c=0,1,3,5.

0 1

v
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.

Example
Example
b=1+S(a)=24,0,1 b=2+S(a)=3,5,1,2
0 1 0 1
5 2 5 2
4 3 4 3
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Results

Putting Everything Together

What We Know

@ a=b —ciff 3 0 € Sk such that o(a) = o(b) — o(c) where
o(a) =o(a1) *---xo(am) with o(a;) zero sum irred and
o(b) =o(by) *---xa(by), o(c) =o(c1) *--- *xo(c,) where o(c;)
1-right shift of o(b;)
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@ a=b —ciff 3 0 € Sk such that o(a) = o(b) — o(c) where
o(a) =o(a1) *---xo(am) with o(a;) zero sum irred and
o(b) =o(by) *---xa(by), o(c) =o(c1) *--- *xo(c,) where o(c;)
1-right shift of o(b;)

@ a=b —c. Then cis 1-right shift of b iff b =/ 4 S(a) for /| € Z,,.
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Results

Putting Everything Together

What We Know

@ a=b —ciff 3 0 € Sk such that o(a) = o(b) — o(c) where
o(a) =o(a1) *---xo(am) with o(a;) zero sum irred and
o(b) =o(by) *---xa(by), o(c) =o(c1) *--- *xo(c,) where o(c;)
1-right shift of o(b;)
@ a=b —c. Then cis l-right shift of b iff b =/ + S(a) for | € Z,.
@ Then o(b) =h +S(a1) * - * Iy + S(am) for h,...,Im € Zj,
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Results

Putting Everything Together

Theorem

Leta = ai,...,ax be a sequence of elements in Z,. Thena =b — c for
some sequences b = by,...,bx and c = cy, ..., ck that are rearrangements
of each other if and only if a is a zero sum sequence and
b=0"1(h+S(c(a1)) * h+S(c((a2)) * - - - * Im + S(c(am))) where

o €Sk, hy....In €Z,and 1 < m< k, and every c; is a 1-right shift of
b;.
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Putting Everything Together

Theorem

Leta = ai,...,ax be a sequence of elements in Z,. Thena =b — c for
some sequences b = by,...,bx and c = cy, ..., ck that are rearrangements
of each other if and only if a is a zero sum sequence and
b=0"1(h+S(c(a1)) * h+S(c((a2)) * - - - * Im + S(c(am))) where

o €Sk, hy....In €Z,and 1 < m< k, and every c; is a 1-right shift of

.

Corollary

Let a: Z, — Z, be a function, a = a3, ..., a, be a sequence such that
a(i) = a; and M a multiset of elements in Z,. Then a = b — ¢ for function
b,c : Zn — Zp such that {{b(i)}} = {{c(i)}} = M if and only if a is
zero sum and M = {{h +S(o(a1))}}U---U{{lm+S(c(am)))}} for some
c€Sm hy.nlm €7
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Conclusion and Future Work

Future Directions and Problems to Solve

Open Problem

Given a zero sum sequence a = ay, . .., a, of elements in Z, that can be
written as a = aj * - - - x a,; where each a; is zero sum irreducible, what are
the conditions on a that allow the existence of h, ..., /I, € Z, such that
{/1 -+ S(al) ek [+ S(am)} = Zn?
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Conclusion and Future Work

Future Directions and Problems to Solve

Open Problem
Given a zero sum sequence a = ay, . .., a, of elements in Z, that can be
written as a = aj * - - - x a,; where each a; is zero sum irreducible, what are
the conditions on a that allow the existence of h, ..., /I, € Z, such that
{h+S(a1)*---*Im+S(am)} =7Z,?

@ Use result to construct cyclic group orthomorphisms

@ Use result to construct transversals on the Cayley Table Latin Square
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