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1. Introduction

It is important to provide elementary methods in mathematics in order to have a
broad spectrum of applications and give rise to new results, even within mathemat-
ics. An area that has been applied frequently in coding theory and cryptography is
the p-divisibility of exponential sums ([3, 4, 11]). Sometimes getting an extra power
of p in the p-divisibility can make a difference in the applications. For example,
in [4] Canteaut used an improvement of the bound given in Ax–Katz’s theorem to
obtain information about the covering radius of first-order Reed–Muller codes. The
computation of the exact p-divisibility of the exponential sums or the number of
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solutions of polynomial equations can be very useful in the applications but is a
hard problem in general.

In [8] the authors reformulated the concept of coverings of polynomials intro-
duced in [7] to provide an elementary combinatorial method to compute exact p-
divisibility of exponential sums over a prime field and an intuitive approach to the
construction of systems of polynomial equations that are guaranteed to be solvable.
There, the computation of the exact p-divisibility depended on the existence of a
unique minimal (p − 1)-covering of the polynomials in the system and the results
gave sufficient conditions for its existence.

In this paper, we expand the work in [8] by considering systems with several
minimal (p−1)-coverings. We use (p−1)-coverings to extend and improve results of
Carlitz that allow us to study families of systems of deformed diagonal equations,
compute the p-divisibility of their exponential sums, and determine their solvability
by considering the simpler system given by the diagonal part of the equations.
Carlitz stated in [6] that the number of solutions of a system of polynomials and a
deformation of the same system are congruent modulo p. We extend this result and
obtain congruence modulo a power of p for the case of deformed diagonal equations
over the prime field. Other results presented here provide general but concrete and
simple conditions to construct families of systems that are solvable over the prime
field. We also obtain information about the p-divisibility of the number of solutions
of systems for which the well-known results of Chevalley–Warning and Katz do not
give any information.

2. Preliminaries

Let p be a prime, Fp be the prime field, Fp
∗ = Fp\0 and Fn

p = {(x1, . . . , xn) |xi ∈
Fp, i = 1, . . . , n}. Sometimes we use x instead of (x1, . . . , xn). Let F (X) =
a1X

e11
1 · · ·Xen1

n + · · · + aNXe1N

1 · · ·XenN
n be a polynomial in n variables over Fp.

Without loss of generality, we will assume throughout the rest of the paper that
F (X) is not a polynomial in some subset of the variables X1, . . . , Xn.

Let ζ be a primitive pth root of unity over Q and set θ = 1 − ζ. Then the
ideal 〈p〉 = 〈θ〉p−1, and this extends the p-adic valuation vp to the θ-adic valuation
vθ(a) = (p − 1)vp(a), for all a ∈ Q(ζ). The exponential sum of a polynomial F (X)
over Fp, is defined as

S(F ) =
∑
x∈Fn

p

ζF (x).

The exact p-divisibility of S(F ), vp(S(F )), is the largest power of p dividing S(F ).
The relation between the number of common solutions N of a system of poly-

nomial equations G1(X) = G2(X) = · · · = Gt(X) = 0 and an exponential sum is
given by the following lemma ([1, Eq. (2.7)], [2]).

Lemma 2.1. Let G1(X), . . . , Gt(X) ∈ Fp[X] and N be the number of common
zeros of G1, . . . , Gt. Then N = p−t

∑
x∈Fn

p ,y∈Ft
p
ζ(y1G1(x)+···+ytGt(x)).
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It is important to note that if we can compute the exact p-divisibility of the
exponential sum

∑
x∈Fn

p ,y∈Ft
p
ζ(y1G1(x)+···+ytGt(x)), we know that pvp(N )+1 � N and

hence N �= 0.
In [8], to compute vp(S(F )), we used the following expansion of the exponential

sum of F (X) = a1F1 + · · · + aNFN , where ai �= 0 and Fi is a monomial:

S(F ) =
∑
x∈Fn

p

ζF (x) =
∑
x∈Fn

p

(1 − θ)a1F1+···+aN FN

=
M∑

ν1=0

· · ·
M∑

νN =0

∑
x∈Fn

p

(−θ)|ν|
(

a1F1

ν1

)
· · ·
(

aNFN

νN

)
, (2.1)

where θ = 1 − ζ, M = pdeg(F )+1, |ν| =
∑N

i=1 νi, and studied the p-divisibility of
each term in (2.1). Let Tν(F ) be the term in (2.1) associated with ν = (ν1, . . . , νN ).
Then,

Tν(F ) = (−θ)|ν| ∑
x∈Fn

p

(
a1F1

ν1

)
· · ·
(

aNFN

νN

)

=
(−θ)|ν|aν1

1 · · · aνN

N

ν1! · · · νN !

∑
x∈Fn

p

(F ν1
1 F ν2

2 · · ·F νN

N + Pν), (2.2)

where deg(Pν) < deg(F ν1
1 F ν2

2 · · ·F νN

N ).
To compute the exact p-divisibility of S(F ) one must find the terms Tν(F )

with the smallest p-divisibility vp(Tν(F )). If there is only one term with minimal
p-divisibility, this is, if there exists Tν(F ) such that vp(Tν(F )) < vp(Tν′(F )) for all
ν′ �= ν, then vp(S(F )) = vp(Tν(F )). If there is more than one term with minimal
p-divisibility then it is hard to determine the exact p-divisibility of the exponential
sum and one also has to consider the relation among a1, . . . , aN . This is why many
of the well-known results ([2, 10, 12]) only give bounds on the p-divisibility of the
exponential sums or the number of solutions of systems of polynomial equations.
In this paper, we consider systems where there might be more than one term with
minimal p-divisibility.

Terms with minimal p-divisibility are associated with what we call minimal
(p− 1)-coverings. In [8] we found sufficient conditions for the existence of a unique
minimal (p − 1)-covering and constructed systems of polynomial equations with
exact p-divisibility of S(F ). Here, we consider more general systems and determine
conditions that allow us to compute the exact p-divisibility of systems where the
minimal (p − 1)-coverings might not be unique.

2.1. Coverings

The concept of an m-covering was introduced in [7] and reformulated in [8]. We
recall the definitions related to coverings.
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Definition 2.1. Let F (X) = a1F1 +a2F2 + · · ·+aNFN . A set C = {F ν1
1 , . . . , F νN

N }
of powers of the monomials in F is an m-covering of F if in the product F ν1

1 · · ·F νN

N

the exponent of each variable is a positive multiple of m. We define the size of the
m-covering C as the sum

∑N
i=1 νi. The set C is a minimal m-covering of F if for

any other m-covering C′ = {F ν′
1

1 , . . . , F
ν′

N

N } of F ,
∑N

i=1 ν′
i ≥

∑N
i=1 νi. We denote by

κm(F ) the size of a minimal m-covering of F .

Definition 2.2. Let F (X) = a1F1 +a2F2 + · · ·+aNFN . A set C = {F ν1
1 , . . . , F νN

N }
of powers of the monomials in F is a partial m-covering of F if in the product
F ν1

1 · · ·F νN

N , the exponent of each variable is a non-negative multiple of m. The set
C is a minimal partial m-covering of F if its size

∑N
i=1 νi +s(p−1) = κm(F ), where

s is the number of variables in F ν1
1 · · ·F νN

N with exponent equal to zero.

To determine the solvability of systems of polynomial equations G1(X) = · · · =
Gt(X) = 0 we use Lemma 2.1 to relate the number of solutions of the system
to the exponential sum of the polynomial F = Y1G1(X) + · · · + YtGt(X) and
study the exact p-divisibility of S(F ) using the (p − 1)-coverings of F . With this
in mind, when we talk about the (p − 1)-covering of a system of polynomial equa-
tions G1(X) = · · · = Gt(X) = 0 we are taking about the (p− 1)-covering of the
polynomial F = Y1G1(X) + · · · + YtGt(X).

Example 2.1. Consider the system

a1X
3
1 + · · · + a4X

3
4 + G = 0,

b1X1 + · · · + b4X4 + α = 0,

where ai, bi ∈ F7
∗, α ∈ F7, G ∈ F7[X1, . . . , X4], and deg G < 3. A 6-covering of this

system is a 6-covering of F = Y1(X3
1 + · · ·+ X3

4 + G) + Y2(X1 + · · ·+ X4 + α). It is
easy to see that C1 = {(Y1X

3
4 )6}, C2 = {(Y1X

3
1 )2, (Y1X

3
2 )2, (Y1X

3
3 )2, (Y2X4)6} and

C3 = {(Y1X
3
1 ), (Y1X

3
2 ), (Y1X

3
3 )2, (Y1X

3
4 )2, (Y2X1)3, (Y2X2)3} are partial 6-coverings

of the system. C2 and C3 have size 12 and we will see in Lemma 3.1 that they are
minimal. C1 is not a 6-covering of the system because it has 4 variables missing; its
size is 6 + 4(p − 1) = 30.

From now on m = p − 1 and we consider (p − 1)-coverings. As we mentioned
before, we can study the exact p-divisibility of S(F ) by studying the p-divisibility
of the terms (2.2). In [8] we saw that the only terms with minimal p-divisibility
are those corresponding to minimal partial (p − 1)-coverings (with s ≥ 0). If there
is more than one minimal partial (p − 1)-covering, then the p-divisibility might
increase when the corresponding terms in S(F ) are added.

The concept of (p − 1)-covering of a polynomial F is independent of the coef-
ficients of F . However, the exact p-divisibility of the polynomial and its solv-
ability depends on both the minimal (p − 1)-coverings and the relation among
the coefficients. The following lemma gives sufficient conditions to have exact
p-divisibility of an exponential sum S(F ).
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Lemma 2.2. Let C1, . . . , Cr be all the minimal (p − 1)-coverings of a polynomial
F = a1F1+ · · ·+aNFN , Ci = {F νi1

1 , . . . , F νiN

N }, and suppose that all minimal partial
(p − 1)-coverings of F have s = 0. Then,

vp(S(F )) is




=
κp−1(F )

p − 1
if

r∑
i=1

aνi1
1 · · ·aνiN

N

νi1! · · · νiN !
�≡ 0 (mod p),

>
κp−1(F )

p − 1
otherwise.

Proof. Let ν1, . . . , νr be the exponent vectors corresponding to the minimal (p−
1)-coverings C1, . . . , Cr. Then,

r∑
i=1

Tνi(F ) = (−θ)κp−1(F )


 r∑

i=1


aνi1

1 · · · aνiN

N

νi1! · · · νiN !

∑
x∈Fn

p

(F νi1
1 · · ·F νiN

N + Pνi)






and

vp

(
r∑

i=1

Tνi
(F )

)

=
κp−1(F )

p − 1
+ vp


 r∑

i=1


aνi1

1 · · · aνiN

N

νi1! · · · νiN !

∑
x∈Fn

p

(F νi1
1 · · ·F νiN

N + Pνi
)




,

where deg(Pνi
) < deg(F νi1

1 · · ·F νiN

N ). By [8, Lemma 3.1],

r∑
i=1


aνi1

1 · · · aνiN

N

νi1! · · · νiN !

∑
x∈Fn

p

(F νi1
1 · · ·F νiN

N + Pνi)




≡ (p − 1)n
r∑

i=1

aνi1
1 · · · aνiN

N

νi1! · · · νiN !
(mod p).

Terms that do not correspond to the minimal (p − 1)-coverings will have higher
p-divisibility than the terms Tνi

. Therefore, if
∑r

i=1
a

νi1
1 ···aνiN

N

νi1!···νiN ! �≡ 0 (mod p), then

vp(S(F )) = vp(
∑r

i=1 Tνi
(F )) = κp−1(F )

p−1 . Otherwise vp(S(F )) ≥ vp(
∑r

i=1 Tνi
(F )) >

κp−1(F )
p−1 .

When applied to the number of solutions of systems of polynomial equations,
Lemma 2.2 gives a refinement of Ax–Katz by giving precise conditions for when
the bound is achieved or improved. This can make a difference in applications, as
it was for example in [4] were an improvement of the bound given by Ax–Katz’s
theorem was used to obtain information about the covering radius of first-order
Reed–Muller codes.
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2.2. Solutions of systems of polynomial equations

In the theory of polynomial equations over finite fields Fq, q = pf , a main result is
the theorem of Chevalley–Warning: For a polynomial F (X1, . . . , Xn) of degree d,
over the finite field Fq, if n > d, the characteristic p of the field divides the number
of solutions of F = 0. This theorem has been applied in many areas of mathematics.
Ax–Katz improved this result by giving a tight bound on the power of p that divides
the number of solutions. None of these results give information about the solvability
of the equation F = 0 over Fq. For example, (Xd

1 + · · · + Xd
n)2 = α, where α is a

quadratic non-residue over Fp, has no solution over Fp for any n and d.
In 1956, Carlitz ([5]) provided infinite families of polynomials that are solvable.

Theorem 2.1 (Carlitz). Let d be a divisor of p− 1, and ai ∈ Fq
∗ for i = 1, . . . , d.

If G ∈ Fq[X] has deg(G) < d, then the equation a1X
d
1 + · · ·+ adX

d
d + G = 0 has at

least one solution over Fq.

In [9] the authors of the present paper generalized Carlitz’s result to generalized
diagonal equations by computing the exact p-divisibility of the exponential sum of
the polynomial.

Another theorem of Carlitz ([6]) allows us to obtain information about deformed
diagonal systems by considering only the diagonal part of the equations.

Theorem 2.2 (Carlitz). Let N be the number of solutions of the system

Fi(X1, . . . , Xn) + Gi(X1, . . . , Xn) = 0, i = 1, . . . , t,

and N ′ be the number of solutions of the system

Fi(X1, . . . , Xn) = 0, i = 1, . . . , t,

where Fi(X1, . . . , Xn) are polynomials in Fq with deg(Fi) ≤ di,
∑t

i di = n and
Gi(X1, . . . , Xn) are polynomials in Fq with deg(Gi) < di. Then, N ′ ≡ N (mod p).

If one can determine that p � | N ′, one can conclude that N �= 0. But, if N ′ ≡
0 (mod p), one cannot determine the solvability of the system Fi(X1, . . . , Xn) +
Gi(X1, . . . , Xn) = 0, i = 1, . . . , t, using this theorem. Also, the theorem does not
give bounds on the p-divisibility of N in the case when pl | N ′ for l > 1.

Motivated by the above results, in this work we use the covering method to find
conditions that allow us to obtain information about systems of deformed diagonal
equations over Fp by studying the much simpler systems given by their diagonal
part. In particular, in Theorem 4.1, we obtain bounds on the p-divisibility of systems
of deformed diagonal equations {Fi + Gi = 0} from systems of diagonal equations
{Fi = 0}, generalizing Carlitz’s Theorem 2.2 for the case of deformed diagonal
equations over prime fields. In Theorem 4.2, we determine the solvability of certain
deformed diagonal equations by giving necessary and sufficient conditions on the
diagonal part. This provide concrete and simple conditions to construct families of
deformed diagonal equations that are solvable as we do in Theorem 4.3.
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3. Minimal (p − 1)-Coverings of Systems of Deformed
Diagonal Equations

To compute the p-divisibility of exponential sums of systems of deformed diagonal
equations and determine their solvability by just considering the diagonal part of
the equations we use information about the minimal (p−1)-coverings of the systems.
We start by relating the minimal (p− 1)-coverings of systems of deformed diagonal
equations to the minimal (p− 1)-coverings of systems of diagonal equations. Recall
that the size of a minimal partial (p− 1)-covering C = {F ν1

1 , . . . , F νN

N } is
∑N

i=1 νi +
s(p − 1), where s is the number of variables missing in F ν1

1 · · ·F νN

N .

Lemma 3.1. Consider the systems

a1X
d
1 + · · · + anXd

n + G1 = 0,

b1X
k
1 + · · · + bnXk

n + G2 = 0,
(3.1)

a1X
d
1 + · · · + anXd

n = 0,

b1X
k
1 + · · · + bnXk

n = 0,
(3.2)

where ai, bi ∈ Fp
∗, G1, G2 ∈ Fp[X] and deg G1 < d, deg G2 < k. Then

(a) any partial (p − 1)-covering of (3.1) or (3.2) has size ≥ (n−k
d + 1)(p − 1),

(b) C is a minimal partial (p− 1)-covering of (3.1) of size (n−k
d + 1)(p− 1) if and

only if C is a minimal partial (p− 1)-covering of (3.2) of size (n−k
d + 1)(p− 1)

(c) all minimal partial (p − 1)-covering of (3.1) or (3.2) of size (n−k
d + 1)(p − 1)

have s = 0.

Proof. Without lost of generality one can assume that d ≥ k. Let

G1 =
N∑

j=1

bjX
e1j

1 · · ·Xenj
n , G2 =

M∑
j=1

cjX
f1j

1 · · ·Xfnj
n .

Then

C = {(Y1X
d
1 )h1 , . . . , (Y1X

d
n)hn , (Y1X

e11
1 · · ·Xen1

n )t1 , . . . , (Y1X
e1N
1 · · ·XenN

n )tN ,

(Y2X
k
1 )s1 , . . . , (Y2X

k
n)sn , (Y2X

f11
1 · · ·Xfn1

n )l1 , . . . , (Y2X
f1M

1 · · ·XfnM
n )lM }

is a partial (p − 1)-covering of (3.1) if and only if

(h1, . . . , hn : t1, . . . , tN : s1, . . . , sn : l1, . . . , lM )

is a solution to the system

dhi + ei1t1 + · · · + eiN tN + ksi + fi1l1 + · · · + fiM lM = λi(p − 1) for 1 ≤ i ≤ n,

h1 + · · · + hn + t1 + · · · + tN = λn+1(p − 1), (3.3)

s1 + · · · + sn + l1 + · · · + lM = λn+2(p − 1)

with λi ≥ 0.

1450013-7
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The size of this partial (p − 1)-covering C is
∑n

i=1 hi +
∑N

j=1 tj +
∑n

i=1 si +∑M
j=1 lj + s(p − 1), where s is the number of equations in (3.3) that are equal to

zero.
We now look for a lower bound for the size of the covering C. Since

∑N
j=1 e1jtj

d
+ · · · +

∑N
j=1 enjtj

d

= t1

(
e11 + e21 + · · · + en1

d

)
+ · · · + tN

(
e1N + e2N + · · · + enN

d

)
,

and deg G1 < d, deg G2 < k, one has
∑N

j=1 tj ≥ ∑N
j=1

∑n
i=1

eij tj

d and
∑M

j=1 lj ≥∑M
j=1

∑n
i=1

fij lj
k . Therefore,

d


 n∑

i=1

hi +
N∑

j=1

tj +
n∑

i=1

si +
M∑

j=1

lj




= d


 n∑

i=1

hi +
N∑

j=1

tj


+ k


 n∑

i=1

si +
M∑

j=1

lj


+ (d − k)


 n∑

i=1

si +
M∑

j=1

lj




≥ d


 n∑

i=1

hi +
n∑

i=1

N∑
j=1

eijtj
d


+ k


 n∑

i=1

si +
n∑

i=1

M∑
j=1

fij lj
k




+ (d − k)


 n∑

i=1

si +
M∑

j=1

lj




=
n∑

i=1


dhi +

N∑
j=1

eijtj + ksi +
M∑

j=1

fij lj


+ (d − k)


 n∑

i=1

si +
M∑

j=1

lj




=

(
n∑

i=1

λi

)
(p − 1) + (d − k)λn+2(p − 1)

≥ (n − s′)(p − 1) + (d − k)λn+2(p − 1),

where s′ is the number of λi = 0, i = 1, . . . , n.
If λn+2 �= 0, then the size of C is

≥ n − s′

d
(p − 1) +

d − k

d
(p − 1) + s(p − 1), where s ≥ s′

=
(

n − k

d
+ 1
)

(p − 1) +
(

s − s′

d

)
(p − 1).

1450013-8
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If λn+2 = 0, then the size of C is

≥ n − s′

d
(p − 1) + s(p − 1) =

(
n

d
+ s − s′

d

)
(p − 1), where s ≥ s′ + 1

≥
(n

d
+ 1
)

(p − 1) +
(

s′ − s′

d

)
(p − 1).

In any case, the size of a partial (p − 1)-covering of (3.1) is ≥ (n−k
d + 1)(p − 1).

Note that a solution (h1, . . . , hn : 0, . . . , 0 : s1, . . . , sn : 0, . . . , 0) to system (3.3)
corresponds to a solution (h1, . . . , hn : s1, . . . , sn) to

dhi + ksi = λi(p − 1), 1 ≤ i ≤ n,

n∑
i=1

hi = λn+1(p − 1), (3.4)

n∑
i=1

si = λn+2(p − 1),

which is the system associated with a partial (p − 1)-covering C′ of (3.2) with size
≥ (n−k

d + 1)(p − 1). This proves part (a).
Note that if C is a minimal partial (p − 1)-covering of (3.1) with size (n−k

d +
1)(p − 1), then s = 0, li = tj = 0, for all i = 1, . . . , M, j = 1, . . . , N, λi = 1 for
i = 1, . . . , n, n + 2, and λn+1 ≥ 1. This implies that C is also a minimal partial
(p− 1)-covering of (3.2). Similarly, a minimal partial (p− 1)-covering of (3.2) with
size (n−k

d +1)(p−1) has s = 0 and is also a minimal partial (p−1)-covering of (3.1).
This completes the proof.

Remark 3.1. One can obtain a similar result for a single deformed diagonal equa-
tion or systems of more than two deformed diagonal equations, a1X

d
1 + · · ·+anXd

n+
G1 = b11X

k1
1 + · · ·+ b1nXk1

n + G′
1 = · · · = br1X

kr
1 + · · ·+ brnXkr

n + G′
r = 0. In this

case the bound for the size of the coverings is (n−Pr
i=1 ki

d + r)(p − 1), where r + 1
is the number of polynomials in the system.

We now give sufficient conditions so that systems of deformed diagonal equa-
tions with associated polynomial F have minimal (p−1)-coverings with κp−1(F ) =
(n−k

d + 1)(p − 1).

Lemma 3.2. Let F be the polynomial associated with the system

a1X
d
1 + · · · + anXd

n + G1 = 0,

b1X
k
1 + · · · + bnXk

n + G2 = 0,
(3.5)

where ai, bi ∈ Fp
∗, gcd(d, k) = 1, dk = p − 1, n = dl + k, G1, G2 ∈ Fp[X] and

deg G1 < d, deg G2 < k. Then all the minimal (p − 1)-coverings of (3.5) have the
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form

{(Y1X
d
i1)

k, . . . , (Y1X
d
idl

)k, (Y2X
k
idl+1

)d, . . . , (Y2X
k
n)d}, (3.6)

and κp−1(F ) = (l + 1)(p − 1).

Proof. It is easy to see that the size of these (p−1)-coverings is (n−k
d +1)(p−1) =

(l + 1)(p − 1), and by Lemma 3.1 it is minimal. Hence, κp−1(F ) = (l + 1)(p − 1).
We now prove that these are all the minimal (p − 1)-coverings of the system.

From the proof of Lemma 3.1, we know that the exponents in any minimal (p− 1)-
covering of F satisfy dhi + ksi = p − 1 and λn+2 = 1. This implies that

dhi = dk − ksi = k(d − si)

and hence k divides dhi. Since gcd(d, k) = 1, hi = kx for some x ≥ 0. This implies
that

dkx + ksi = p − 1,

0 ≤ ksi = (p − 1)(1 − x)

and therefore x = 0, 1. This means that any minimal (p − 1)-covering of F has
hi = k and si = 0 or hi = 0 and si = d.

Suppose that there are m of the si’s equal to d. Then

md =
n∑

i=1

si = λn+2(p − 1) = p − 1.

This implies that m = k, and any minimal (p − 1)-coverings of F has k of the si’s
equal to d and the corresponding hi equal to 0. The other dl si’s are equal to 0 and
the corresponding hi’s are equal to k, the form of the exponents in (3.6). Therefore,
all the minimal (p − 1)-coverings of F have the form (3.6) and the result follows.

4. Exact p-Divisibility of the Number of Solutions and Solvability

The p-divisibility of the exponential sum of a system of deformed diagonal equations
is related to the p-divisibility of the exponential sum of the much simpler system
given by its diagonal part. Using Lemma 3.1, we can improve Carlitz Theorem 2.2
for the case of deformed diagonal equations over the prime field where the degrees
divide p − 1. The result extends to more than two equations but, for simplicity of
the notation, we only state it for the case of two equations.

Theorem 4.1. Let N be the number of solutions of

a1X
d
1 + · · · + anXd

n + G1 = 0,

b1X
k
1 + · · · + bnXk

n + G2 = 0
(4.1)
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2nd Reading

March 19, 2014 17:27 WSPC/S0219-4988 171-JAA 1450013

Construction of systems of polynomial equations

and N ′ be the number of solutions of

a1X
d
1 + · · · + anXd

n = 0,

b1X
k
1 + · · · + bnXk

n = 0,
(4.2)

where ai, bi ∈ Fp
∗, d, k | (p− 1), n = dl + k, G1, G2 ∈ Fp[X] and deg G1 < d, deg G2 <

k. Then N ≡ N ′ (mod pl−1).

Proof. Note that

C = {(Y1X
d
1 )

p−1
d , . . . , (Y1X

d
dl)

p−1
d , (Y2X

k
dl+1)

p−1
k , . . . , (Y2X

k
n)

p−1
k }

is a (p−1)-covering of (4.2) of size (l +1)(p−1) = (n−k
d +1)(p−1). By Lemma 3.1

this (p − 1)-covering is minimal and corresponds to a minimal (p − 1)-covering of
(4.1). The result now follows from Lemma 2.2.

Next we prove that if the number of solutions of a system of diagonal equations
has certain exact p-divisibility, the number of solutions of a deformed system will
have the same exact p-divisibility, providing a way to study p-divisibility using sim-
pler systems. The result also gives a way to construct systems of solvable deformed
diagonal equations starting from simpler solvable systems.

Lemma 4.1. Let N be the number of solutions of

a1X
d
1 + · · · + anXd

n + G1 = 0,

b1X
k
1 + · · · + bnXk

n + G2 = 0
(4.3)

and N ′ be the number of solutions of

a1X
d
1 + · · · + anXd

n = 0,

b1X
k
1 + · · · + bnXk

n = 0,
(4.4)

where ai, bi ∈ Fp
∗, G1, G2 ∈ Fp[X] and deg G1 < d, deg G2 < k. Then vp(N ) =

n−k
d − 1 if and only if vp(N ′) = n−k

d − 1.

Proof. By Lemma 3.1, there is a minimal (p − 1)-covering of (4.3) of size (n−k
d +

1)(p − 1) if and only if there is a minimal (p − 1)-covering of (4.4) of size (n−k
d +

1)(p − 1). Therefore, by Lemmas 2.1 and 2.2, vp(N ) = n−k
d − 1 if and only if

vp(N ′) = n−k
d − 1.

Remark 4.1. The above lemma does not guarantee that vp(N ) = n−k
d − 1.

The next example illustrates that, even when there are minimal (p−1)-coverings
with κp−1(F ) = (n−k

d +1)(p−1) this information might not enough to obtain exact
p-divisibility of the number of solutions. In particular, vp(N ) �= n−k

d − 1.
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Example 4.1. Consider the following system over F7

X3
1 + 2X3

2 + X3
3 + X3

4 + X3
5 + G1 = 0,

X2
1 + X2

2 + X2
3 + X2

4 + X2
5 + G2 = 0,

(4.5)

where G1, G2 ∈ F7[X1, . . . , X5] and deg G1 < 3, deg G2 < 2. Note that
{(Y1X

3
i1

)2, (Y1X
3
i2

)2, (Y1X
3
i3

)2, (Y2X
2
i4

)3, (Y2X
2
i5

)3}, where 1 ≤ ij �= ik ≤ 5, are
6-coverings of size 12 and by Lemma 3.1 are minimal, κp−1(F ) = (n−k

d + 1)(p− 1).
However, the exact p-divisibility of the number of solutions of the system is not
n−k

d − 1 = 0. In fact, the p-divisibility changes if one changes the deformation
polynomials G1 and G2 as it is illustrated in the next table.

(α, β) N
(0, 0) 5 × 7 × 11
(1, 0) 2 × 3 × 72

(1, 1) 7 × 41
(3, 4) 73

In Theorem 4.2, we will see that we also need to consider the relation among
the coefficients to obtain exact p-divisibility.

4.1. Solvability

We now find conditions on the coefficients and the (p−1)-coverings of the diagonal
systems to guarantee that systems of deformed diagonal equations are solvable.

Theorem 4.2. Let N be the number of solutions of the system

a1X
d
1 + · · · + anXd

n + G1 = 0,

b1X
k
1 + · · · + bnXk

n + G2 = 0,
(4.6)

where ai, bi ∈ Fp
∗, G1, G2 ∈ Fp[X] and deg G1 < d, deg G2 < k. Let F be the polyno-

mial associated with (4.6), νi the exponent vector of a minimal (p− 1)-covering of
F, and suppose that there are r minimal (p−1)-coverings of the system. The system
has solutions in Fn

p and vp(N ) = n−k
d −1 if and only if κp−1(F ) = (n−k

d +1)(p−1)

and
∑r

i=1
a

νi1
1 ···bνiN

n

νi1!···νiN ! �≡ 0 (mod p).

Proof. By Lemma 4.1 we only have to prove that vp(N ′) = n−k
d − 1, where N ′

is the number of solutions of system (4.6) with G1 = G2 = 0. By Lemma 2.1
vp(N ′) = n−k

d − 1 if and only if vp(S(F )) = n−k
d + 1. Lemma 3.1 implies that all

partial (p − 1)-coverings of F of size (n−k
d + 1)(p − 1) have s = 0. The result now

follows from Lemma 2.2.

In Example 4.1, we saw that having κp−1(F ) = (n−k
d +1)(p−1) was not enough

to obtain exact p-divisibility. There, the system had 10 minimal 6-coverings of the
same form and the next lemma shows that these are all the minimal 6-coverings for
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the system. Since
∑r

i=1
a

νi1
1 ···bνiN

n

νi1!···νiN ! ≡ 0 (mod 7), Theorem 4.2 tells us that v7(N ) > 0
for any G1, G2 with deg G1 < 3, deg G2 < 2. The table in the example shows
that, the p-divisibility of the system might increase by more than one. This occurs
because, in some cases, when the terms associated with the minimal (p−1)-coverings
are added the p-divisibility of the sum is larger than κp−1(F )

p−1 and some terms asso-
ciated with non-minimal (p− 1)-coverings might also affect the p-divisibility of the
exponential sum. In these cases it is hard to determine the exact p-divisibility of
the sum, but we can improve some of the known bounds.

With the previous theorem and Lemma 3.2 we get necessary and sufficient
conditions to obtain systems of deformed diagonal equations that are solvable.
This gives very simple and concrete conditions to construct general systems of
polynomial equations that are solvable.

Theorem 4.3. Let N be the number of solutions of the system

a1X
d
1 + · · · + anXd

n + G1 = 0,

b1X
k
1 + · · · + bnXk

n + G2 = 0,
(4.7)

where gcd(d, k) = 1, dk = p−1, n = dl+k, ai, bi ∈ Fp
∗, G1, G2 ∈ Fp[X] and deg G1 <

d, deg G2 < k. The system has solutions in Fn
p and vp(N ) = l − 1 if and only if∑r

i=1
a

νi1
1 ···bνiN

n

νi1!···νiN ! �≡ 0 (mod p).

The next corollary gives families of systems of deformed diagonal equations that
are solvable.

Corollary 4.1. Let N be the number of solutions of the system

a1X
d
1 + · · · + anXd

n + G1 = 0,

b1X
k
1 + · · · + bnXk

n + G2 = 0,
(4.8)

where gcd(d, k) = 1, dk = p − 1, n = dl + k < p, ai, bi ∈ Fp
∗, ak

i = 1, bd
i = 1, G1, G2 ∈

Fp[X] and deg G1 < d, deg G2 < k. Then, vp(N ) = l−1 and the system has solutions
in Fn

p .

Proof. Note that all the minimal (p − 1)-coverings have the form

{(Y1X
d
i1)

k, . . . , (Y1X
d
idl

)k, (Y2X
k
idl+1

)d, . . . , (Y2X
k
n)d}

and there are r =
(

n
dl

)
of them. Since n < p, we have that p �

(
n
dl

)
, and∑r

i=1
a

νi1
1 ···bνiN

n

νi1!···νiN ! =
(

n
dl

)
1

(k!)dl(d!)k �≡ 0 (mod p). The result follows from Theorem 4.3.

One of the advantages of our results is that they give a simple way to construct
systems that are solvable and where we know the exact p-divisibility of the number
of solutions, even for cases for which previous results do not give information about
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p-divisibility. The following example covers the case n = p which is not covered by
Chevalley–Warning or Ax–Katz’s theorems, where the number of variables must be
greater than the sum of the degrees of the equations.

Example 4.2. Let N be the number of solutions of the system

aXp−1
1 + · · · + aXp−1

p + G1 = 0,

b1X1 + · · · + bpXp + α = 0,
(4.9)

where a, bi ∈ Fp
∗, α ∈ Fp, G1 ∈ Fp[X] and deg G1 < p − 1. Here

∑r
i=1

a
νi1
1 ···bνiN

n

νi1!···νiN ! =
p

(p−1)! . This implies that vp(N ) > 0.

In contrast to Theorem 4.3 in which dk = p−1 is a precondition, the next result
presents solvable systems for which dk �= p− 1. In this case there is more than one
type of minimal (p − 1)-coverings.

Proposition 4.1. Let N be the number of solutions of the system

aXd
1 + · · · + aXd

d+1 + G = 0,

X1 + · · · + Xd+1 + α = 0,
(4.10)

where a ∈ Fp
∗, p > 3, d = p−1

2 , G ∈ Fp[X] and deg G < d. Then vp(N ) = 0 and the
system has a solution in Fp

n for all α ∈ Fp.

Proof. Note that

{(Y1X
d
i1)

2, . . . , (Y1X
d
id

)2, (Y2Xid+1)
p−1}, (4.11)

1 ≤ ik �= ij ≤ d + 1 for k �= j, are (p − 1)-coverings of the polynomial F associated
with system (4.10). These (p− 1)-coverings have size 2(p− 1) = (n−1

d + 1)(p− 1) =
κp−1(F ) and hence are minimal. There are d + 1 minimal (p − 1)-coverings of this
form. Also,

{(Y1X
d
i1), (Y1X

d
i2), (Y1X

d
i3)

2, . . . , (Y1X
d
id+1

)2, (Y2Xi1)
d, (Y2Xi2)

d}, (4.12)

are minimal (p − 1)-coverings of the system. There are
(
d+1
2

)
minimal (p − 1)-

coverings of this form. We now prove that all the minimal (p − 1)-coverings are of
the form (4.11) or (4.12).

Let (h1, . . . , hn : s1, . . . , sn) be the exponent vector of a minimal (p−1)-covering
of (4.10) with G = α = 0. In the proof of Lemma 3.1 we saw that λi = 1 for
i = 1, . . . , n, n+2, and dhi+si = p−1, and this implies that si = 2d−dhi = d(2−hi)
for all i. Note that, since si, hi ≥ 0, from si = d(2− hi) we get that hi = 0, hi = 1,
or hi = 2 and si = 2d = p − 1, si = d, or si = 0, respectively. If a minimal
(p − 1)-covering has one si = p − 1 then sj = 0 for all j �= i because otherwise∑n

i=0 si > p − 1. So, any exponent vector of a minimal (p − 1)-covering with an
si = p−1 has the form of (4.11). Suppose now that a minimal (p−1)-covering has r

of the si’s equal to d and the other equal to zero. Then, since p−1 =
∑n

i=0 si = dr,
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we must have that r = 2 and the exponent vector of the (p − 1)-covering has the
form of (4.12).

Therefore,
r∑

i=1

aνi1 · · ·aνin

νi1! · · · νiN !
= (d + 1)

a2d

2d(p − 1)!
+
(

d + 1
2

)
a2d

2d−1(d!)2

=
(d + 1)a2d

2d

(
1

(p − 1)!
+

d

(d!)2

)

≡ (d + 1)a2d

2d

(
−1 +

1
d[(d − 1)!]2

)
(mod p).

It can be easily proved that 1
d[(d−1)!]2 �≡ 1 (mod p) and hence

∑r
i=1

aνi1 ···aνin

νi1!···νiN ! �≡
0 (mod p). The result now follows from Theorem 4.2.
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