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1.1 Abstract

Recent developments in applications of multidimensional periodic arrays [9]
have drawn new attention to the computation of Grobner bases for the ideal
of linear recurrence relations on the arrays. An m-dimensional infinite
array can be represented by a multivariate power series sitting within the
ring of multivariate Laurent series. We reinterpret the problem of finding
linear recurrence relations on m-dimensional periodic arrays as finding the
kernel of a module map involving quotients of Laurent series and present
an algorithm to compute a Grébner basis for this kernel. The algorithm
does not assume the knowledge of a generating set for the kernel of this
ideal and it is based on linear algebra computations. Finding a generating
set is one application of the algorithm.
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1.2 Introduction

There are different algorithms to find Grobner bases for the ideal of linear
recurrence relations on multidimensional arrays (or equivalently, multivari-
ate power series). One of the best known is Sakata’s algorithm [14}15]. This
algorithm is an extension to m-dimensions of the Berlekamp-Massey algo-
rithm and has been used for decoding multidimensional cyclic codes and
algebraic geometric codes [12,/13.[16]. Recent developments in applications
of multidimensional periodic arrays |9] have drawn new attention to the
computation of Grobner bases for the ideal of linear recurrence relations on
the arrays. The approach that we present here can be implemented easily
and is suitable for these new applications.

In [7], Faugere et al. presented an efficient algorithm to transform a
Grobner basis of a 0-dimensional ideal with respect to a given monomial
order into a Grobner basis with respect to another monomial order. Shortly
after it appeared, Moss Sweedler and Lee Taylor showed in [17] that the
ideas in [7] could be expanded and cast as: 1) an initial Grébner basis allows
one to effectively do linear algebra in the finite dimensional vector space
quotient; 2) if one can effectively do linear algebra in a finite dimensional
vector space quotient module, then one can find a reduced Groébner basis
for the kernel ideal, without having an initial generating set for this kernel.

Let F be a field and F[x] := Fl[z1,...,Zm] be the ring of polynomials
in m variables and coefficients in F. The Sweedler-Taylor algorithm in [17]
computes reduced Grobner bases for 0-dimensional ideals I C F[x] and it
is based upon considering ascending subspaces of F[x]|/I. The ascending
subspaces are spanned by the image of monomials which are ascending in
the monomial order. An ascending chain of subspaces of a finite dimensional
vector space must stabilize and this forces termination of the algorithm. A
description of the Sweedler-Taylor algorithm and a complete proof of its
validity was presented in [11]. Like Sakata’s algorithm, this algorithm does
not assume the knowledge of a basis for the ideal. Other algorithms to
compute a basis for F[x]|/I have been presented in [1-4].

After reinterpreting the definition and basics of linear recurrence rela-
tions on multidimensional periodic arrays, we modify the Sweedler-Taylor
algorithm to find a Grébner basis that generates these relations. This ana-
log to the Sweedler-Taylor algorithm computes what we call lead monomial
generating sets and, under certain conditions, a lead monomial generating
set turns out to be a Grobner basis for the ideal of linear recurrence re-
lations. We will see in Proposition that twice the period minus the
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dimension of the array is an upper bound for the degree of the polynomials
required to form a Grobner basis for the ideal of linear recurrence relations
valid on the array with respect to the graded lexicographic order.

The next example on a one dimensional array illustrates the first steps
of the algorithm.

Example 1.1.

Consider the one dimensional array S = (3,5,9,6,...) over F, the
finite field with 11 elements. This sequence is defined by the recurrence
So = 3, and S;11 = 2Tt 4+ S;, for i > 0. One can write this sequence as
the power series:

S(x) = So + S1x + Sox® + G323 + - =3+ 5x + 922 + 623 + -+ .

A polynomial C' = EiL:O Ciz® € Fy1[z] defines a linear recurrence rela-
tion at a point .S, of the array S if L < u and Zf:o C;Siyu—r = 0. We say
that the polynomial is valid for the array S if it defines a linear recurrence
relation for each uw > L. The set of all linear recurrence relations valid on
the array S form an ideal in i1 [z]. To find a polynomial valid for the array
one needs a polynomial Cy + Cyx + Coz® + - -+ + CrxzY such that

Co3+015+029+"'+CLSL :0, Co5+019+"'+CLSL+1 :0,
Co9+C16+---+CLSpy2=0,....

This would be the same as finding constants Cy, C4, ..., Cp, such that, in
the following table, when one sums the rows multiplied by their respective
constant, and consider the reduction mod 11, one gets a sequence of 0’s.

Col3 5 9 6
Ci|5 9 6
Cs|9 6
R (1.1)
Ck|Sk Sk+41 -+
0 0
Note that each shift is equivalent to multiplying the power series S(z) by
x~1, 272 ... respectively and “mod out” (or ignore) the terms with negative

exponents. In Section we define these shift operations algebraically.
In this example, if one consider Cy = 2,C; = 8,Cy = 1,C; = 0 for i > 2,
one gets the following operations modulo 11 on the power series S(x):
2 (34524927 +62°+--)
+8z" (3+5x+92 +62°+--)
+27% (3+5z+92% +62°+--). (1.2)
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Ignoring the terms with negative exponents one gets Shz? + Sia® + - -;
hence, the polynomial 2 + 8z 4 2 gives a recurrence relation up to S3. The
theory and algorithm in this paper imply that this is actually the minimal
polynomial valid for the array S.

For this particular example, since we have the explicit recurrence,
Siv1 = 2Tt + S;, we may directly verify the relation x? + 8x + 2:

CoS; + C1Si11 4+ CaSiya = 28; + 85,41+ Sipo = 25, +8 (2771 + 5;) + Sito
=25 +8 (2" + 8;) + 22 + 2" 4 5, = 115, + 11271 = 0.

Since this holds for the recurrence, it tells us that z2 + 8z + 2 holds
not just up to Ss but for the full array S. What if we did not have the
recurrence but had a black-box that gave as much (but only a finite amount)
of a sequence requested? How might one determine such an equation, as we
did here, finding 2 4 82 + 2? How might one determine if there even exists
such an equation? Suppose you had the black-box and the information that
there is an equation of degree less than some specific degree. How might
one determine the equation?

Note that one could find the coefficients of C' by performing row re-
duction in and finding a linear dependency relation among the rows.
Of course, the array is infinite and one might not be able to compute the
dependency relations effectively. But the arrays that we will consider are
periodic and we will see that it will be enough to compute the dependency
relations in a finite subarray.

From note that, intuitively, what one is looking is for a polyno-
mial C(z) such that in C' (') S(z) the only non-zero terms have negative
exponents.

The method used here is an application of the analog to the Sweedler-
Taylor algorithm that will be described in Section after we introduce
the concept of lead monomial generating sets. In Section [I.4] we present the
basics of linear recurrence relations and reformulate the problem in order to
use the algorithm to find a Grobner basis for the ideal of linear recurrence
relations on an m-dimensional periodic array.

1.3 Grobner bases and the Sweedler-Taylor algorithm

The set of polynomials that define the linear recursion relations on an m-
dimensional array form an ideal over F[x]. These ideals have a finite gener-
ating set and Grobner bases are ideal generating sets with “nice properties”.
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Let Ny := {0,1,2,...} and consider the set of exponents a =
(a1,...,0un) € NJ'. Set a < S if and only if o; < f3; for i = 1,...,m.
This defines the partial order of divisibility where x*|x? if and only if

a < . We say that a monomial x* = 7252 - - %" in a set of monomials
is minimal with respect to < if there is no other monomial x” in the set

with 8 < a.

We say that <7 is a monomial order if it is a well ordering in N{*
such that <7 is a total order, and o <p 3 implies that o + v <7 8+ for
o, B,v € Ni'. Note that divisibility is not a total order and hence is not a
monomial order, but it is compatible with any monomial order in the sense
that x¥|x” implies that x® <, x?.

Define || = >, ;. Two common examples of monomial orders are
the lexicographical order, where o <je; § if in f — a the left most
non-zero entry is positive, and the graded lexicographical order, where
a <griez Bif || < |B] orif |a| = |5] and o <jep 5. We will use the following

notation:
Let f = >, anx® be a nonzero polynomial with each a, # 0 and
I C F[x]. Then,

(1) LE(f) = leadexp(f) is the largest exponent vector « in f with respect
to <r.

(2) LM(f) denotes the leading monomial of f and it equals x“#(f).

(3) LC(f) denotes the coefficient of LM (f). In other words, the so called
leading term of f is LC(f)LM(f).

(4) LE(I) := {LE(f) |0#£ f eI} C N*. (Note that if I = {0}, then
LE(D) = {})

(5) LM(I) = {LM(f) |04 f €T} = {x* |a€ LE(D)}. (I T = {0},
then LM (I) = {}.)

Definition 1.1. Let G = {g1,...,q:} C I, I anideal in F[x]. One says that
G is a Grobner basis for I with respect to <7 if (LM (¢1),...,LM(q)) =
(LM (I)). If LC(g;) = 1 for i = 1,...,l and LM(g;) does not divide any
term of g; for i # j, then one says that G is a reduced Grébner basis
for I with respect to <r.

It is a standard result that a Grébner basis for an ideal generates the
ideal. Also G = {¢1,...,q1} C I is a Grobner basis for I if and only if for
any p € I, LM (g;)|LM (p) for some g; € G (see [0]).

An important concept that will be used to determine a finite subarray
S’ C S that is sufficient to compute a Grobner basis for the ideal of linear
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recurrence relations on S is the concept of a delta set. A set A C Ni* is
called a delta set if it satisfies 1 in the following lemma:

Lemma 1.1. Let A,I' C Ni* be set theoretic complements. The following
conditions are equivalent:

(1) For p € A,a € NI, if a < f then a € A.
(2) ForacT,Be Ny, ifa < then B €T.

Obviously the set of exponents of all monomials which occur as leading
monomials of an ideal I satisfies 2 of Lemma [I.I} Hence, the set of expo-
nents of all monomials that do not occur as leading monomials of an ideal
I is a delta set (these monomials are called standard monomials in [5]).
We will denote the delta set of the ideal I as Aj. So, Ay = NJP\LE(I).
Of course the delta set of an ideal depends on the specific monomial order
chosen.

When we talk about the dimension of an ideal I C R we mean the
Krull dimension of the ring R/I. I C F[x] is a 0-dimensional ideal if
and only if F[x]/I has finite dimension as a F-vector space. The set of
monomials which do not occur as leading monomials of elements in I map
one to one to a basis of F[x]/I. Thus, one has that A corresponds to a
basis of F[x|/I as a F vector space and hence its size does not depend on
the specific monomial order chosen. So, I is a 0-dimensional ideal if and
only if Ay is a finite set.

Algorithms for computing Grobner bases usually assume the knowledge
of some basis for the ideal. We will describe an algorithm, due to Moss
Sweedler and Lee Taylor [11}{17], that computes a reduced Grobner basis for
a 0-dimensional ideal without necessarily knowing a basis for the ideal. This
algorithm is based on linear algebra and generalizes a common technique
relating to the irreducible polynomial of an element in a field extension, the
minimal polynomial of a matrix and more. Namely, suppose that B is a
finite degree field extension of F, or B is the F algebra of n X n matrices
over F, or B is any finite dimensional algebra over F. Suppose that b € B
and consider 1 = 8%, b, b2, .. .. Since B is finite dimensional, there is a first
t where b* is linearly dependent upon 1,b',b2%,...,b"!. Thus there is a
linear relation:

0=MXo+A1b+---+ X1 b N,
with A; € F and A\; # 0. This gives the following degree ¢ polynomial in
Flx] which b satisfies:
)\() + )\11’ + -4 )\tflfl,'t_l + )\t.’tt.
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By the minimality of ¢, this is the lowest degree non-zero polynomial satis-
fied by 0.

From a Grobmner basis viewpoint, here is what we have just done. Let
I : Flz] — B be the map defined by: f(z) — f(b), for f(x) € Flx].
This is an F algebra map and gives B an F|[z]-module structure. In the
general procedure, we shall assume and use that I is a module map. Under
the wunigue monomial order on F[x], the ascending list of monomials is:

1,z,2% 23,.... Consider

(1), M(x), (z?), T(z3), ... = 1,b,b%0%,....

Since B is finite dimensional, there is a first ¢ where II(z") is linearly de-
pendent upon

(1), M(z), M(z?), (), ..., Mx1).
Thus, there is a linear relation
0 = AoII(1) + MTI(m) + -+ + A—1 (2" 1) + AJI(2")
or, equivalently,
0=1II ()\0 M+ Nzt )\txt) ,

with A\; € F and A; # 0. This gives the following degree ¢ polynomial in
ker(I1):

Ao+ M+ /\t_ll‘til + )\t.lﬁt.

By the minimality of ¢, this polynomial is the lowest degree non-zero poly-
nomial in ker(II). Hence it generates the principal ideal ker(II). In the
multivariate case which follows, ker(II) is still an ideal, but it no longer is
a principal ideal. One must iterate the preceding procedure. In order to
actually do what we just described, we must be able to effectively deter-
mine linear dependence in B. This could be given by a “linear dependence
oracle”. The Sweedler-Taylor algorithm is not concerned with how linear
dependence is determined. Let us now present the general algorithm.

Let B be an Flx]-module, and consider an F[x]-module map II :
F[x] — B, where dimz (Im(I)) = dimz (F[x]/ker(Il)) is finite and one
can determine linear dependence among the elements of B. Under these
conditions, one can compute a reduced Grébner basis for I = ker(II) with
respect to any monomial order using the following algorithm.

Suppose <7 is a monomial order on F[x]. Begin counting the monomi-
als in F[x] with respect to <, forming: 1 =t <p t11 <r t12 <p ---. If
M C Flx], begin counting the monomials in M with respect to <t means
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to form the sequence (a <7 b <t ¢ < ---), where a is the smallest mono-
mial in M with respect to <7, b is the smallest monomial of M\{a} with
respect to <r, ¢ is the smallest monomial of M\{a,b}, etc. Since the set
of monomials is well ordered with respect to a monomial order, there is al-
ways such a smallest monomial unless after a finite number of steps the set
M\{a,b,c,...,e} contains no more monomials. (This includes the possibil-
ity that M had no monomials in the first place, in which case the sequence
is the empty sequence.) When M has but a finite number of monomials,
they are eventually all selected for the sequence and no monomials remain
to be selected. At this point the sequence simply stops.

Consider the subspaces By ; of B, where B; ; is the F subspace spanned
by t1,0,t1,1,t1,2,...,t1,;. The spirit of the algorithm is better displayed if
we define these sets recursively:

B1,.1={0}CB1g=F(t10) CB11=B1o+FI(t11) C

-C By =B+ F H(tl,l) c...C Im(H)

Since dimx (Im(Il)) < oo, it must happen that some By ; = By ;—1. This
means that there will be a first linearly dependent element, call it II (¢, ),
in Im(IT). This is, IT (t1,¢,) € Bi,e;—1. Thus,

Pl—

IT(t1e,) Z A 1 (t1.5) J or, equivalently,

e1—1

ther — ZALJ% =0. (1.3)

Set g1 1= t1,e, — Zel_ A1jt1; and Gy :={g1}. Then, Gy C I = ker(II)
and LM (91) =11,e;- Set AI,I = {LE (tlvj)}]<61

Now begin counting the set of monomials which are greater than ¢; .,
and not divisible by ; ., ,
too <rtoq <piloo <p- -, and define

By 1 =Bi,e,—1 C Bag=DBs_1+FIl(tag) C Ba1 = Baog+FI(taq) -

So one has

B 1CB1o0CB11C- - CBie-1=DBie
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=By 1 CBygC Byy C--- CIm(B),

and again, find the first ¢5 ., such that II (¢2.,) € Bae,—1.

ea—1 e1—1
g2 =tae, = D dajtay— Y Avitrs, and I(g2) = 0.
=0 i=0

Then, g2 el = ker(H), LM (gg) = t2,€2' Set A[,Q = AIJU{LE (th)}
and Go := G1 U {g2} .

j<ez’

The general inductive step is the following. Suppose that Ay ,_; and
G —1 have been defined. Begin counting the set of monomials greater than
tn—1,e, , and not divisible by

tl,el ) t2,627 t3,ega R tnfl,en,la
the lead monomials of the elements in G,,_1. Suppose this counting yields:
tn,O <r tn,l <r tn,2 <r---.

Then define the subspaces By, ;’s as:

Bn,—l = Bn—l,en_l—l g Bn,O = Bn,—l +F 1 (tn,0> g Bn,l

= Bpo+ F M (t,1) C--- C Im(IN).

It can happen that there are only a finite number of monomials in the
sequence

tno <7 tni <7 <7 lnp

and that all of them are linearly independent and one runs out of mono-
mials. It can also happen that the sequence is empty, i.e. there are no
monomials greater than ¢,_; ., _, and not divisible by a lead monomial in
Grn—1. In these cases, set Ay, := Ap,, 1U{LE(t,;)},_,, and G, := Gp_1.
Note that in case the sequence was empty, Ay, = Ay ,—1. The algorithm
now terminates with G,,_1 = G,, a reduced Grobner basis for I = ker(II)
and Ay ,, the set of lead exponents of the standard monomials. Set G := G,
and A] = A[yn.

If the algorithm did not terminate, there will be a minimum e,,, where
Bye,—1 = B, , or equivalently,

I (tn,en) € Bn,enfl
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en—1 en—1—1 e;1—1

tne,) Z AT () + Y Ancr kIl (o) 4o D Al (b1)
k=0 i=0

en—1 en—1—1 e;—1

lnen Z)\,] Z An—1ktn—1,k — "'—Z)\uth =0.

In this case, set

en—1 en—1—1 e;—1

- tn en Z >\ ,j n,j — Z )\nfl,ktnfl,k - Z Al,itl,h
k=0 =0

Arp = A1 U{LE(tn;)}, ., » and Gy = Gno1 U{gn}.

In short, what the algorithm does is to find x®’s, minimal in terms of
divisibility, such that I (x*) € Spanz {II (x?) }5<Ta, where Spanz (V) is
the F vector space spanned by the elements in V. The exponents 8 are
exponents of independent monomials, and the A set is the set of exponents
of all the independent monomials.

The above algorithm was presented in [17]. The algorithm together
with a complete proof of its validity are included in [11]. The algorithm is
summarized as follows:

Algorithm 1.1 (The Sweedler-Taylor Algorithm).

Input: 1) A Flx]-module B.
2) A F[x]-module map II : F[x] — B,
where dimz (Im(II)) < oo,
and we can compute linear dependence in B.
3) A monomial order < on FIx].

Output: 1) A reduced Grobuer basis for I = ker(II) with respect to <g.
2) Ar.

1) BEGIN
2) Let A be the set of all monomials in F[x], {:=1, Go =0, Aro=10
3) Order all monomials in A with respect to <p: t;0 < t;1 <7 ---
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4) REPEAT
5) 1:=—1
6)  REPEAT
7) ti=1i+1
8) A=A—{t;;}
9)  UNTIL I (tr.e,) = Yy Dm0t AT (tng) or A= 0
10)  TF T (fre,) = Xy X5k Mgl (b0,5) , THEN

—_
—

9= te, = Yooy iy Anjtn
G =G _1U {gl}

Arg = Ar1 U{LE (t; )}
Order the monomials in
A:=A—{t; M | M a monomial in F[x]}
with respect to <r

—
W

Jj<er

—_
N}
NN N

—_
S

15) l:=10+1

16) ELSE

17) Apy = A -1 U{leadexp (tl»j)}jgi
18) UNTIL A =0

19) G = Glfh A[ = A]’l,1

20) END

Theorem 1.2. The above algorithm computes a reduced Grébner basis G =
{91, - ,aqi} for ker(I1) with respect to <t and Ay is the delta set of I =
ker(II).

1.4 Linear recurrence relations on m-dimensional arrays

Sakata |14] studied the relation between periodic arrays, linear recurrence
relations and ideals. He proved that if an array S is m-dimensional periodic,
then the ideal of linear recurrence relations valid on S is 0-dimensional, a
fact that also follows from the paper of Gianni [§]. This will allow us to
use the analog to the Sweedler-Taylor algorithm in Section to find a
Grobner basis that generates the ideal of linear recurrences. In this section
we present the basics from linear recurrence relations on m-dimensional
arrays, and reformulate the problem in terms of Laurent series where the
desired Grobner basis will be the kernel of a module map.

Let S ¢ FNo' be an m-dimensional infinite array. The arrays consid-
ered in this paper are m-dimensional periodic and this is key in order to
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effectively compute linear dependency in the algorithm that we will present.

Definition 1.2. An m-dimensional array S is said to be m-dimensional
periodic if there is a m-tuple, that we call the period vector, n =
(n1,...,nm) € N™ such that

S(al,...,am) = S(a1+n1k1,..4,am+nmkm)
for k; € Ny and all (aq,...,a,) € Nj*.

Let C(x) = > csuppc)Cax® € Flx|, where Supp(C)
{a | C4 is a non-zero coefficient of C'}.

Definition 1.3. The polynomial C(x) defines a linear recurrence relation
at a point S, of the array S if LE(C) < u and

> CaSasu—rpc) =0. (1.4)
a€eSupp(C)
In this case we say that C is valid at the point S,. Also set C to be
valid at S, if LE(C) £ u.

Definition 1.4. A polynomial C' is valid for the array S if the equation

> CaSays=0 (1.5)
aeSupp(C)
holds for all 8 € Nj*. In this case we also say that S satisfies the m-
dimensional linear recurrence relation given by C.

Note that C is a valid polynomial for S if and only if C' is a valid
polynomial at every point S, such that LE(C) < u.

Let Val(S) denote the set of all valid polynomials for the array S. The
set Val(S) is an ideal in F[x] and our goal is to find a Grdbner basis
for Val(S). If S is an m-dimensional periodic array with period vector

n = (n1,...,ny) then it is clear that Val(S) contains the polynomials
xft —1,z5% —1,...,20m™ — 1. So, in this case, Val(S) is a 0-dimensional

ideal as it was proved in [8]. From now on, we only consider periodic arrays.

We now reformulate the definition of a valid polynomial in order to
have Val(S) = ker(II), the kernel of a map II : F[x] — B. By choosing
IT as a F[x|-module map, we can then use the analog to the Sweedler-
Taylor algorithm to find a Grébner basis for the ideal of valid polynomials
Val(S). The approach that we use is a generalization of Example to
the multivariate case.
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1.4.1 Reformulation of the problem

Let us look at Example again. The algebraic way to view the power
series operations in is as follows: view the power series as sitting within
the ring of Laurent series F{{z}} and multiply by z~!. This is not quite
correct because ! (3 + 52 + 922 + 623 + - ) =3z ' +54+92+622 4,
and there is an “unwanted” 3z~! term. Hence, factor out the subspace
L~ of Laurent series spanned by z=!,z72,273,.... Since 27 'L~ C L,
multiplying by z~! gives an operator on F{{z}}/L~. Now, F{{z}}/L~
has a complete basis 1,Z,%?,. .., and the image of S(z) in F{{x}}/L~ is:
3+ 5% 4+ 972 + 67> + -+, and
e (345497462 +---) = 5+9T+62° + -,

since 3z~ = 0 mod L. This algebraic treatment immediately generalizes
to the multivariate case.

Denote the ring of Laurent series in several variables and coefficients in
F by F{{x}} = F{{z1,...,2m}}. There are several definitions for Laurent
series if m > 1 |10], the one considered here is not a field and can be defined

as F{{x}} =

{i i Z aoX” | = (a1, 0,...,04) aaef,kieN}.

ar=—ky as=—ko am=—km

Here every f(x) € F{{x}} has the property that there is a monomial
x* € F[x] where x* f(x) € F[[x]]. An alternative way of defining F{{x}} is
as F[[x]] localized at the multiplicative system consisting of the monomials
of Flz]. This gives the ring structure on F{{x}}.

One can associate the array S to a multivariate power series S(x) by
assigning the coefficient S, to the monomial x®. S is also a Laurent
series with the coefficients of the terms with negative exponents equal
to 0. For a polynomial C(x) let C(x~!) denote C (zy",z5",...,2,,}).
Since C' is a polynomial, C(x~!) is a Laurent series in F{{x}}, and one
can multiply S and C(x~!) as Laurent series. In this setting, we say
that a polynomial C is valid at a point S, if u — LE(C) # 0 or if
u— LE(C) > 0, then in the product C(x~1)S(x) the term with exponent
u — LE(C) has coefficient 0. Similarly, the equation that defines a valid
polynomial can be “translated” to multiplication of Laurent series as
follows: Zaesupp(c) CaSatp =0 forall g€ N{"is equivalent to say that
all the (non-zero) terms of the product C(x~1)S(x) have negative expo-
nents, where we say that az' - - - z&m has negative exponents if at least one
of the e;’s is negative. For example, 25234z 130549 has negative exponents!
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Consider the 2-dimensional case and look at the product C(x~1)S(x)
in the plane. The m-dimensional case is a straightforward generalization
of this case. One has that C' is a valid polynomial for the array S if the
coefficients of the terms of C(x71)S(x) outside the shaded area are zero:

Note that a term ax'y’ lies in the shaded area if and only if i < 0 or
j < 0. In the figure, N is the exponent of the least common multiple of all
the monomials in C(x).

To define Val(S) as the kernel of a map one needs to be able to mul-
tiply by polynomials in =% and y~!. Let L := F {{z,y}}, and let L~ be
the subspace of Laurent series all of whose non-zero terms have negative
exponents.

Since L and L~ are F[z~!,y~!]-modules, L~ C L, one can form the
Flz=!,y~-module B := L/L~.

In pictures,

(oo} o0

N=0 N=0

B=L/L~

Note that the natural representation of B is by power series in x and
y; i.e. B is isomorphic to F[[z,y]] as a vector space. The m-dimensional
case is similar. From now on consider B to be represented in terms of
Fllz1,...,2m]] as a vector space.

Within F{{z1,...,2Zm}}, the elements 7 ',... 2! are algebraically
independent over F. Let F[x~'] = Flz;',...,z,!] denote the subalgebra
of F{{z1,...,xm}} generated by 27*,...,z;.!. By the algebraic indepen-
dence of x7*,...,z;,', F[x~'] is (isomorphic to) the polynomial ring in
7t a;t. Since F[x~! L™ C L, there is a natural multiplicative ac-
tion of F[x~1] on F{{x}}/L~ = B. In , 7t =271 is the “shift left”
operator and 5 = y=1 is the “shift down” operator.
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In terms of the representation of B as power series in x1,...,Z,,, for
p(x) € Flx]]:

x"p(x) =x""p(x) + L7,
ie. x *p(x) is the coset of x *p(x) in L/L™.

The F [x_l}—module action on B is also informally described as: when
a polynomial g(x~!) in x~! acts upon a power series p(x) in x, simply
multiply g(x~!) by p(x) as Laurent series and consider all resulting terms
with exponents with negative entries to be zero.

Now, consider the coset of the periodic array S, S(x) € B = L/L".
Then F[x~1]S(x) is the cyclic submodule of L/L~ generated by S(x). Note
that using our reformulation of the problem, a polynomial C' is valid on the
array S if and only if C(x~1)S(x) = 0. That is, all terms with exponents
with non-negative coordinates are zero. So, if one defines the map

Og: Flx '] — Fx1S(x)CB=L/L",

Cx Hr—CEx1HSkx) + L,

one says that C is valid for the array S if and only if C(x™1) € ker(Ilg).
That is, the set of valid polynomials is the kernel of the map, Val(S) =
ker(Ilg) (if we identify C(x) with C(x~1)).

Now that the 0-dimensional ideal Val(S) is expressed as the kernel of the
module map IIg one may use the Sweedler-Taylor algorithm for computing a
Grobner basis for ker(Ilg) and have a Grobner basis for Val(S). However,
F[x~1S(x) € B, B is not a finite dimensional F-vector space and one
cannot directly compute linear dependence as needed in the Sweedler-Taylor
algorithm. But one can use the fact that S is periodic to see that it is enough
to just consider a finite subarray of S to obtain Val(S).

Although B is infinite dimensional, there are aspects of local finiteness
about it. If S(x) were a polynomial, then F[x~1]S(x) is finite dimen-
sional. There are also many power series S(z) that are not polynomials but
F[x~1]S(x) is finite dimensional; these are precisely the periodic power
series considered in this paper.

The analog to the Sweedler-Taylor algorithm was designed to deal with
the situation of B being infinite dimensional. The linear dependency will
be computed “modulo” multiples of certain monomials. With this we will
be able to compute minimal polynomials that are valid “up to” a certain
point in the array, this is, valid in a subarray. Because of the periodicity,
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polynomials valid on certain subarray will be valid for the complete array
S.

In the next section we will introduce the concept of being valid up to a
point S,. Then we define a set B, such that B/B,, is finite dimensional.
Using the B,’s we modify the Sweedler-Taylor algorithm to compute what
we call lead monomial generating sets. The modified algorithm will produce
a reduced Grébner basis for Val(.S).

1.5 Lead monomial generating sets for the set of recurrence
relations valid on subarrays

Let C (x7!) € Fx~!]. Since F[x~!] is a polynomial ring in 27", ..., 2},
one may apply all the theory of Grobner bases to it. For a monomial order
<7 in F[x|, the monomial order in F[x~!] is given by x=* <p x 7 if
and only if x* <7 x”. Then, for C (x7!) = 3
LE((C (x~')) = LE(C(0).

Let u € NJ* be such that LE(C) < u. Then, 8 =u— LE(C) > 0. From
one has that C is valid at Sy, if

new notation, this is the same as saying that in C'(x~1)S(x) the term with
exponent 3 has coefficient zero.

Note that if LE(C) £ u then the m-tuple § = v — LE(C) has at least
one negative entry and when one mods out by L~ the term with exponent
B will assuredly be zero. So, for checking the validity of C at a particular
entry Sy, one does not have to check whether LE(C) < u or not.

We formalize this as:

-
aeSupp(C) Cox™%, we set

a€Supp(C) CoSg+a = 0. Using the

Definition 1.5. The m-dimensional linear recurrence relation given by the
polynomial C' is valid at the point S, if in C(x71)5(x) the term with
exponent 8 = u — LE(C) has coefficient zero. We say that C is valid up
to S, if C is valid at each S; with [ <t u.

For now, let’s choose <r to be a monomial order such that for any
monomial M there are only a finite number of monomials <y M. For
example, let <1 be the graded lexicographic order (but not pure lex). Now
define

Definition 1.6.

B, = { > )\axo‘} c B.

a>7u
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We have that B/B, is a finite dimensional vector space. One can then
define Val, (S), the set of polynomials that are “valid up to S,”, using the
set By:

Val,(S) := {O # C(x) | in C(x~1)S(x), for every /8 with (1.6)
B+ LE(C) <r u, the term with exponent 3 has coefficient zero } U {0}
= {O # C(x) | in C(x~1)S(x) the only non-zero terms

are those with exponents 8 where g+ LE(C) > u} U {0}.
It follows that

Val,(S) = {o #£C(x) | g (C(x™)) € x_LE(C)Bu} U {o}.

So, Val,(S) is composed by polynomials C' that give linear dependency
relations modulo x () B,. Val,(S) is not necessarily an ideal but it is
easy to prove that the set LM (Val,(S)) is closed under monomial multi-
plication, as follows.

Lemma 1.2. LM (Val,(S)) is a monomial ideal.

Proof. Say 0 # C(x7 ') € Val,(S). Since LM (x*C (x71)) =
x LM (C (x7')), it suffices to show that x=*C (x7') € Val,(9).

IIs (x*C (x7')) =xC (x 1) S(x).

Since IIg (C (x71)) € x LE©) B, we see that

HS (X—ac (X—l)) c X—aX—LE(C)Bu _ XfLE(x_(’C(x_l))Bu,

where the equality follows from the fact that LE (x*aC’ (x’l)) = a4+
LE (C (xY)). 0

Since LM (Val,(S)) is a monomial ideal, I' :== LE (Val,(S5)) satisfies
part 2 of Lemma Therefore, its complement NJ'\I' is a delta set,
denoted by A,,.

Let u™ be the m-tuple that immediately follows u with respect to
<p. Note that B,+ C B, implies Val,+(S) C Val,(S). Therefore
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LM (Val,+(S)) € LM (Val,(S)) and A, C A,+. In particular Val(S) C
Val,(S) and Ay € Ay gy(s) for all u € N

Definition 1.7. Let G = {g1,...,91} C F[x]. The set G is called a lead
monomial generating set for the set A C F[x| with respect to <r if
(LM (G)) = (LM(A)). G is called a reduced lead monomial generat-
ing set for A if LC(g;) = 1,i=1,...,l and LM (g;) does not divide any
term of g; for every j # .

Note that this concept is very similar to a reduced Grobner basis for an
ideal. In fact, if A is an ideal and G C A then a lead monomial generating
set for A is a Grobner basis for A.

1.5.1 Analog to the Sweedler-Taylor algorithm

Building on the Sweedler-Taylor algorithm gives an algorithm to compute
a reduced lead monomial generating set G,, for Val,(S). The set G, is
referred in other papers [141/16] as a “minimal polynomial set” for Val, (.S).

Unlike the Sweedler-Taylor algorithm which looks for linear dependency
relations, one looks for “partial linear dependency” relations, where partial
means modulo x " FF(C) B, . In this setting, all the equations that give linear
dependency relations, like equation 7 become:

IIs ((tl,fh)_l) € Bl761—1 + (tl,el)_l B,

611

s ((te) ") = E:AIb(tu )+ (he) " B (1.7)

611

IIg tl 61 Z )\ tl,] -t € (tLel)_l B,.

The lead monomial generatlng set for Val,(S) is Gy, = {gl, cesGnt
where g; 1= t; ¢, _Zji;ol Aijtig —Zji:forl Aictglicti—-- '—Zeﬁ A1t
Hence, by changing II to IIg and lines 9) and 10) of Algorithm - to

9) UNTIL ILs ((tl,ez) ) Sohe1 5ot An s (((th,j)_l) + (tre,) " Bu
or A=10

10) TF s ((te) ™) = iy 55 AnaTls (1) ™) + (e) ™" B
THEN,
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we obtain an analog to the Sweedler-Taylor algorithm to compute lead
monomial generating sets for Val,(S). A description of the analog to the
Sweedler-Taylor algorithm in a more general setting can be found in [11].

1.5.2 Finding u such that Val,(S) = Val(S)

The periodicity of the array S makes the ideal quotient F[x]/Val(S) into a
finite dimensional vector space, and, at some point Sy, Val,(S) = Val(S)
and the partial dependencies are in fact (complete) linear dependen-
cies. This implies that there exists u such that one can use the analog to
the Sweedler-Taylor algorithm described above to compute a reduced lead
monomial generating set for Val, (S) and obtain a Grébner basis for Val(.S).
We now give a bound for u that guarantees that Val, (S) = Val(5).
Suppose that the array S has period n = (n1,...,7ny,). Then, z7* —
al'm —1 € Val(S), and, by Lemma the following result is clear:

PICIRIRIR IR e

1

Lemma 1.3. Let S be an array with period n = (nq,...,Mm), Val(S) be
the ideal of polynomials valid in S and Ay () be the delta set of Val(S).
Also let C € Val(S) with LE(C) = (ly,...,lm). Then

(1) AVal(S) - {(51,,57”) ENB” | (51,...,57”) < (n1 —1,...,n, —1)},

(2) 1Avays)l < ni-e-nm.

(8) If C is minimal in Val(S) with respect to divisibility of LM (C), then
li<ng fori=1,...,m.

We now prove that if we have a minimal polynomial valid at all entries
in a certain region of the array S then C is also valid outside that region
and hence in the complete array.

Prop 1.1. Let S be an array with period n = (n1,...,n,). Sup-
pose that C is valid at S, for all v < (2ny —1,...,2n,, — 1) and it
is minimal with this property with respect to divisibility of LM (C). If
v&€(2n1 —1,...,2n, — 1), then C is valid at S,, and hence C' € Val(S).

Proof. If v — LE(C) 2 0, then C is valid at S, and there is nothing to
prove. Suppose that v — LE(C) > 0. Then v = LE(C) + 3, for some
B8 = (B1,...,8m) € NJ*. We can rewrite §; = k;n; + r;, where k;,r; €
Np, 7; < n; and have
v=LE(C)+ (r1,...,mm) + (nik1, ..., nmkm) .
Since C' is < minimal, LE(C) < (nq,...,n.y), and since also r; < n;, we
have that
vy=LEC)+ (r1,....mm) < (2n1 —1,...,2n, — 1),
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and, by hypothesis, C' is valid for S,,. Therefore, by the periodicity of S,

0= Z COcSoc-l—v—LE(C) = Z CaSa+'y+(n1k:l,...,nmkm)—LE(C)
a€Supp(C) a€Supp(C)

= Z CocSoH»vaE(C)a
a€Supp(C)
and C is valid at S,,.
O

Any point S, with v < (2n; —1,...,2n,, — 1) satisfies |u| < 2|n| —
m. So if 8" = {S, | |u] <2|n| —m}, then S’ contains all S, with v <
(2n1 —1,...,2n,, — 1). This selection for S’ is convenient for computing a
Grobner basis with respect to the grilex order; other choices can be used for
other monomial orders.

Corollary 1.1. Let S be an array with periodn = (ny,...,ny) and 8" C S
be such that S' = {S“}Iu\anlfm‘ If C is valid at every point S, € S’ and
it is minimal with this property with respect to divisibility of LM (C'), then
C' is valid for the infinite array S. This is, C € Val(S).

If we select a monomial order <7 and order the elements of S such that
all the elements in the subarray S" = {Su},|<ojn|_, are among the first
elements of the ordered array S, then the minimal polynomials valid for S’
are the minimal polynomials valid for S. If u™ is the smallest with respect
to <7 such that u™ >7 w for all u with |u| < 2|n| — m, then a reduced
lead monomial generating set for Val,+(S) is a reduced Grobner basis for
Val(S). In particular, if we consider the graded lexicographical order we get
the next proposition.

Prop 1.2. Let S be an array with period n = (ny,...,ny) and S’ C S
be such that S" = {Su}, <ajnj—m- If uT is the largest element in Ng'
with respect to <gper such that S,+ € S’, then, the set of all minimal
polynomials in Val,+(S) forms a Grébner basis for Val(S) with respect to
<griez- This is, Val,+(S) = Val(9).

We now illustrate how to use the analog to the Sweedler-Taylor algo-
rithm discussed in Section to compute a Grobner basis for Val(S)
with respect to <griew, where S is a 2-dimensional array with period
n = (n1,n2). By Proposition it is enough to use the points S, with
up + uz2 < 2(n; + na) — 2. Following the idea of Example to find
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the partial linear dependency relations we form a matrix where each row

corresponds to x~*S(x), and there is a column for each monomial from 1

2(n1+n2)72'

to x The matrix will have a form similar to the matrix below,

where we used the grilex order with y < x.

1 Yy x y2 xy - xQ(n1+7L2)—2
I5(1) S'(z,y)
Ms(y™) y= 1S (z,y)

s(z~1) x5 (z,y)

When a new row is adjoined to the matrix, it is reduced with the pre-
vious rows. We need to find relations that are valid up to S(a(n,4ns)-2,0)-

If the new row corresponds to the map IIg(x*) = IIg(z~*y*2),
we look for linear dependencies modulo ™'y~ %2 By, 1n,)—2,0), Where
B(2(n1+"2)_2>0) = {Z’Y>grlex(2(n1+n2)—2,0) >\7X’Y}- This iS, the row

Tg (z~*1y~>2) needs to be partial linearly dependent, which means that
it should have 0 in every column x'y’, where (a; + i, a2 +j) <7 (2(ny +
ng) — 2,0). Recall that we ignore any term that has negative exponents.

Example 1.2. Let S be the following 2-dimensional array with entries in
Fi; and period vector n = (2,2):

108108 -
g_| 3131

108108 ---

3131---

To find a Grébner basis for Val(S) with respect to <grie we use the
analog to the Sweedler-Taylor algorithm to compute a lead monomial gen-
erating set for Val,(S), where u = (6,0). We order the monomials from 1
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to z% with respect to <griex and construct a matrix for reduction, where
we include additional columns to keep track of the row operations and be
able to obtain the coefficients of the Grobner basis elements.

‘1 y xy?yz - a®yl .. xG‘ly

Mg(1) {31013 8 -~ 1 3--- 3|10
Mg(y~)/10 3 810 1 --- 8 01

1y oy ye a5y a1y

Mg(1) 31013 8 --- 1 3 --- 310

Os(y=1)0101 0 0 --- 1 41

Since the row corresponding to IIg(y~!) is independent, we adjoin the
row corresponding to IIg(x~!) and reduce it with the previous rows.

5,6 6

lyxy2..xy.x1ym

Mg(1) 31013 -~ 1 3 --- 3|100

Hs(y=™)[0101 0 --- 1 410

Hg(z~)[1 831 3 001

Multiplying the first row by 10, the second and third rows by 3, adding
the three rows and substituting the result in the third row we obtain:

1 yxy2...z5y6...x61yz

Mg(1) 31013 --- 1 3 --- 3[100

Og(y~ 0101 0 -+ 1 410

Hs(z=1)[0 0 00 -+ 0 033

From this, one obtains that 327! + 3y~! € ker(Ils) and the monic
polynomial g1 = x + y is in the reduced Grébner basis for Val(S). We
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continue the algorithm considering the next monomial that is not a multiple
of z, and adjoin the row corresponding to IIg (y—2):

lyxzy? - 2°y0 - 281y y?
IMg(1) 31013 --- 1 3 --- 3/1000
Hg(y= 10101 0 --- 1 4100
Hs(y=2))3101 3 --- 3 0001

Multiplying the first row by 10 and adding the third row we obtain:

1yxy2--~x5y6---a:61ymy2
Mg(1) 3101 3 --- 1 3 --- 3[1000
Hs(y=™)|0101 0 --- 1 4100
Ms(y=2)[0 000 --- 0 1000 1

This implies that the polynomial 32 + 10 is in the reduced Grébner
basis. Since there are no monomials left that are not multiples of the lead-
ing monomials in the Grobner basis, G = {y2 + 10,z + y} is the reduced
Grobner basis for Val(S) with respect to <gpiep and y < .

1.5.3 Conclusions

We presented an algorithm for computing a Grobner basis for the ideal
of linear recurrence relations on m-dimensional periodic arrays. The al-
gorithm is based on linear algebra computations and can be implemented
easily. Since the algorithm does not assume that one already has a generat-
ing set for the ideal of linear recurrences, the fact that it gives a generating
set is one of the applications of the algorithm. By Proposition twice
the period minus the dimension of the array is an upper bound for the
degree of the polynomials required to form a Grébner basis for the ideal
of linear recurrence relations valid on the array with respect to the graded
lexicographic order. Recent applications for the algorithm include the com-
putation of the linear complexity of m-dimensional periodic arrays [9].
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