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Preliminaries



Multidimensional array

x Arrays with two or more dimensions with entries in a
finite field.

x Sequences are one dimensional arrays.

x We associate the entries with monomials, using
coordinates as in the first quadrant of the plane.

XO yZ X1 y2 XZ yZ
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Multidimensional array

x Arrays with two or more dimensions with entries in a
finite field.

x Sequences are one dimensional arrays.

x We associate the entries with monomials, using
coordinates as in the first quadrant of the plane.
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x Multidimensional arrays are used in:
- Digital watermarking [2]
- Cryptography
- Wireless communications
x Depending on the application, we want arrays with
good properties
- Correlation
- Linear complexity



Multidimensional periodic arrays: Example

DIE|FID|E|F|ID|E]|F
A|B|C|A|B|C|A|B|C
DIE|FID|E|FID|E|F
A|B|C|A|B|C|A|B|C
DIE|F|ID|E|F|D|E]|F
A|lB|C|A|B|C|A|B|C
D EF/ D E|FIDJE|F
A|lB C|lA|B|C|A|B|C

Two-dimensional periodic array of period (3, 2)



Linear complexity



Linear complexity of periodic sequences

x Degree of the minimal polynomial that generates the
sequence

Binary sequence s of period 7:

O 11 0 1 0 O
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Linear complexity of periodic sequences

x Degree of the minimal polynomial that generates the
sequence

Binary sequence s of period 7:

O 11 0 1 0 O

X0 X' x2 X3 Xt X0 x®

Generator: 1+ x? + x3 4+ x*

0 1 101 000 1



Linear complexity of periodic sequences

x Degree of the minimal polynomial that generates the
sequence

Binary sequence s of period 7:

O 11 0 1 0 O

X0 X' x2 X3 Xt X0 x®

Generator: 1+ x? + x3 4+ x*
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Linear complexity of periodic sequences

x Degree of the minimal polynomial that generates the
sequence

Binary sequence s of period 7:

O 11 0 1 0 O

X0 X' x2 X3 Xt X0 x®

Generator: 1+ x? + x3 4+ x*

0 1 1 0 = Z(s)=4, ZL(s)=4/7



Linear complexity of periodic sequences

x Z(s) := degree of minimal generating polynomial.

_ Z(s)
~ period

x Normalized complexity: £, (s) :

% We use the normalized complexity to compare
different arrays.

% The multidimensional complexity is a generalization
of the one dimensional case (sequences).

x Definition: Val(A) := set of all polynomials that
generate the array.



Linear complexity of periodic sequences

x Z(s) := degree of minimal generating polynomial.

_ Z(s)
~ period

x Normalized complexity: £, (s) :

% We use the normalized complexity to compare
different arrays.

% The multidimensional complexity is a generalization
of the one dimensional case (sequences).

x Definition: Val(A) := set of all polynomials that
generate the array.

x Beware: The following is true if and only if we have a
Grobner basis for Val(A).



Multidimensional linear complexity
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Multidimensional linear complexity
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Multidimensional linear complexity
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Array construction: composition
method




Composition method

x Used by Tirkel, Osborne and Hall [5]; generalized by
Moreno and Tirkel [2].
x Two ingredients:

- Shift sequence t of period ny.
- Column sequence s of period ns.
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Composition method

x Used by Tirkel, Osborne and Hall [5]; generalized by
Moreno and Tirkel [2].

x Two ingredients:

- Shift sequence t of period ny.
- Column sequence s of period ns.

Sequences with ORI Arrays with good
good properties properties

Z(A) = Z(9)



Composition method: Example

Shift sequence: 132 6 45

Columnsequence: 0 1 1 0 1 0 O
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Composition method: Example

Shift sequence: 132 6 45

Columnsequence: {10 1 1 0 1T 0 O
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Composition method: Example

Shift sequence: 132 6 45

Columnsequence: 01 1 0 1 0 O
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Composition method: Example

Shift sequence: 132 6 45

Columnsequence: 0 1 1 0 1.0 O
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Composition method: Example

Shift sequence: 132 6 45

Column sequence: 0 1 1 0 1 0 O
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What is the multidimensional linear complexity
of an array constructed by the method of
composition?

n



Results from [1], generalized

Let A be an array constructed using the composition
method with

x Shift sequence t over Zy4 of period ns.
x Column sequence s over F, of period n, and minimal
polynomial u(y).
Theorem 1. Z,(A) < % (s).
Theorem 2. If u(y) is divisible by y — 1, then

ny—1
Z(A) < Z(s) — ,;mz .

12



Main question narrowed

What is the multidimensional linear complexity
of an array constructed by the method of
composition?

l

.. with the Legendre sequence as column?

Thus, we study different shift sequences.

13



Legendre sequence

x Balanced binary sequence of period p with good
correlation and complexity properties.

1 jis aquadratic residue mod p
Sj= 140 jisa quadratic non-residue mod p
0 j=0

14



Upper bound from Arce et al. [1]

Proposition

Let A be the array constructed by composition with the
Legendre sequence with respect to p as the column
sequence and a shift sequence t over Zy with period n;.
Then, the normalized complexity of A, £,(A) is:

Zo(s)— 2= p=3 mod 4

{éfn(s) p=1 mod 4

In the case of equality, we say that A has maximal
complexity.

15



The motivation

% Moreno et al. [1, 3] computed the linear complexity
for some constructions, and all attained the bound.
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The motivation

% Moreno et al. [1, 3] computed the linear complexity
for some constructions, and all attained the bound.

We have a short and dramatic answer...



Results and conjectures by shift
sequences




Shift sequence t; =i mod g — 1

x Legendre with respect to p.
x Shift sequence: t; = log(a/) =i mod g — 1 over Fy.
Period g — 1.

1. Casep|g—T
A never has maximal complexity.

2. Caseptqg—T
A has maximal complexity.



Shift sequence t; =i mod g — 1

Theorem

Let A be the array constructed by composition with the
Legendre sequence with respect to p as the column
sequence and shift sequence t; =i mod g — 1 with period
n, =g — 1, where g is a power of prime.

(1) If pt ny, then the normalized complexity of A, %, (A)

Z(A) = {Zn(s) p=1 mod 4

Z(s)— 22 p=3 mod4

(2) If p | nythen Z(A) = Zu(s)/n.



Shift sequence t; = o/

Shift sequence: t; = o/, where « is a primitive element of
Zq, q prime. Period g — 1.

1. Casep|qg—1
Conjecture: A never has maximal complexity.
2. Caseptqg—1:
21 p=g
Conjecture: A has maximal complexity.
22 p#q

For some values of p and g, A has maximal
complexity.

19



Shift sequence t; = Aa? + Ba/ + C

Shift sequence (Exponential quadratic) :
ti = Ao + Ba' + C, with o, A, B, C € Z,, g prime, and «
primitive. Period g — 1.

1. Casep|g—1:
For some values of p and g, A has maximal
complexity
2. Caseptqg—1:
21 p=gq
Conjecture: A has maximal complexity.
22 p#q

For some values of p and g, A has maximal
complexity.

20



Summary of results

Shift Sequence

Case t,' =1/ mod @ = 1 t,‘ = Ozi t,‘ = )\OéZi U Ozi
plg-1 Not maximal Not maximal? Inconsistent

/ : p=q Maximal Maximal? Maximal?
o p#q Maximal Inconsistent  Inconsistent

* Conjectures in italics

21
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Ongoing and future work

Ongoing:

% Prove all conjectures (trying).
% Study the other two shift sequences presented by
Moreno and Trikel [3]:
- Rational function characteristic p.
- Rational function characteristic 2.
x Study all permutations of length p —1,p, and p + 1
as shift sequence, composed with Legendre with
respect to p.

22



Ongoing and future work

Future:

x Arrays in 3 or more dimensions.

x Study arrays composed with other column
sequences:

- Sidelnikov sequences [4], ternary Legendre
sequences, m-sequences, and others.

23
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Questions are welcomed!

Thanks for your attention.

_*I’

University of Puerto Rico, Rio Piedras Campus
Picture from www.uprrp.edu 27



	Preliminaries
	Linear complexity
	Array construction: composition method
	Results and conjectures by shift sequences
	Ongoing and future work
	References

