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Abstract

Permutations have important applications in fields such as
coding theory and cryptography. We study binomials of
the form xm(xq−3

2 +B) over finite fields Fq. In this research
we prove that this class of binomials never permutes a finite
fields when: (a) A = αk, where k is odd and α is a primitive
root of the field, (b) A = αk, where k is even, α is a primi-
tive root of the field and q = 4h+1, h ∈ N. We are left with
the case A = αk where k is even and q = 4h + 3, h ∈ N.
We conjecture that the remaining class of polynomials do
not permute Fq.

Preliminaries

Definition. A finite field is an algebraic strucure that
consists of a finite setA with the operations +, ∗ that satisfy
the following axioms:

•A is an abelian group under +.
•A∗ = A/{0} is an abelian group under ∗.
•∗ distributes over +.

Every finite field has q = pr elements, where p is prime and
it’s denoted Fq.

Definition. An element α ∈ Fq is said to be a primitive
root of Fq if α generates F∗q. This is, F∗q = < α > =
{α0, α1, α3, ..., αq−2}.

Definition. A permutation of a set A is a reordering of
its elements. A function f : A→ A defines a permutation
of A if and only if it is a bijection.

Definition. A polynomial p ∈ Fq[x] is said to be a per-
mutation polynomial of Fq if p : Fq → Fq defines a
permutation.

Example.
Let A = F7 and f : A→ A, f (x) = x4 + 3x
Then, f defines the permutation 0, 4, 1, 6, 2, 3, 5 of A.

Theorem 1 ([4])Let f (x) = xm+axn over Fp with m >

n > 0 and a ∈ F∗p. If gcd(m− n, p− 1) ∈ {2, 4}, then f

does not permute Fp.

Theorem 2 ([2]) (Hermite’s Criterion) A polynomial
f ∈ Fq[x] permutes Fq if and only if the following two
conditions hold:
•f has exactly one root in Fq.
• For each integer t with 1 ≤ t ≤ q − 2 and t 6≡ 0 (mod

p), the reduction of f (x)t mod(xq − x) has degree
≤ q − 2.

Results

Theorem 3The binomial x(xq−3
2 + B) is not a permu-

tation polynomial of Fq.

Theorem 4The binomial xm(xq−3
2 +B) is not a permu-

tation polynomial of Fp

Theorem 5The binomial xm(xq−3
2 +B) is not a permu-

tation polynomial of Fq, q 6= 2r, if:
•B = αk, where k is an odd number.
•B = αk, where k is an even number and q = 4h + 1.

Conjecture. The binomial xm(xq−3
2 +B) is not a permu-

tation polynomial of Fq

Summary

xm(xq−3
2 +B) m = 1 m > 1

q = p Theorem 2 & Theorem 3 Theorem 4
q = pr Theorem 2 Theorem 5*

*This proof is still missing the case where q = 4h + 3 and
B = αk where k is odd.

Conclusion

In many cases permutation polynomials over finite fields
have to be found by exhaustive searches. To reduce the
search time it is useful to know which classes of polynomials
do not permute the field. We conjecture that the binomials
of the form xm(xq−3

2 + B) never permute Fq, q 6= 2r. Our
future work consists of proving that the case q = 4h + 3
and B = αk where k is odd never permutes Fq and finding
other general families.
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