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1. Introduction

In 1936 Chevalley [1] proved a conjecture of Artin about the existence of non-trivial zeros of a system of
polynomials:

If Fy, ..., F; are polynomials in n variables, with coefficients in a finite field F,, which vanish at (0,...,0)
and deg (Fy) + - -+ + deg (F}) < n, then Fy,...,F; have a non-trivial zero in (F,)".

Several improvements to this result have been proved [2-7], including a theorem by Katz that gives a
bound on the power of ¢ dividing the number of common zeros of the polynomials, and a theorem by
Moreno-Moreno in which the degree is replaced by the p-weight degree of the polynomials Fi,..., F; to
improve Katz’ result in many cases.
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In 1952 Carlitz [8] applied Chevalley’s result to provide a sufficient condition on the number of variables
Yi,...,Y, needed for a system of polynomials with coefficients in F, [X] to have non-trivial solutions in
(F, [X])". In this work we follow Carlitz’s approach together with the methods of [7] to obtain a general-
ization of Moreno-Moreno’s theorem to systems in which the coefficients are polynomials. As a consequence
we obtain a significant improvement of Carlitz’s result.

2. Preliminaries

Let F, be the finite with ¢ = p/ elements, where p is a prime. In [8] Carlitz applied Chevalley’s result to
prove the following theorem:

Theorem 1 (Carlitz). Let F' (Y1,...,Y,) be a polynomial of degree k, coefficients in Fq[X], and such that
F(0,...,0) = 0. Then F = 0 has non-trivial solutions in (F,[X])" for n > k® + 1. Moreover, there are
equations of this form which have only the trivial solution for n = k2.

We improve Theorem 1 in Corollary 8, obtaining n > w,(F)k + 1, where w,(F) is the p-weight degree
of F. Since w,(F') < deg(F') our result requires less variables than Carlitz’s result to assure that F' = 0
has non-trivial solutions. The infinite families provided in Example 3 illustrate that the improvement is
significant. The proof uses the method of restriction of scalars and the p-weight degree of the polynomial.
These were the methods used by Moreno-Moreno in [7] to give an improvement to the following theorem.

Theorem 2 (Katz). Let Fi, ..., Fy be polynomials in n variables, coefficients in a finite field Fq, and

| (=i des (R
n= Kmmlgigt {deg (Fi)}>—‘ ' @

Then, if u > 0, g" divides the number of common zeros of Fy, ..., F}.

Katz’s theorem improves Chevalley’s result in [1] and a result by Ax [3]. The theorem can be improved
by considering the p-weight degree w,, (F};) of the polynomials F; instead of their degree. For d > 0, let o,,(d)
denote the sum of the digits in the base p expansion of d. That is, if d = ag + a1p + asp® + - - - + ap”, with
0 <a; <p,then o,(d) =ag+ a1 + -+ + ap, and o,(d) < d.

Definition 3. The p-weight degree of a monomial Y¢ = Y{"Y;> .. Vdn is w, (YY) = 0, (d1) + - - - + 7y (dn).
The p-weight degree of a polynomial F (Y1,...,Y,) = > 4caY9, cq € F,", is wp(F), the maximum of the
wp (YY),

The divisibility in Theorem 2 depends on the degree of the polynomials. Note that w,(F') < deg(F') and
hence, changing deg(F;) to wy(F;) in (1), gives an improvement of Theorem 2 in many cases.

Theorem 4 (Moreno-Moreno). Let Fi, ..., F; be polynomials in n variables, coefficients in a finite field Fy,

and
= f ”*22:1%3(1?1‘)
mazi<i<t {wp (F3)}
Then, if u > 0, p* divides the number of common zeros of F, ..., Fy.

Remark 5. Since p*|0, the number of common zeros of the system could be 0. However, if the system has
the trivial zero, Theorems 2 and 4 guarantee the existence of non-trivial zeros.
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2.1. Method of restriction of scalars

As it was mentioned before, we will use the method of restriction of scalars to refine Carlitz’s result. The
approach is the same as the one used in [9,7] but, to facilitate the understanding of this paper, we provide
the details here.

The method of restriction of scalars essentially changes a polynomial in n variables, taking values in a
field Fy, ¢ = p’, to a sum of f polynomials G; in fn variables, taking values in F,,.

Consider a polynomial F' (Y7, ...,Y,) with coefficients in and taking values in F,. Since the polynomial
is a sum of terms, one only needs to consider a generic term chdl Y4 of degree d = dy + -+ + d,,. Let
H1,. .., s be a basis of F, over IF,. Then, each variable Y; can be represented as Y; = 25:1 Z;i)uj, and,
using the base p expansion of each exponent d; = aio + a;np + - - - + a;pp", one can write the term

d dn
f f

1 n — 1 n

it e () (S a0

Jj=1 Jj=1

atrotaiipt-+aipp”

j=1
¥ anotaniptetannp”
(n)
> %" n;
j=1
f aio Qa1h
_ O (1), p"
c|>_2 n; > 7
Jj=1 Jj=1
7 Qnh
(n) p"
> 24"
j=1

The term chdl .Y of degree d = dy + - -+ + d,, is now a polynomial in the fn variables Zl(l), . ,Z}l),

o ,Z}"), taking values in F,, and its degree is w, (Y™ -- ~Y,‘f"> =0y (d1) + -+ + 0y (dn).
Doing the same for each term of F', and adding the terms for each basis element, we get

F(Yi,....Y) =Y G, <Z§1>,...,Z}”)) 1.
j=1

Since pi1,. .., juy forms a basis of F,, we have F (Vi,...,Y,) = 0 if and only if G, (Z{”, . ch? — 0 for
each 7 =1,..., f. Hence, finding the zeros of a polynomial F' in n variables, with coefficients in ¢, and of
degree d is the same as finding the common zeros of a system of f polynomials G1,...,Gy in fn variables,
with coefficients in F,, and of degree at most w,,(F').

3. p-divisibility and non-trivial solutions

We now follow the approach in Carlitz’s paper [8] and consider a single equation of degree k in n variables
and coefficients in F,[X],

F(Yi, . Yn) =) Ay YY" > A Yt g A, Y0 =0, (2)
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where Y# = Y} ... Yyim S iy, = 1 < k (each sum contains terms of the same degree ), and A;, € F,[X],
deg A;, < a. Note that F' € F,[X][V1,...,Y,] and we want solutions (yi,...,y,) € (F,[X])" for F = 0.

This is, we need polynomials y1,...,y, € F4[X], of degree at most m for some fixed large enough m,
such that F' (yi,...,yn) = 0. Let y; = 4, X™ + - -+ a;1 X + ajo. Then F is a polynomial with coefficients
in F,[X] and n(m + 1) variables a1g, - .., @1m, Gno, - - -, Gnm. Using the method of restriction of scalars one

represents each variable a;; as a linear combination of the f basis elements of F, over F,,, to obtain F' as
a polynomial in fn(m + 1) variables, degree w,(F') and coefficients in F,[X]. Each of the coefficients is a
polynomial in X of degree at most a + m deg(f) and we need these coefficients to be the zero polynomial.
This gives a system of a+mdeg(F) + 1 equations in fn(m+ 1) variables and degree at most w(F'). For each
equation, adding up the terms of the basis, we get another system of f equations. In other words, Equation
(2) in Fy[X][Y1,...,Y,] is equivalent to a system of f(a+ mdeg(F) + 1) equations of degree at most w(F),
fn(m + 1) variables and coefficients in F,[X].
One can check that, for n > w,(F) deg(F) + 1, if m > w,(F) (a + 1 — deg(F)), we get

n(m+1) > wy(F) (a + deg(F)m+1).

By Theorem 2, the number of solutions is divisible by p*, where

= [f <7L(m+ D— wp(ii((;; deg(F)m + 1))} .

3.1. Systems of polynomial equations

The generalization to a system of ¢t equations F} = 0,...,F; = 0 is now easy. The equations F; =
0,...,F; =0 are equivalent to a system consisting of ¢ blocks of equations, one block for each F;. The block
corresponding to F; has f (a + deg(F;)m + 1) equations in fn(m + 1) variables and degree at most wy,(F}).

One can check that, for

¢
Z F)deg(F;)+1, if m> pr )(a+1—deg(F;)), one gets

n(m+ 1) pr ) (a + deg(F;)m +1).

Again, by Theorem 2, the number of solutions is divisible by p*, where

mari<i<t {Wp ( z)}

u={f< n(m+1) = 3 wp(F) (a+ deg(F; )m—i—l))-‘.

This proves the following generalization of Moreno-Moreno’s theorem to systems of polynomial equations
with coefficients over Fy[X].

Theorem 6. Let F1, ..., F; be polynomials in the variables Y1, . ..,Y,, where the coefficients are in Fy[X], ¢ =
p!, and have degree at most a. If n > Y°'_ w,(F;) deg(F;) +1 and m >3S0 wy(Fy) (a+ 1 —deg(F})), then
the number of n-tuples (y1,...,yn) € (F,[X])" with deg (y;) < m that are solutions to Fy =0,...,F;, =0 is
divisible by p*, where

u={f< n(m+1) = 3 wp(F) (a+ deg(F; )m—i—l))-‘.

mari<i<t {Wp ( z)}
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Note that, as m, the degree of the polynomials considered for the solutions, increases the p-divisibility
also increases. Hence, with no restriction on m, if (0,...,0) is a solution to the system, the number of
solutions is infinite.

The next corollary considers the case where the coefficients of F, ..., F} are constants.

Corollary 7. Let Fi, ..., F; be polynomials in n variables and coefficients in Fy. If n > 22:1 wp (F;) deg(F;)+
1, then the number of n-tuples (y1,...,yn) € (Fg[X])" with deg(y;) < m that are solutions to Fy =

0,...,F; =0 is divisible by p*, where

mari<i<t {Wp (Fz)}

M%(Mm+U—ZLwMEN®QMm+Uﬂ
The next improvement of Carlitz’s Theorem 1 is now a consequence of Theorem 6.
Corollary 8. Let F1,. .., Fy be polynomials in the variables Y1, ...,Y,, with coefficients in F, [X], and such
that F; (0,...,0) =0 fori=1,...,t. If n > Z;zlwp(Fi)deg(Fi) + 1, then Fy = 0,...,F; = 0 have a

non-trivial common solution. Moreover, if n = 25:1 wp(F;) deg(F;), there are systems of this form which
have only the trivial solution.

We now provide two examples to show that the bound on n is tight.
Example 1. Let ¢ = p/ be odd. Let v be a non-quadratic residue in F, and consider the polynomial
F(Yi,o V) = Y oy ™ X2 (v v ) 4+ x0 (v vy )
e X2 (VI oyt

with coefficients in F,[X].

Note that n = 2(¢ + 1) = w,(F) deg(F). We will show that F' = 0 only has the trivial solution. Suppose
that (p1(X),...,pn(X)) is a non-trivial solution for F' = 0, where deg (p1(X))+- - -+deg (p,, (X)) is minimal.
Then

F(pu(X),...,pn(X)) = pr(X)* + vpy(X)TH!
+ X2 (p3(X)9T! + opa(X)TT) + X (s (X) I + ups (X)7H) (3)
4+t X249 (pn,1(X)q+1 + vpn(X)q+1) =0

implies that the constant and linear terms of p; and py are zero. Hence p;(X) = X?p;(X) and pa(X) =
X?ph(X) and Equation (3) is equivalent to

XD (p ()T 4+ opy (X)) + X2 (pa(X) T+ opa(X)7H)
+ X4 (p5(X)q+1 + Up(;(X)‘Hl) 4t X2q (pn_l(X)qul Jrvpn(X)qul) =0,

and this holds if and only if

X2 (ph (X) T 4+ uph(X)TH) + (ps3(X)TH + vpa(X)H1)
4+ X2 (ps(X)q'H + vp(;(X)q""l) 44 X202 (pnfl(—X)qul + vpn(X)q+1) 0

Therefore, (ps(X),...,pn(X),p1(X),p5(X)) is another solution to F' = 0, and this contradicts the mini-
mahty of (pl (X)a tee apn(X))'
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Example 2. Let ¢ = p/ be any finite field, v be a element in F, that cannot be written as a sum of two
(¢*> + q + 1)-powers, and consider the polynomial

F (Yl e Yn) = Y1q2+q+1 + Y2q2+q+1 + UYéququrl
£ X (VT oy ) X6 (e yg e
e XS (Yﬁigq“ Yt vY7gQ+q+1)

with coefficients in F,[X].

Note that n = 3(¢*> + ¢ + 1) = w,(F) deg(F). We will show that F = 0 only has the trivial solution.
Suppose that (p1(X),...,pn(X)) is a non-trivial solution for F' = 0, where deg (p1(X)) + - - - + deg (pn (X))
is minimal. Then

F(pi(X), o pn(X)) = pr(X)TFTH 4 py(X)0HIHT 4 g ()7 FtL (4)
+ X3 <p4(X)q2+q+1 +p5(X)q2+q+1 + UPG(X)q2+q+1>
4+ X6 <p7(X)q2+q+1 +pg(X)T e Upg(X)q2+q+1>

o XD (g, o (X)THITL fp, (X)L g, (X)T ) = 0

implies that the constant, linear and quadratic terms of pi,pa,ps are zero. Hence pi(X) = X3p)(X),
p2(X) = X3ph(X) and p3(X) = X3p4(X), and Equation (4) is equivalent to

XD (pf ()T ph (X)L o (X) 1)
+ X (p4(X)q2+qH + ps(X)THH 4 vp6(X)q2+q+1)
+ XS (pr(X)7 T 4 pg(X)THH oy (X)7 )
o XD (p ()P g (X 4 ap, (X)) <
and this holds if and only if
XD (3 (X)7HT 4 ph ()7 (X))

2 2 2
+ (p4(X)q +q+1 +p5(X)q +q+1 +vp6(X)q +q+1)
+ X3(p7(X)‘12+q+1 +p8(X)q2+q+1 + Upg(X)q2+q+1)
o XD ()T oy (X)T I op, (X)) =0

Therefore, (ps(X),... ,pn(X),p’1 (X),p5(X), p5(X)) is also a solution to F' = 0, and this contradicts the
minimality of (p1(X),...,pn(X)). In particular, we have that

F(Y1,... ’Yn) — Y1q2+q+1 + YQqQJqurl + UYESqQJqurl + XS(YZquJqurl
+ Y5¢12+q+1 + 11Y6q+1) _|_X6(Y7q2+q+1 + Y8qZ+q+1 + Uygq2+q+1)

o XA (Yt et gyttt

with coefficients in F,s[X] has only the trivial solution for any v € Fys \ F, since 27 41 € F, for z € Fys
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The next example shows that Corollary 8 provides a substantial improvement to Carlitz’s Theorem 1.
Example 3. Let ¢ = p/ and consider the polynomial
F(Y1,...,Y,) = A (X)YP P oo A (X)yp'

with coefficients in [F,[X]. Carlitz’s Theorem 1 guarantees a non-trivial solution to F' = 0 if F' has at least
p? 4+ p?7 4 2p"*tJ 41 variables. Using our result, we get that 2(p? +p’) + 1 variables are enough to guarantee
a non-trivial solution.

Remark 9. The above results can also be extended to polynomials with coefficients in a quotient field
F,(X). Carlitz also considered polynomial equations in which the coefficients are polynomials in more than
one variable. His result on these polynomials can also be improved by considering the p-weight degree
instead of the degree of the polynomial, but, in order to keep the notation of the paper simple, we chose
not include this case.
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