The Covering Method
for Exponential Sums
and Some Applications

Ivelisse M. Rubio

Introduction

Exponential sums over finite fields are an important tool
for solving mathematical problems and have applications
to many other areas. However, some of the methods and
proofs of the results are nonelementary. The main pur-
pose of this article is to present the covering method, an
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elementary and intuitive way to estimate or compute the p-
divisibility of exponential sums, which is particularly con-
venient in the applications. The covering method allows
us to determine solvability of systems of polynomial equa-
tions, improve the search for balanced Boolean functions,
give better estimates for covering radius of codes, and has
many other applications.

Solvability of systems of polynomial equations. One of
the prominent problems in mathematics is to determine
if a polynomial equation has solutions. In 1935 Artin
conjectured that a homogeneous polynomial over a finite
field has a nontrivial zero if the number of variables is
larger than the degree. Chevalley obtained almost imme-
diately a slightly better result changing the hypothesis of
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homogeneity to the weaker one of the polynomial having
no constant term. Note that the homogeneous and the no-
constant-term conditions imply that the polynomial has
the trivial zero. The theorem guarantees additional zeros.

Warning improved Chevalley’s result by proving that if
the number of variables is larger than the sum of the de-
grees of a system of polynomials, then p, the characteristic
of the field, divides the number of common zeros. This
classical result is known as the Chevalley—Warning theo-
rem and has an elementary proof [12,20]. By elementary
we mean that it uses only elementary results from number
theory. Note that the number of zeros could be 0, but if
the system has the trivial zero, Chevalley—~Warning guaran-
tees nontrivial solutions.

There are many results improving Chevalley-Warning's
theorem. The results presented by Ax [2], Katz
[11], Adolphson-Sperber [1], Moreno-Moreno [15], and
Moreno et al. [17] have proofs that are nonelementary
or semielementary. Other results presented by Moreno-
Moreno [13], Wan [19], and Castro et al. [6] have entirely
elementary proofs. As in the Chevalley-Warning theorem,
solvability is not guaranteed; nontrivial solutions exist if
the system has the trivial zero.

The covering method to study the p-divisibility of expo-
nential sums is an elementary method introduced in [6]
that lets us determine sufficient conditions to guarantee
solvability and allows us to construct general families of
solvable systems of polynomial equations [4, 5].
Applications to cryptography and coding theory. The di-
visibility of exponential sums has been used to character-
ize and prove properties in coding theory and cryptogra-
phy [3,7,18]. The computation of bounds or the exact 2-
divisibility of exponential sums of Boolean functions pro-
vides information on the Hamming weight of the function
and can be used to obtain information on the covering ra-
dius and the weight distribution of certain codes. These
properties are important for the analysis of decoding algo-
rithms and are also related to cryptography, as they can
be used to study nonlinearity and to search for balanced
Boolean functions.

Exponential Sums Associated to Polynomials

We will restrict our exposition to exponential sums asso-
ciated to polynomials in F,[Xj, ..., X,,], where p is a prime
number and F, is the finite field with p elements. The defi-
nition of these exponential sums depends on ¢, a pth root
of unity over the p-adic field

Q ={a,p" +app™ + - |a; €{0,..,p—-1},rez}.

For a, # 0, define the p-adic valuation of x = a,p" +
a1 P+ - € @, as vy(x) = r, the highest power of p
dividing x, v,(0) = co. We also call v,(x) the p-divisibility
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of x. If v,(x) # oo, we say that v,(x) is the exact p-
divisibility of x.
Example 1. Consider x = 36 = (3%)(4) € Z. Note that we

can also represent x as x = 3% + 3% € Q5. This implies that
the exact 3-divisibility of 36 is 2. That is, v3(36) = 2.

The set of p-adic integers is the local ring 7, =
{x € @, | vp(x) > 0} with maximal ideal pZ, and residue
field Z,/pZ, = F,. One can use this valuation to define
the p-adic absolute value of x by |x|, = p~%™ if x 0
and |0], = 0.

The p-adic field Q, is a completion of the rationals Q,
and its construction is similar to the construction of the
real numbers R from Q but using the p-adic absolute value.
So, @, is the completion of Q with respect to |.|,. The p-
adic numbers offer a different perspective to study prob-
lems, and these methods can be helpful to understand con-
cepts and prove properties that may be difficult without
them. For an accessible introduction to the beautiful the-
ory of p-adic numbers we refer the reader to [9].

For a polynomial F € [Fp[X], where X = (X3, X5, ..., X},),
and ¢ a primitive pth root of unity over Q,, let {¢ =
¢a modp and define the exponential sum associated to
F as

S(F) = Z (F& e Z,.
xe(Fp)"

The explicit evaluation of the exponential sum of a poly-
nomial might be a difficult task, but for many applications
it is enough to have estimates for v,(S(F)). For simplicity,
in some of the results in this article we consider only one
polynomial, but the results can be extended to systems of
polynomials i, B, ..., F; € F,[X] by addingt extra variables
Yi,...,Y; (one per polynomial) and constructing a new
polynomial P = V|F + V.5 + --- + Y;F,. The exponential
sum associated to the system of polynomials F, B, ..., F;
is the exponential sum associated to P. The relation be-
tween the number NV of elements (x1, ..., x,,) € ([Fp)n that
are common zeros of the system and the exponential sum
associated to the system is given by the following lemma:

Lemma 1. Let N be the number of common zeros of
F.B,...F € F,[X]. Then

N=p! Z

xe(Fp)" ye(Fp)'

Since N' = p~'S(MA + VLF + - + V;F) = p~'S(P),
computing the exact value of V' depends on the compu-
tation of S(P), which is not easy. However, if we can get
the exact p-divisibility of S(P), v,(NV') < oo, we know that
p@+1 4 N This implies that V' # 0 and the system
is solvable. Therefore, being able to compute the exact p-
divisibility of an exponential sum of a system of polyno-
mials gives a criterion for solvability of the system.

é’ylFl (®)+y2F2(x)+-+ Y Fi(x)
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2-Divisibility of Exponential Sums

of Boolean Functions

Most of the applications of exponential sums to coding
theory and cryptography consider Boolean functions f :
(F,)" — F,. Any Boolean function f can be identified
with a unique Boolean polynomial F = Zeesupp(F) Xe,
where Supp(F) is the set of exponents of the nonzero terms,
e = (e,...,ey) € (Fp)", and X¢ = X{'X;2---X,". This
polynomial is known as the algebraic normal form of the
Boolean function. The exponential sum of a Boolean poly-
nomial F € F,[X] is

SF)= ) (-DF®.

xe(Fp)"

The covering method for 2-divisibility. In[14], Moreno-
Moreno introduced the covering method, which provides
an elementary way to give a bound on the 2-divisibility
of exponential sums of Boolean functions. Using this
method, they gave an improvement to Ax’s theorem in
[2] for the binary case. However, the result does not give
exact 2-divisibility and cannot be used to determine solv-
ability or to find nonbalanced Boolean functions. Addi-
tional conditions have to be imposed to determine exact
2-divisibility. We now assume that any polynomial F is
not a polynomial in some proper subset of the variables
X1 X

Definition 1. A set C of monomials F , ..., F;, of a polyno-
mial F = K + --- + F,, € F,[X] is called a covering of F
if every variable X; is in at least one monomial of C. The
size of a covering C is its cardinality |C|. A set C is called
a minimal covering of F if there is no other covering of F
of smaller size.

Note that since, for a # 0, X% = X over [, if we take the
product of the monomials F, --- F_in C we get X; X, --- X,,,
the monomial with all the variables. This fact will be use-
ful in the generalization of the covering to any characteris-
tic p.

Example 2. Let F = X, + X, + - + Xg + X, XXX, +
X: X5 X + XoXoXg + X, X, Xg € F,[X,,...,Xg]. Then C, =
X1, X0 Xsh, Cy = (X, XX3Xy, XsXsXe, X, X5 X}, and
C; = X1 X,X3X,, X3 X5 X, X4 X7X3} are coverings of F, but
C,, C; are the only minimal coverings of F.

Moreno-Moreno used minimal coverings of a Boolean
function F to obtain a bound on the 2-divisibility of the
exponential sum of F.

Theorem 1 ([14]). Let C be a minimal covering of F € F,[X].
Then

v(S(F)) = [C].

One can use Theorem 1 and Lemma 1 to give a bound
on the 2-divisibility of the number of solutions N of F.
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However, a bound does not guarantee that ' # 0. To de-
termine solvability one needs to obtain exact 2-divisibility.
Theorem 1 is general and tight in the sense that there
are polynomials that attain the bound and have exact 2-
divisibility |C|. This implies that to determine if a polyno-
mial has exact 2-divisibility or to improve the bound, we
need to impose additional conditions. The next theorem
has simple conditions that are sufficient to obtain exact 2-
divisibility.

Theorem 2 ([7]). Let F € F,[X], and let Cy, ..., C, be all the
minimal coverings of F. If, for each 1 < i < ¢, each monomial
in C; has at least two variables that are not present in the other
monomials of Cj, then v, (S(F)) = |C;| if ¢ is odd, and other-
wise U, (S(F)) > |C;| + 1, where |C;] is the size of a minimal
covering.

With the given conditions, the above theorem refines
Moreno-Moreno’s Theorem 1.

Example 3. The polynomial in Example 2 has exactly two
minimal coverings. Moreno-Moreno’s Theorem 1 implies
that v,(F) > 3, but Theorem 2 guarantees that v,(F) > 4.
This might seem a small improvement, but in the applica-
tions even small improvements are important.

The next example shows that even though different
Boolean functions might have the same unique minimal
covering, and hence the same 2-divisibility, there is an am-
ple spectrum for the exact value of S(F).

Example 4. Consider F = X;X,X3X,, + X3 X5 X6 X7 + X7 X5 X
and F' = X, XXX, + X0 Xs X6 Xo + X7 Xs Xo + X, + X5+ -+ X0
in F, [Xi, ..., Xg]. It can be verified that S(F) = 8-3-13 and
S(F") =8.

Although, in general, it is not an easy task to find all the
minimal coverings of a given polynomial, one can easily
construct polynomials for which one knows all the mini-
mal coverings and hence knows the exact 2-divisibility. For
example, to obtain unique minimal coverings it is enough
to construct systems of polynomials with lead monomials
of degree at least 2 and of disjoint support that cover all
the variables.

Example 5. Consider the following system of polynomials
in 13 variables, where (a;, ay, a3) € ([F2)3:
R+ Gy = X\XX3 X Xs + ), X — oy,
i
B + G, = XeX7XsXo + ), XiX; — ay,
i<j
E+G; = XoXnXppXis + ) XiXiXi — a3,
i<j<k
Where Fi = X1X2X3X4XS, P‘z = X6X7X8X9, and Pé =
X10X11X12X13. Note that C = {YiFi, Yz.Fé, Y:;.F:‘;} iS the
unique minimal covering of the associated polynomial
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P=Y (K +G)+ Y (E+G,)+ Y;(E + G;). This implies
that S(P) has exact 2-divisibility v, (S(P)) = 3.

Note that any system F + Gy, ..., F + G;, where F/, ..., F/
have disjoint support and deg(G]) < min; {deg (F')}, will
also have an associated polynomial P with unique mini-
mal covering, and hence S(P) will have exact 2-divisibility
U, (S(P)) = t. One can determine other conditions so
that families of “deformations” F + G; of a polynomial
F have the same minimal coverings as F. This provides
a way to obtain the 2-divisibility of exponential sums of
polynomial deformations F + G; from the 2-divisibility of
the exponential sum of the polynomial F.

Theorem 3 ([7]). Let F,G € F,[X]. Suppose that the mini-
mal coverings of F are the minimal coverings of F + G and each
monomial in each minimal covering Cr has at least two vari-
ables that are not present in the other monomials of Cr. Then
S(F 4+ G) = S(F) (mod 2/CFI*1). Moreover, if the number of
minimal coverings is odd, then v, (S(F + G)) = v, (S(F)) =
IC|.

Example 6. Consider F = X XX; + XuXsXs, €
F,[Xi,..,Xs] and let F + G be any polynomial in
F,[X, ..., Xs] with deg(G) < 2. Then C = {X,X,X3, X, X5 Xs}
is the unique minimal covering of F and F + G, and each
monomial in C has three variables that are not present in
the other monomial. This implies that S(F) and S(F + G)
have exact 2-divisibility v, (S(F + G))=v, (S(F))=|C|=2.

Example 7. Consider F = X;X,X; + X4 XX + X1 X, X5 +
Xo X4 X + X3X5Xs € Fy[Xq,...,Xs] and let F + G be any
polynomial in F,[Xj, ..., Xs] where deg(G) < 2. Again, C =
{X1X, X3, X, X X¢} is the unique minimal covering of F and
F + G and v, (S(F + G)) = v, (S(F)) = 2.

Examples 6 and 7 provide families of polynomials

whose exponential sums have exact 2-divisibility. The in-
tuitive and simple condition of F + G and F having the
same minimal coverings allows us to easily construct fam-
ilies of deformations with exact 2-divisibility. We will see
later that this has useful applications to the determination
of nonbalanced Boolean functions.
Solvability. As mentioned above, one of the main appli-
cations of p-divisibility of exponential sums is to obtain
information about the number of solutions of systems of
equations. Lemma 1 gives the relation between exponen-
tial sums and the number of solutions N of a system of
polynomial equations F; = --- = F;, = 0. Using Theorem 2
one could determine if V" has exact 2-divisibility v,(N). If
this happens, 220")*1 does not divide V', N # 0, and the
system is solvable.
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Example 8. Consider the system

XXX X Xs + ), X; = ay,
i

XeX7XsXo + ). XiX; = ay,
i<j
XioXn XX + ), XXXy = as.
i<j<k
The solutions of this system are the zeros of the system
of polynomials F; + G;, K, + G,, F; + G3 in Example 5. Since
U, (S(P)) = 3, v, (W) = 0and 2 V. This implies that N #
0 and the system is solvable for any (¢, @, a3) € ([!:2)3.

Other applications. Other important applications of ex-
ponential sums are to coding theory and cryptography.
Error-correcting codes are used to protect digital informa-
tion from accidental errors that might occur during trans-
mission or storage; the aim is for the receiver to be able
to detect and correct errors that were introduced acciden-
tally and retrieve the original message that was sent. On
the other hand, cryptography is used to hide information
from intruders; the information transmitted should be un-
derstood only by its intended receiver. Coding theory and
cryptography serve different purposes, but they both share
some theoretical concepts and methods.

In the coding process an encoder adds redundancy to a
block of symbols of length k that represents the message m
to transform it into a codeword c of block length # so that
when received, the decoder can detect and correct errors.
The code € is the set of all codewords. One can identify the
messages with k-tuples of symbols from a finite field F; and
give the code the structure of a vector space of dimension
k over ;. The encoder is then a one-to-one linear map

Ee: ([Fq)k — ([Fq)n, and the linear code € = Im (&p).

At first one might think that the decoder could just be
the inverse of the encoding function. But the problem is
that after the codeword ¢ = &£q(m) is transmitted, the re-
ceived word is r = ¢ + €, where e is an error vector. So,
El(r) # cif e # 0. Hence we need “good” codes, coding
and decoding algorithms that allow us to detect and cor-
rect errors. The main problem in coding theory is to find

. k . .
codes with large rate = of information symbols k per to-

tal number of symbolsn n that can correct “enough” errors,
where “large” and “enough” will depend on the transmis-
sion channel for which the code is designed.

From now on we will consider binary linear codes,
that is, linear codes over F,. The Hamming weight of
a vector X, wg(x), is the number of entries of x that
are nonzero. The Hamming distance between two vec-
tors X,y, dy (X,y) defines a metric and is the number
of places on which the vectors disagree; this is equiva-
lent to the Hamming weight of x + y. The minimum dis-
tance d of a code C is the minimum (Hamming) distance
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between any two codewords, d = min{dg (X,y) |X,y € C},
and, since we are considering linear codes, this is equal to
the minimum of the Hamming weight of the codewords
d = min{wyz(x) | x € C}.

Let d > 2t + 1 be the minimum distance of a code €
and suppose that a codeword ¢ has been transmitted and
r = ¢+ e has been received, where e is an error vector with
wy(e) < t. Then, c is the only codeword with distance
from r less than or equal to t. Hence a possible decoding
algorithm for a received word r is to look for the codeword
that is closest in Hamming distance to r. In practice this
would be too inefficient but guarantees that if ¢ or fewer
errors occur, we can always correct them. This is why a lin-
ear block code with minimum distance d > 2t + 1, block
length n, and dimension k is called a t-error-correcting
code with parameters (n, k, t). The goal of research in cod-
ing theory is to construct codes that have large d for the

. k . . .
given rate — and to design efficient algorithms to encode
n

and decode them.

A cryptographic system is a set of transformations of
the set of all messages into another space with certain prop-
erties. The message is enciphered into the ciphertext us-
ing a particular key that defines an injective mapping. Two
important principles in the design of cryptographic sys-
tems are confusion and diffusion. The principle of diffusion
makes different messages equally likely to occur; one way
to measure diffusion is to determine if the function used
to cipher is balanced. The principle of confusion measures
the complexity of the decryption process; the nonlinearity
of the functions used in the system gives a measure for con-
fusion. Functions that are balanced and have large nonlin-
earity are desired.

Reed-Muller codes are some of the oldest and most-
studied codes; nevertheless, there are still many open prob-
lems related to them that are important in both coding and
cryptographic applications. To define a Reed-Muller code
of size 2", given a fixed ordering of (F,)", one associates a
Boolean polynomial F € F,[Xj,..., X, ] with the vector of
size 2" consisting of all the values of F(x) as x varies accord-
ing to the ordering. This is also called the truth table of F.
For example, if (Fz)3 is ordered in lexicographic order with
X; > X, > X3, the truth table for F (X3, X,, X3) = X; + X, X3
is (0,0,0,1,1,1,1,0) € ([Fz)g. When convenient, we will
work with this representation of F in (F,)" instead of its
polynomial representation; we will also alternate between
calling F a function or a polynomial. The kth order Reed-
Muller code of length 2", R(k, n), is the set of truth tables
of all the Boolean polynomials in n variables and degree
less than or equal to k. That is, R(k,n) can be identified
with the set of Boolean polynomials in n variables and de-
gree less than or equal to k.
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The Reed-Muller code of order 1, R(1,n), is the set of
Boolean polynomials in n variables with degree less than
or equal to 1. The nonlinearity of a Boolean function F is
the Hamming distance from F to R(1, n).

Exponential sums, Hamming weights, and nonlinearity.
The Hamming weight associated to a Boolean function
F, wy(F), is the Hamming weight of its truth table. This is
the number of x € (F,)" such that F(x) = 1. If wy(F)
is the number of x € (F,)" such that F(x) = 0, then
2" = wy(F) + wo(F). Also, S(F) = ZXE(FZ)n(—l)F ® =
wo(F)(=1)° + wy(F)(=1)! = wy(F) — wy (F). This implies
that wy(F) = 2" 1 - %S(F) and gives a correspondence be-

tween results on exponential sums and Hamming weights
of Boolean functions. Hence, any result for exponential
sums of a Boolean function also gives a corresponding re-
sult about the Hamming weight of the function.

Defining the Hamming distance of a Boolean function
F to a vector x as the Hamming weight of the sum of x
with the truth table of F, one can define the Hamming
distance from F to a code € as mingce {wy (F + ¢)}. This
lets us define a measure for the principle of confusion in
the cryptographic system, a sense of “how far is a Boolean
function F from being linear.” The nonlinearity of F is
NI(F) = wyg (F + R(1, n)), that is, the minimum Hamming
distance between F and all the codewords in R(1, n). This
can be defined in terms of the exponential sums of cosets
of R(1,n),

NI(F) = minceR(Ln) {211—1 - %S(F + C)} s

and we can use results on exponential sums of deforma-
tions of Boolean functions to study the nonlinearity of a
Boolean function F.

Covering radius of a code. The covering radius p(C) is
another important parameter of a code C:

p(C) = max, {rpelg {wy (x+ C)}} :
This measure gives the maximum weight of a correctable er-
ror and can be used for the design of decoding algorithms.
A code of minimum distance 2t + 1 is called perfect if
p(€@) =t and quasi-perfect if p(C) = ¢ + 1.

The covering radius of the Reed-Muller code of order
1, p(R(1,n)), is the maximum Hamming distance of all
n-variate Boolean polynomials to R(1,n). We then have
NI(F) < p(R(1,n)). The covering radius of R(1,n) gives
a point of comparison for the nonlinearity of a Boolean
polynomial and hence a sense of “how good” the function
could be for cryptographic applications.

Results on the 2-divisibility of exponential sums have
been used in several papers [16] to give elementary direct
proofs of the covering radius of certain cyclic codes and to
prove that families of cyclic codes are quasi-perfect.
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Weight distribution. The weight distribution of a code
€ counts how many codewords of each weight there are.
Much work has been done studying the weight distribu-
tion of Reed-Muller codes, but (as mentioned earlier)
many problems remain open. Many of the properties of a
Boolean function F that are important to cryptography can
be related to the weight distribution of the coset F+R(1, n)
and can be studied using exponential sums. Canteaut
[3] obtained a result that is a refinement of the Ham-
ming weight version of Katz's theorem for the Boolean case
and used it to study the weight distribution of cosets of
first-order Reed-Muller codes. Her result is tight for the
Boolean case and can be improved only by imposing ad-
ditional conditions. The additional conditions to the cov-
ering method in Theorem 3 allowed us to obtain an im-
provement of her results [7].

Balanced functions. A Boolean function F is said to be
balanced if the function is equal to 1 in half of the val-
ues of x € (F,)". Equivalently, an n-variate Boolean func-
tion F is balanced if the Hamming weight of its truth ta-
ble, wy(F), is 2"~!. This property is important in cryp-
tographic applications because it follows the principle of
diffusion: the function has no bias towards a value. The
search for balanced Boolean functions and the develop-
ment of new methods for constructing them are active ar-
eas of research.

It is easy to see that a Boolean function F is balanced if
and only if S(F) = 0. If S(F) has exact 2-divisibility, then
p”P(S(F))+1 } S(F), S(F) # 0, and F is not balanced. Hence,
if one can describe families of Boolean functions with
exact 2-divisibility, one is describing families of Boolean
functions that are not balanced, and this can reduce the
search for balanced Boolean functions.

In [10] Hou used the action of the group GL(n,2) on
quotients of Reed—Muller codes R(k, n)/R(k—1, n) to count
the number of balanced polynomials in the cosets of
R(k—1,n). Note that the number of balanced polynomials
in a coset of R(k — 1, n) is included in the weight distribu-
tion of the coset. Cosets of R(k — 1,n) belonging to the
same orbit under this action have the same weight distri-
bution and hence the same number of balanced polyno-
mials. This implies that to know the number of balanced
polynomials of all the cosets in an orbit, it is enough to
study a coset representative for the orbit. Cosets of Reed-
Muller codes F + R(k —1, n) are sets of deformations of the
polynomial F, and one can use Theorem 3 to determine
nonbalanced polynomials a priori and improve the search
for balanced functions.

Example 9. Consider the cosets of R(3,6)/R(2, 6), X; X, X5+
X, X5 Xg+R(2,6), and X, X,X; + X, Xs X+ X, X, X5+ XX, Xg +
X3XsXs + R(2,6). The polynomials in these cosets satisfy
the conditions in Examples 6 and 7 and hence have exact
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2-divisibility. Therefore all the polynomials in these cosets
are nonbalanced.

Hou presented representatives for each of the different
orbits in R(k,n)/R(k — 1,n) for k = 3,n = 6,7,8. Exam-
ple 9 shows two of the six cosets of R(3,6)/R(2,6). Cu-
sick and Cheon noticed in [8] the uneven distribution of
the balanced functions in the table of balanced functions
in the cosets of R(3,6)/R(2,6). Two of the six cosets, the
two cosets of Examples 6, 7, and 9, have zero balanced
functions compared to more than 1.5 million in each of
the other four cosets. The covering method gives a simple
explanation for this phenomenon: as was seen in the ex-
amples, for any G € R(2,6), F and F + G have the same
unique minimal covering {X;X,X3,X,;XsXs}, where each
monomial has three variables not contained in the other
monomial, and hence F + G is not balanced.

It is not difficult to find sufficient conditions that can
be used to determine a priori cosets of Reed—Muller codes
that do not contain any balanced function, saving com-
putational time. For example, we can use the covering
method to identify by inspection 15 coset representatives
(out of 32) in R(3, 8)/R(2,8) for which at least half of the
functions in each coset are not balanced and provide con-
structions for these nonbalanced functions [7, 10]. This
can be used to determine a priori types of polynomials to
avoid in the search for balanced functions.

p-Divisibility of Exponential Sums

As mentioned above, the proof of most of the improve-
ments and extensions of the Chevalley-Warning theorem
are nonelementary. Ax and Katz used estimates on the p-
divisibility of exponential sums to improve the Chevalley-
Warning theorem. Katz [11] obtained that V, the number
of common zeros of polynomials F, ..., F in Fy[X;, ..., X,]
of degree d,, ..., d;, is divisible by g#, where u is the small-
est nonnegative integer u > {o:

_ n-— Z;Zl di

Ho = ax {d;} -

Note that the theorem gives information on the p-
divisibility of V" only if there are “enough variables” n;
ifn < Z;zl d;, u = 0, the conclusion is that 1|V, and
the theorem does not give any information. Adolphson-
Sperber [1] improved Katz's result using a Newton polyhe-
dra approach, and Moreno-Moreno gave an improvement
by using the p-weight degree of the polynomials instead of
their regular degree. The p-weight degree of a polynomial
F, wp(F) is the maximal p-weight degree of its monomials.

The p-weight degree of the monomial X¢ = X;' --- X;;" is
wp X)) = o'p(el) +-+ Gp(en)a

where fora = ay + a;p+ - + a,p’, op(a) = Z;O a;. For

q = p/, Moreno-Moreno [13] found that V" is divisible by
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pH, where u is the smallest nonnegative integer u > u,,

n-— Z;Zl wp(E)

Ho=1 max {w,(F)}

Again, note that the theorem gives information on the p-
divisibility of V' only if there are “enough variables”; if
the number of variables is less than or equal to the sum
of the p-weight degree of the polynomials, u = 0 and the
theorem does not give any information. A tight bound
for the p-divisibility of exponential sums was given by
Moreno et al. in [17]. That and Adolphson-Sperber’s re-
sults use the exponents ey, ..., €,, of all the monomials in
the polynomial F(X) = Z:’;l a;X;" -+ X" in contrast to
the Chevalley-Warning, Ax-Katz, and Moreno-Moreno re-
sults that use only the degree or the p-weight degree of the
polynomial. In this sense the result in [17] resembles the
covering method for Boolean polynomials. None of these
results can be used to determine if the exponential sum has
exact p-divisibility, and solvability cannot be determined.
The covering method for p-divisibility. In [6], Castro et
al. introduced a generalization to any prime field of the
covering method introduced in [14] for characteristic 2.
With it they proved the prime field case of the theorem
on the p-divisibility of exponential sums presented in [17].
The new proof was entirely elementary, and, as a conse-
quence, elementary proofs and improvements of previous
results on the p-divisibility of exponential sums were ob-
tained.

For the case g = p, the tight bound in [17] relies on find-
ing a minimal solution (sy, ..., Sy, ) to a system of n modular
equations ej;$; + €58, + - + €Sy =0 (mod p—1), asso-
ciated to the exponents of each variable in the polynomial
FX) = E:il a;X;" --- X" That is, one needs to find solu-
tions to a system

ensy +ens + o +eyys, =4(p-1)

en1S1 + e+ epmSm = An(p— 1),
A; € N, where each column corresponds to a term and each
row to a variable, that are minimal in terms of L = Z:’;l 5;.
. L
In this case, v,(S(F)) > —ry

If the system is rewritten as

€11 €1m A4
e e A
s T =] T |0-D, (D)
enl enm /1}’1

one sees that the solutions that one is looking for are ex-
ponents s; for the monomials F = X;" --- X" in F such
that

Filezsz B = thl(l)—l) ___Xén(P—l)
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for 44,...,4, > 1, and such that s; + --- + s, is as small
as possible [4]. If p = 2, then C = {F",E?,...,F"} is a
covering for F, as some of the s; could be zero. This is the
motivation for the definition of a minimal (p—1)-covering
below. Note that the solutions do not depend on the co-
efficients of the polynomial F.

Definition 2. Let F(X) = o, +a,K+---+a,,F,. AsetC =
{E,..., Ba"} of powers of the monomials in F is a minimal
(p — 1)-covering of F if §’ --- Fy" = Xfl(p_l) oo XD

. . . m . o e
with 4; > 1 and its size, };,_, s;, is minimal.

A (p—1)-covering need not use all the F’s, and therefore
some of the s;’s could be equal to 0.

Example 10. Let F(X) = X2X; + X? + X5 € F [X1,X;].
Then ¢, = {(x3x3)'}.¢, = {(x3)°,(x3)"}, and ¢, =
{(X12X23)2 , (Xlz)l} are 6-coverings of F, and Cj is the unique
minimal 6-covering of F (of size 3).

A minimal (p — 1)-covering of a polynomial F might
not be unique, and the concept is independent of the coef-
ficients of F. However, the exact p-divisibility of S(F) and
the solvability of equations involving F depend on both
the minimal (p — 1)-coverings and the relation among the
coefficients. Also, if there are powers of the monomials
in F that cover some (but not all) of the variables and are
minimal in some sense, it is very hard to determine the
exact p-divisibility. In Theorem 4 we avoid polynomials
with this type of minimal partial (p — 1)-covering.

Definition 3. Let F(X) = ,F+a,K+---+a,,F,. AsetC =
{E,...,Bn"} of powers of the monomials in F is a partial
(p — 1)-covering of F if §* --- Fy" = X{ll(p_l) o XD
with 4; > 0. The set C is a minimal partial (p—1)-covering
of F if its size 2:11 s; + s(p — 1), where s is the number of

variables missing, is the size of a minimal (p — 1)-covering
of F.

Note that instead of requiring each exponent 4;(p — 1)
of X; to be a positive multiple of p— 1, in the definition of
a partial (p —1)-covering, 4; could be equal to 0, and there-
fore some variables could be missing. If s = 0, there are
no variables missing, and we have the previous definition
of the (p — 1)-covering.

Example 11. Let F(X) = X?X5+X?4+X5 € F, [X;,X;] be the
2

polynomial of Example 10. Then C4 = {(XS) } is a partial

6-covering of F of size 2 + 6 = 8. In Example 10 we saw

that the minimal 6-coverings have size 3, and therefore C,
is not a minimal partial 6-covering of F.

By avoiding minimal partial (p — 1)-coverings we can
improve previous results by computing exact p-divisibility
of exponential sums or improving previous bounds. The
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next result [4] is a generalization of Theorem 2 to any char-
acteristic.

Theorem 4. Let Cy,...,C, be all the minimal (p — 1)-
coverings of size L of a polynomial F = a\F + --- + a,E,,
C; = {E™,...,Bi™}, and suppose that any minimal partial
(p - 1)—covermg is one of the Cj’s. Then, v, (S(F)) = —

le

— +1
p—1

sé 0 (mod p), and otherwise v, (S(F)) >

LlS'S

The condition Zl L=
Si1' - Sim

alization of the number c of mlmmal coverings being odd
in the case of p = 2. The condition of the minimal par-
tial (p — 1)-coverings being one of the C;’s implies that any
minimal partial (p — 1)-covering does not have a missing
variable. Similarly to the case where p = 2, a sufficient
condition for not having minimal partial (p — 1)-coverings
with missing variables is to require that for each of the min-
imal (p —1)-coverings C;, each monomial in C; has at least
two variables that are not present in the other monomials
of C;. This simple condition provides families of polyno-
mials for which the “greater than or equal to” relation ob-
tained in the classical results on p-divisibility is replaced
by either equality or strict inequality.

Theorem 4, when applied to the number of solutions
of systems of polynomial equations, gives refinements to
the prime field case of many of the known results by giving
precise conditions for when the system is solvable or the
bound on the p-divisibility of the number of solutions
is improved. Moreover, it can also give information on
the solvability or p-divisibility of V" for cases that are not
covered by previous theorems.

sé 0 (mod p) is the gener-

Example 12. Let p # 2 and consider the system

X33+ X3XF+ X+ X + X + X5 =
X2XZ+ XX+ X3+ Xs + Xg = B

over ;. Note that the system has 8 variables and the sum
of the degree of the polynomials is 16; hence Ax-Katz's
theorem does not give any information on solvability nor
p-divisibility of V. For p = 3,5 and p > 5 the sum of
the p-weight degree of the polynomials is 8,10, and 16,
respectively; hence Moreno-Moreno's theorem does not
give any information either.

To use the covering method, we first compute the poly-
nomial associated to this system:

P=Y(XiX3+ XX+ X1+ X, + Xs + X; — )

+ Y, (X3XZ + XSX2 + X3+ Xs + X3 — B).

It is easy to see that the unique minimal (p — 1)-covering

May 2020

for P is
p-1 1

(%X8X7)

p-1
2

C= {(nX%Xé‘)

p-1

p-1 p-1
(5X2X3) T (6XEX0) * |,

there are no minimal partial (p—1)-coverings with missing
- # 0 (mod p). This implies that the

syl
exact p-d1V1s1b111ty ofN is up(NV) = —) /(p—1)—2=0.

Therefore, p + V', V' # 0, and the system is solvable for any
a,pB € Fp.

variables, and &%+

By imposing conditions on polynomials G so that F+G
and F have the same minimal (p — 1)-coverings, one can
extend known results on the p-divisibility of S(F) to results
on S(F + G) for deformations of F.

Example 13. Let V' be the number of solutions of the sys-
tem
axP' 4+ axh 4G =0,

where a,b; € F,",a € F,, G € F,[X], and deg G < p—1.

This system has p variables, and sum of the degree and
of the p-weight degree of the polynomials is also p. Hence
Ax-Katz and Moreno-Moreno’s theorems do not give any
information on solvability or the p-divisibility of V. There
are p different minimal (p — 1)-coverings with form

-1 -1 p-1
{leﬁ ,...,lei_l,(yzxi) }

D— le 1 p
2(p —1). Since z = ,
(p—1). Y =

(p-1)
have v, (V) = =2+ v, (S(P)) > =2+ =—— = 0. The result

2(p-1) 1)
does not give information about solvablhty but gives some
information about the p-divisibility of V.

and size L =

Conclusions

The covering method is an elementary method to obtain
information about the p-divisibility of exponential sums.
It provides an intuitive approach to the computation of
exact p-divisibility that can be exploited in applications.
It also gives a simple way to construct families of systems
of polynomial equations that are solvable, determine p-
divisibility of the number of solutions of systems for cases
where previous results do not give information, and can
be applied to answer questions in coding theory and cryp-
tography.
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