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Abstract

In [3] Castro, Moreno and Rubio generalize the results of Moreno-Moreno’s theorem
that gives a bound for the power of a prime p to divide the number of common zeros
of the multivariate polynomials Fi, ..., I} over a finite field F,. This generalization
regarded the coefficients of the polynomials to be uni-variate polynomials over a finite
field instead of plain elements of the finite field. The result led to improve a theorem
of Carlitz, for the estimation of the number of variables needed so that a system of
polynomial equations with coefficients in F,[X| can have non-trivial zeros. We gen-
eralize the results of Castro, Moreno and Rubio to polynomials whose coefficients are

multivariate polynomials over finite fields.
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Chapter 1

Introduction

We look all the way back to 1936, when Claude Chevalley [1] proved a conjecture
of Artin showing the existence of non-trivial roots of a system of polynomials over a

finite field F,.

If Fy, ..., Fy are polynomials in n variables, with coefficients in F,, the finite field
with ¢ = p’ elements, which have the trivial zero and deg(Fy) + --- + deg(F}) < n,

then Fy, ..., F; has a non-trivial zero in (F,)".

This result has seen several improvements throughout the years, some of these
include a theorem by Katz [8] which provides a bound on the power of ¢ that divides
the number of common zeros of the system of polynomials. In 1995, Carlos Moreno
and Oscar Moreno [9], instead of the degree of the polynomials, consider the p-weight
degrees of the polynomials F}, ..., F; and present a result that improves Katz’ result
in many cases. It also works for some cases where Katz’ result does not give any

information.



Another result that stems from Chevalley’s work came in 1952 when Leonard Car-
litz [7] applies the result of Chevalley to present a sufficient condition on the number
of variables Y7, ...,Y,, that are needed for a system of polynomials with coefficients
in F,[X] to have a non-trivial solution in (F,[X])". The approach used by Carlitz
combined with the method of restriction of scalars is used in the work of Castro,
Moreno and Rubio [3] to obtain a generalization of Moreno-Moreno’s Theorem 1 in
[9] for systems of polynomials Fy,..., F; in the variables Y;,...,Y, which have co-
efficients that are polynomials in the variable X (that is, F; € (F,[X])[Y1,..., Y]
for every 7). A significant improvement to the result of Carlitz was obtained as a
consequence of this generalization. In this work we will follow the methods used in
[3] in order to further generalize the results of Castro, Moreno and Rubio to sys-
tems of polynomials Fi,..., F; that have multivariate polynomials as coefficients,
F, e (F[Xq,...,Xu])[Y1,. .., Y], and, as well, generalize the improvement to Car-

litz’ result.



Chapter 2

Preliminaries

In this chapter we provide the definitions and results needed to understand our

work. We omit the proof of the results that are well known.

2.1 Fields and Vector Spaces

First we provide definitions and results from the theory of fields and vector spaces
taken from [2] and [10]. These results and definitions will be used in Section 2.2 to

define finite fields and to prove some of their properties.

Definition 2.1. A ring (F,+,-) is a field if and only if all of the following hold
1. (F,+) is a commutative group.
2. (F*,+) is a commutative group.

3. a(b+c) =ab+ ac for all a,b,c € R



Notation. We denote the multiplicative and additive identities of a field as 1 and 0

respectively.

Definition 2.2. The characteristic of a ring R, denoted by char(R), is the least
positive integer n such that nr = 0 for all » € R. If no such integer exists, we say

that R has characteristic 0.
Proposition 2.3. The characteristic of a field F' is either 0 or a prime p.

Proof. Let F be a field and suppose that char(F") is not 0. Suppose that char(F') = n,
where n =rs, r,s € Z and r > 1, s > 1. Then (r1)(sl) = (rs)(1) = nl = 0, which
implies that 71 = 0 or s1 = 0 since F' has no proper zero divisors. Therefore,
rk =rlk =0 or sk = slk = 0 for all k € F. This is a contradiction to the minimality
of n, since both r and s are smaller than n. Therefore, r = 1 or s = 1 and the

characteristic of F' must be a prime p. [

Definition 2.4. A set V is said to be a vector space over a field F' if V' is an abelian

group under addition and, for each a,b in F and u,v in V the following are true.
1. a(v+u) =av+au
2. (a+bv=av+b
3. a(bv) = (ab)v
4. lv=wv

Definition 2.5. A subset S = {vy,vy...,} of a vector space V is said to be linearly
independent if a;v; + asvy + - - = 0 with a; € F implies that a; = ay = ... = 0. If
this is not the case, the elements of S are called linearly dependent.
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Definition 2.6. Let V' be a vector space over F. A subset B of V is called a basis of
V' if B is linearly independent over F' and every element of V' is a linear combination

of elements of B.

Definition 2.7. A vector space that has a basis consisting of a finite amount of

elements n is said to have dimension n.

Definition 2.8. A field F is an extension of a field F' if ' C E and the operations

of F are those of E restricted to F'.

Definition 2.9. If E. considered as a vector space over F', has finite dimension, then

E is called a finite extension of F'.

Definition 2.10. Let F be a finite extension of a field F. It is said that £ has

degree [E : F| over F if E has dimension [F : F| as a vector space over F'.

Definition 2.11. Let E be extension of a field F'. Given a set of elements A in the
larger field E' we denote by F'(A) the smallest sub-extension field of F' that contains
the elements of A. We say F'(A) is constructed by adjointing of the elements of A

to F' or generated by A.

Definition 2.12. Let £ be an extension of a field F and let f(X) € F[X], where F'[X]
is the ring of polynomials with coefficients in F', where f(X) a non-constant polyno-
mial. We say that f(X) splits in F if there are elements a € F' and ay,as,...,a, € F
such that

f(X)=a(X —a))(X —ag) - (X — ay,).

E is called a splitting field of f(X) over F if E = F(ay,aq,...,a,).
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Theorem 2.13. Let F be a field and let f(X) € F[X]. Then any two splitting fields

of f(X) over F are isomorphic.

2.2 Finite Fields

The results that we present on Chapters 3 and 4 are of system of polynomials
that have coefficients and take values over finite fields, we make use of properties of
finite fields like the characteristic, the size and degrees of their extensions. Now, we
provide definitions and results from number theory and finite field theory taken from

(4] and [6].

Definition 2.14. A finite field F, is a field that contains a finite number of elements

Theorem 2.15. If I, is a finite field with ¢ elements, then ¢ = pl.

Proof. Let IF, be a finite field with ¢ elements. Since every field has characteristic
either 0 or a prime p we have that the characteristic of F, is p because it is finite, thus
there is only a finite number p such that 1+1+---4+1 = 0. Thus F, has copy of F,,
since it has characteristic p. This means that F, is a field extension of IF,,, and we may
see F, as a vector space over F,,. If the dimension is f, then let p = {p1, pa, ..., pir}

be a basis for F,. Every € F, can be written as a linear combination

T =Ty + -+ Typpiy

and there are p choices for each of these z;, thus a total of p/ different elements in

6



From now on, p denotes a prime and ¢ = p7.

Proposition 2.16. If F, is a finite field with ¢ = p/ elements, then for every x € F,

it is true that z¢ = z.

Proof. The case where x = 0 is trivial. Now notice that the other ¢ — 1 nonzero
elements of IF, form a group under the multiplication operation of the finite field.
Therefore 277! = 1, since the order of F, — {0} is ¢ — 1, which implies that 2¢ = z

for all x € F,,. [ |

Notation. We will denote the group of order ¢ — 1 of non-zero elements of F, under

its multiplication operation as F}.
Theorem 2.17. The multiplicative group of a finite field F} is cyclic.

The following definition for a particular element of F, is used in the example given

in Section 2.25.

Definition 2.18. An element o € F, is called a primitive root of F, if it is a

generator for 7.
Theorem 2.19. There exists a unique finite field F, for every ¢ = p/.

Proof. We have that F, contains a copy of F,, and, since the nonzero elements of
F, form a multiplicative group of order ¢ — 1, every element of I, is a zero of the
polynomial f(X) = X?— X by Proposition 2.16. So, F, must be a splitting field for
f(X) = X7 — X over the subfield of F, that is isomorphic to F,. By Theorem 2.13,
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we have that splitting fields are unique up to isomorphisms. Therefore, the finite field

[F, is unique, up to isomorphisms. |

The following property of finite fields F, will be an important part of the method

of restriction of scalars, discussed in Section 2.4.

Proposition 2.20. For all a,b € F,, ¢ = p/, we have that (a + b)pf =a” + .

p p—1
Proof. Let f = 1 and notice that (a+b)? = Z <£) a"oPF = (g) bp+z (Z) a" PR 4
k=1

k=0

p—1
(p)ap = bp+z <p)akbpk +aP. For 1 <k <p—1 we have that
b

and since p is prime, no factor in the denominator is a common factor of p. Therefore
p| (), then (?)a*t?~* is divisible by p and hence the whole sum is divisible by p as
p—1
well. Since IF; has characteristic p, we get that Z (i) a"P=F = 0. Assume for f =k
k=1
p p
that (a + b)"" = a® + b*" is true. Now (a + b)P'"" = ((a + b)pk> = (apk + bpk>
p
because of the induction hypothesis. If z = a?" and Yy = v, then = (apk + b”k> =
(x +y)" = 2P + yP. Therefore, we have that (a + b)f"k+1 =aP+yP =a? " + 0" By

the principle of mathematical induction we have shown that (a+b)? = a® +*'. R

2.3 p-weight degrees

Throughout this work, one of the main focuses are going to be the degrees and

the p-weight degrees of the polynomials in the system. The results we are going to



show will make use of both of these concepts. In this section, we provide definitions

and some properties related to the notion of p-weight degree.

Definition 2.21. Let d be a non-negative integer, d = ag + a1p + - - - + a,p", where
0 < a; < p. We define and denote the p-weight of d as 0,(d) = ap + a1 + - + a,.

We call ag + a1p+ - - - + a,p” the base p expansion of d.

Example. For p = 3, consider the base 3 expansion of 5 and 8,
5=24+1-3and 8=2+42-3.

Then o3(5) = 3 and 03(8) =4
Proposition 2.22. Let d > 0 be an integer. Then o,(d) < d.

Proof. Let d = ag + a1p + -+ + a,p” be the base p expansion of the integer d. If
d < p, then d = d-p° and o,(d) = d. If d > p, then o,(d) = ap+ -+ a, <

ap+aip+---+ap" =d. u

Definition 2.23. The p-weight degree of a monomial Y9 = Y'Y} ... Y% is
wp(YY) = 0,(dy)+ - +0,(d,). The p-weight degree of a polynomial F'(Y;,...,Y,) =

D caYis wy(F)=max {wp(Y4)}.

Example 1. Consider the polynomial
F(Yi,...,Ys) = ViYaY2 + ViYs + V9

in n = 5 variables, deg(F') = 6 and taking values over F3. The 3-weight degree of

9



the monomials of F' are w3(Y1Y2Y$) = 203(1) + 03(2) = 4, w3(V1Ys) = 203(1) =
2 and w3(YL) = 03(6) = 2. Therefore, the 3-weight degree of F is w3(F) =4 < 6 =
deg(F).

Example 2. Consider the polynomial

F(Yi,...,Ys) = LYY, + VY + Y5

in n = 5 variables, deg(F) = 4 and taking values over F3. The 3-weight for the
monomials of F are w3(Y1Y2Y3Y)) = 4o3(1) = 4, w3(Y1Ys) = 203(1) = 2 and w;(Ys) =
1. Therefore, the 3-weight degree of F is w3(F) =4 = deg(F).

From these examples we notice that w,(F') < deg(F'). We provide a proof of this

property.

Proposition 2.24. Let F(Yi,...,Y,) = > ;caY? be a polynomial, then w,(F) <

deg(F).

Proof. Let Y4 = Y'YV, ... Y% be a monomial, we know that deg(Y9) = dy+- - -+d,,.
Now, by Proposition 2.22, we have that w,(YY) = 0,(dy)+- - -+0,(d,) < di+- - -+d,, =
deg(Y?). Therefore, for each of the monomials Y9 of the polynomial F', we have
that w,(Y?) < deg(Y?). Now let Y9 and Y9 be the monomials of F such that
wp(F) = max{w,(Y¥)} = w,(Y9) and deg(F) = max{deg(Y9)} = deg(Y2). Now

wy(F) = w,(Y4) < deg(Y9) < deg(Y92) = deg(F). |

Remark. It is very tempting to conjecture that given two polynomials F' and G

with deg(F) < deg(G), then wy(F) < wy(G). It turns out that this statement is

10



false. Let p =3, F(Y) =Y? and G(Y) = Y*. Tt is clear that deg(F) < deg(G) but

w3(F) =2>1=uws(G).

2.4 Restriction of Scalars

The method of restriction of scalars is one of the main tools used in our research
and we present it now with details.

What the method of restriction of scalars does is that it changes a polynomial in
n variables, taking values in a field Fy, ¢ = p/, to a new polynomial in nf variables
taking values in [,,.

We start with a polynomial F(Y3,...,Y,) with coefficients in and taking values

in F,. Since F(Y;,...,Y,) is a sum of terms, we only need to consider a generic term
Yy yde (2.1)

of degree d = dy+dz+- - -+d,. Since we can look at s as a vector space of dimension

f over [F,, there is a a basis

po={p, -y} (2.2)

of F,s over F,. Then, each variable Y; € F, of the monomial (2.1) can be expressed

as a linear combination of the basis elements and new variables Z ,gj ) that takes values

from IF), Y; = ij),ul + -+ Zj(cj),uf, thus

! dl ! dn
aYhyl | yh — o (Z Z,§1>uk> (Z Z,i”mk) . (2.3)

k=1 k=1

11



Rewrite each d; using its base p expansion, so d; = a;o + a;1p + - - - + a;p" and since

for all a,b € F, we have that (a 4 b)?" = a?’ + b’ and a? = a we get

) ano +an1p+"'+anhph

f arp+a11p+--+airp” f
a}/ldl}/;b L Yndn =« (Z Z]gl),uk) Ce <Z Z]gn),uk

k=1 k=1

f aio f ail f alr
~of (A (saw) o(Saw) |- e
k=1 k=1 k=1
f an0 f anl f Anh
n n n h
k=1 k=1 k=1

where the degree of this expression is the p-weight degree of our original term. Doing
the same for each of the monomials in F' and combining terms for each basis element

[ Wwe obtain

F(i,....Y) =Y Gu(2",....Z2" ... 2", ., 2, (2.5)

and since y is a basis of F,; over F, we have that F(Y;,...,Y,) = 0 if and only if
G = 0 for each 1 < k < f. Hence, looking for the zeros of a polynomial F' in n
variables Y7, ..., Y, and of degree d is the same as finding the common zeros of a
system of f polynomials Gi,...,Gy in fn variables, with coefficients in I, and of
degree deg(Gj) < w,(F).

We now have the following proposition that summarizes the result obtained after

applying the method of restriction of scalars to a system of polynomials.

Proposition 2.25 (Moreno-Moreno, Lemma 1, [9]). [Restriction of Scalars] Let

12



q = p/ and Fy,..., F; be polynomials in n variables Y, ...,Y, defined over F,. Let
N({F;},F,) be the number of solutions to F; = F, = ... = F; = 0. Then, there
exists a system {;Gj}, where 1 < ¢ < t and 1 < k < f, of ft polynomials in
nf variables ZP, ce Z}l), e Z£n), ce Z}(cn) over IF,, deg(igr) < w,(F;), such that
N{F},F,) = N{:Gx},F,). Where N({;Gx},F,) is the number of solutions to the

system {;Gj = 0} over F,,.

We now take a polynomial in 3 variables taking values over Fg and transform it
into a polynomial in 6 variables that takes values over Fj.
Example. Consider the finite field F5 and the polynomial G(X) = X? + X + 2.
It can be checked that this polynomial is irreducible over F3. Let a be such that

a? +a+2 = 0. The splitting field for the polynomial G(X) is

F3[X] /(X2 +X+2)= F3(or) = Fae.

Notice that o’ =1, a' = a, o> = 2a+1, 0 =2a+2,0* =2, 0° =20, a® = a+2
and o = a + 1 and therefore « is a primitive root of Fy. Also the finite field Fy is a
vector space of dimension 2 over F3 with the basis {1, a}.

Consider the polynomial
F(Y1, Y, Ya) = aY}TY] 4 ;' (2.6)

in Fo[Y1,Y5,Y3]. Note that ws(F) = 8 and deg(F) = 22. Using the method of

restriction of scalars with this basis we have that, the variable Y; taking values from

13



Fy can be written as a linear combination of the basis elements 1 and « such that

Y, = ij )+ aZQ(j) where the new variables Z) takes values from Fs. The first

(2

monomial of polynomial (2.6), can be rewritten as

VY] = a (2" +az?) " (28 + aZ§2>>5 .
Rewrite the exponents with respect to their base 3 expansion:
04Y117Y25 . (Zl(l) N aZél))2+2.3+1.32 (ZF) N aZQ(Q))zH.S
Proposition 2.20 implies that

2 2 2 2 2
oYy =a (2" +azZV) (1207 + (2P (1207 + o™ 128"")

2
(Z{Z) + ozZ§2)> ([Z§2)]3 + 043[Z§2)]3> .

By Proposition 2.16 we get
2 2
oYy = a (20 +azl") (20 +a20) (20" + az?)

2
(2 +az) (28 + a*2?)
2 2
—a (2" +a*2") (20" + 0?2 ) (27 + az) (20 + 0?20

3 2
= (A0 + 22V (2 0t (284 w02

14



Again, by Proposition 2.16
oYy =a (2" +aZ) (2 + azf))Q (2 + a*2()
expanding the square on the second term yields
o1YS = a (20 +az") (1201 + 202028 + a2(20) (27 + a*20).

Multiplying these factors out and grouping them with respect to the elements of the

basis we obtain
VIS = 1 (ZOUZPPID + 220 2P + 22020 4 202 + 22800 +

o (22PP2P + 2020 + 2020 + 202P + 202) . @)

For the second monomial of polynomial (2.6) we have
vy = (2 + aZ§3>>4 = (29 +azl?) (29 + aZ§3>)3.
By Proposition 2.16
Vi = (29 +azl) (29 + 0*20) = (20 + 220 20 +220P. (28)

Adding (2.7) and (2.8) and grouping up the similar terms with respect to the basis

15



elements, the polynomial (2.6) is
F=1. (Zf”[ZP]QZ;Q’ +22M 22207 v 220 2 + 20 7+

2202 + (2P + 22025 + 2[253)]2)+ (2.9)
a- (2P + 2027 + 2020 + 2027 + 202,

Using the method of restriction of scalars F'(Y7, Ys, Y3) is turned into a new polyno-
mial in 6 variables, where each of the coefficients of the basis elements is a polynomial
of degree less than w3(F) = 8. Also, by Proposition 2.25, F(Y],Ys,Y3) = 0 has the
same number of solutions than the system of two equations that is produced by the

coefficients of the basis elements.

G2V, 2) = 2012 2 + 22{0 27121 + 22V 2

+ 202 42250 7 + (207 + 220 28 + 2[ 21 = 0

Go(Z20, .. 7y = zZM1Z2P2 2 + 20022 + 720 7P + ZM 7P + 70 7P — o

16



Chapter 3

Previous Results

3.1 Chevalley-Warning’s Theorem

As stated in the introduction, the starting point of this work is a conjecture by
Artin, later proven by Chevalley in 1936, regarding solutions of polynomials with

coefficients over a finite field and for systems of polynomials as well.

Theorem 3.1 (Chevalley, Theorem 1, [1]). Let F' be a polynomial in n variables,
with coefficients in a finite field F,, which has the trivial zero. If n > deg(F'), then F

also has a non-trivial zero in (F,)".

Theorem 3.2 (Chevalley, Theorem 2, [1]). Let Fi, ..., F, be polynomials in n vari-
ables, with coefficients in a finite field Fy, which have the trivial zero. If n >

deg(Fy)+---+deg(F}), then Fy, ..., F; also have a common non-trivial zero in (F,)".

Notice that these results give us information on the solvability of the system in

question. The refinement of Chevalley’s Theorem by Warning is one that provides an

17



estimation of the amount of solutions that a system of polynomials has.

Theorem 3.3 (Warning, Theorem 3 [11]). Let Fi, ..., F; be polynomials inn variables
and N be the number of their common zeros in (F,)™. If n > deg(Fy)+- - - +deg(F}),

then p | N.

This theorem is also known as the Chevalley-Warning theorem. Warning’s result
only provides information on the number of solutions. If N = 0 then p | N is still
true. Adding to the hypothesis the assumption of Fi, ..., F; having the trivial solution
(just like in Chevalley’s theorem) gives us information on the solvability of the system.

This is,

Corollary 3.3.1. Let Fy, ..., F; be polynomials in n variables which have the trivial
zero, and N be the number of their common zeros in (F,)". If n > deg(Fy) + --- +

deg(F}), then there are also non-trivial solutions and p | N.

3.2 Katz and Moreno-Moreno’s theorems

The Chevalley-Warning’s theorem 3.3 has seen various improvements, one of the
best known was given by Katz in 1971. Katz improved the results of Ax in [5]
using tools such as cohomology theory and p-adic theory from algebraic topology and

algebraic number theory.

Theorem 3.4 (Katz, Theorem 1.0, [8]). Let Fy,..., F; be polynomials in n variables,

18



N be the number of common zeros in (F,)" of Fy,..., F;, and

- (s

If >0, then ¢* | N.

Another improvement to Chevalley-Warning’s theorem was obtained by C. Moreno
and O. Moreno in 1995. Using the restriction of scalars method, Moreno-Moreno
transformed the system of ¢ polynomials F}, ..., F; in n variables and degrees deg(F;)
to another system of ft polynomials in fn variables and degrees at most w,(F;) with

the same number of solutions. Then they applied Katz” theorem 3.4 to obtain,

Theorem 3.5 (Moreno-Moreno, Theorem 1, [9]). Let Fy, ..., F; be polynomials in n

variables, ¢ = p/, N be the number of common zeros of Fy, ..., Fy in (F,)" and

o= Gt

If £ >0, then p* | N.

This theorem improves Katz’ theorem 3.4 in many cases. Its proof uses the method
of restriction of scalars introduced in Section 2.4.

Combining Katz” and Moreno-Moreno’s theorem one obtains the following result
which provides the best power of p that divides the number the number of common

zeros in all cases where both results apply.

Theorem 3.6 (Moreno-Moreno, Theorem 0-1, [9]). Let Fi,..., F; be polynomials in
n variables with coefficients in F,, ¢ = p/. Let w,(F;) be the p-weight degree of F; and

19



N the number of common zeros of the system. If

t
n—Y deg(F)
=1

t
— i=1
max;<;<; {deg(F;)}

maXlgigt {Wp<FZ)}

f,

f

[ = max

then p* | N.

In the following example, we present a polynomial for which the Moreno-Moreno
theorem provides more useful information than Katz’ theorem.

Example 1. Consider the polynomial

F(Y1,...,Ys) = VYY) + VY + Y9

in n = 5 variables over 3 and N be the number of zeros of F(Y1,...,Y5) = 0. Here

deg(F) =6 > 5 so Katz’ result gives us

which implies that 3 | N.
In this next example, we present a polynomial for which Moreno-Moreno’s theorem

improves the bound for the number of solutions obtained by Katz’ theorem.

20



Example 2. Let

F(Yi,....Y3) = VYo + V3 + V1Y, + V3

be a polynomial in n = 5 variables over 3, and N be the number of solutions of

F(Y1,...,Y5) = 0. Here deg(F) =4 < 5, so from Katz" theorem we get

which implies that 3 | V.

Since w3(F') = 2 < 5, from Moreno-Moreno’s theorem we get

which implies that 3% | N.

Finally, we consider a polynomial for which Katz’ theorem gives a better bound
for the number of solutions than Moreno-Moreno’s theorem.
Example 3. Let

F(Yi,...,Ys) = ViYaYaYy + ViV + Vs

be a polynomial in n = 5 variables over F32 and N be the number of solutions of

F(Yy,...,Y5) = 0. Here we have that deg(F) = w3(F) =4 < 5.

(5]

Moreno-Moreno’s theorem implies that 3 | N for Moreno-Moreno’s theorem but,

Since
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Katz’ theorem gives

which implies that 9 | N.

3.3 Carlitz’ generalized problem

In 1952, Carlitz studied a generalization of the problem that was tackled by
Chevalley. He considered a system of polynomials F}, ..., F; whose coefficients were
not just elements of a finite field F,, instead, they are polynomials in F,[X].

To illustrate the approach used by Carlitz to prove his theorem we consider the

case of a quadratic equation of the form

n

D AGX)YY; + iAZ-(X)Yi =0, (3.1)

1

F(Yi,....Y,)

where A;;(X), A;(X) € F,[X], deg(A;;) < a, and deg(A;) < a. Observe that F' €
F,[X][Y1,...,Y,]. We need polynomials y1,ys,...,y, € F,[X] where deg(y;) < m,
for some fixed large enough m, such that F(yi,...,y,) = 0 as a polynomial in the
variable X.

Consider a generic solution (yi,...,y,) € (F,[X])" for Equation (3.1) with

Vi = cim X" + Ci(mfl)Xm_l + -+ eanX + e (3.2)
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and substitute the solution (yi,...,y,) € (3.1) to get

n

F(yr,oyn) = Y Ag(X) (cimX™ + -+ + cio) (cjmX™ + -+ + 50)
1

+ 3 " A(X) (e X™ + - + i) = 0. (3.3)

1
We want F'(y1,...,y,) = 0 in F,[X]. That is, we want F(yi,...,y,) to be the
polynomial 0 in the variable X. Note that degy(F(y1,...,¥n)) < a+ 2m. Grouping

the similar terms in the variable X, we get.

F(yb cee ayn) = Pa+2m(clm7 R 7Cnm)Xa+2m + ot PO(Cloa s ,Cno) =0. (34>

This means that we want the coefficients P, o, ..., P, Py of each monomial

Xat2m xat2m=1- " X 1 to be equal to 0. This produces a system

Pa+2m(clm7 s 7cnm) =0
(3.5)
Pi(ci0,¢11 -+ Cnoy Cn1) =0
P0(010, e >Cn0) =0
of a+2m + 1 equations in n(m + 1) variables cig, ..., Cim, -+, Cno, - - -, Co Which are

the unknown coefficients of y1,...,y,. So F(Y1,...,Y,) = 0 in (3.1) has a solution
(Y1, ,yn) € (F,[X])" if and only if (3.5) has a solution in (F,)"™*+V. Note that

none of the equations in (3.5) has a constant term, therefore (3.5) has the trivial
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solution. Since the polynomials y; = ¢;;, X™ + ci(m_l)X””“1 + -+ cnX + ¢ were
substituted in the monomials Y;Y;, Y; of (3.5), the degree of each equation in (3.5)
is at most 2. Chevalley’s theorem 3.2 guarantees that the system has solutions if
n(m+1) > 2(a+ 2m + 1). We now see that this condition is satisfied when n > 5

and m > 2a — 2. Note that m > 2a — 2 implies that m + 4 > 2a + 2, and hence

m-+5>2a-+2.

Since n > 5, we have m +n > m+ 5 > 2a + 2. Also n > 5 implies that n —4 > 0

and, therefore, m(n —4) > m. Thus m(n —4) +n > m + n > 2a + 2, and therefore,

mn —4m +n > 2a + 2.

We have shown that n(m + 1) > 2(a + 2m + 1). Therefore a quadratic polynomial
equation with polynomial coefficients in n variables that has the trivial zero, will have

a non-trivial zero when n > 5. We now show Carlitz’ results for a single polynomial

of degree deg(F).

Theorem 3.7 (Carlitz, Theorem 1, [7]). Let F' be a polynomial in n variables, with
coefficients in F,[X], which has the trivial zero. If n > deg(F)?, then F also has a
non-trivial zero in (F,[X])". Moreover, there are polynomials of this form which have

only the trivial zero if n = [deg(F)]*.

Proof. Consider the case where F(Y7,...,Y,) is a polynomial with degree deg(F') = k
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and coefficients A, in F,[X] with degree at most a.

F(Yi,... . Y) =Y A Y™ 4+ 43 A4, Y =0 (3.6)
where Y™ = Ylhl1 LY by = (hyyy ... hy,) and 0 < thlj =1 < deg(F) = k.
j=1

This means we need polynomials yy,vs,...,y, € F,[X], with deg(y;) < m, for
some fixed large enough m, such that F(yy,...,y,) is the polynomial 0 in the variable
X.

We consider a generic solution (y1,...,y,) € (F,[X])" with y; as in (3.2). Substi-
tuting the solution into F" and looking at F'(y, ...,y,) as a polynomial in the variable
X, we get that its degree is deg (F'(y1, ..., yn)) < a+deg(F)m. Grouping the similar

terms in the variable X we get

F(yla s 7yn) = Pa—l—deg(F)m(Clm; cee ’cnm)Xa+deg(F)m+_ . '+P0(Cl(), . ;CnO) =0. (37)

This means that we want the coefficients P, geg(F)m, Patdeg(Fym—1, - - -, Fo of each term

Xotdeg(F)m ratdeg(F)m=1 "~ X 1 to be equal to 0. This provides a system

Pa+deg(F)m(Clm7 cee 7Cnm) =0
(3.8)
Pi(cio,¢11, -+ 5 Cnoy Cn1) = 0
P0(0107 e ,Cno) = 0
of a + deg(F)m + 1 equations in n(m + 1) variables cig,...,Cim, -+, Cn0s - - - Crm,
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which are the unknown coefficients of y,...,y,. So F(Y1,...,Y,) =01in (3.6) has a
solution (v, ..., yn) € (F,[X])" if and only if (3.8) has a solution in (F,)"™*+1. Note
that none of the equations in (3.8) has a constant term, therefore (3.8) has the trivial
solution. Since the polynomials y; = ¢;,, X™ + ci(m,l)X"”“1 4+ -+ cnX + ¢ were
substituted in the monomials of F(Y7,...,Y,), the degree of each equation in (3.8) is
at most deg(F).

Chevalley’s theorem 3.2 guarantees that the system has solutions if n(m + 1) >
deg(F)(a + deg(F)m + 1). We now see that this condition is satisfied when n >

[deg(F))> + 1 and m > deg(F)(a — deg(F') + 1). Since n > [deg(F)]? + 1, we get

m+n >m+ [deg(F)]? + 1> adeg(F) — [deg(F)]* + deg(F) + [deg(F)]*> + 1

and m—+n > adeg(F)+deg(F). Alson > [deg(F)]*+ 1 implies that n— [deg(F)]* > 0

so m(n — [deg(F)]?) > m. Notice that

m (n — [deg(F)]*) +n >m+n > adeg(F) + deg(F),

therefore,

mn +n > adeg(F) + [deg(F)]*m + deg(F).

Finally, we obtain that n(m + 1) > deg(F)(a + deg(F)m + 1). [

The next result, extending Theorem 3.7 to systems of polynomial equations is not

proven in [7]. We provide a complete proof for this result.
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Theorem 3.8 (Carlitz, [7]). Let Fy,..., F; be polynomials in n variables, with coeffi-

t
cients in IF,[X], which have the trivial zero. If n > Z deg(F})?, then F, ..., F, also
i=1
have a non-trivial zero in (F,[X])". Moreover, there are equations of this form which
¢

have only the trivial solution if n = Z deg(F;)?.
i=1
Proof. As in the proof of Theorem 3.7, for each polynomial in the system, Fi,... F},

consider a polynomial equation with degree deg(F') = k and coefficients A, in F [X]

with degree at most a.

F(Yi,.. V) =Y A Y™ 4 43y A4, Y =0 (3.9)

hy

where Y™ =¥, Yo" by = (hyy, . k), and 0< Yy, =1 < deg(F) =k

j=1

So we need polynomials y1, o, ..., yn € Fy[X]| where deg(y;) < m, for some fixed

large enough m, such that for each F in the system Fy,...F,, F(y1,...,y,) is the
polynomial 0 in the variable X.

For each Fi,...F;, we get a system

Pa+deg(Fi)m(Clm7 cee 7Cnm) =0
(3.10)
Pi(cr0,¢115- -+ Cpos Cn1) =0
PO(Cl(b e ,Cno) = 0
of a + deg(F;)m + 1 equations in n(m + 1) variables c1g,...,Cim, -+, Cnos - - Cm

which are the unknown coefficients of yy, ..., y,.
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This gives a system of Z(a + deg(F;)m + 1) equations in n(m + 1) variables.
i=1
Each F; gives a block of a 4+ deg(F;)m + 1 equations of degree deg(F;). Hence the

sum of the degrees of all the equations is Z deg(F;)(a + deg(F;)m + 1). Chevalley’s
i=1

theorem 3.2 guarantees a solution if

Zdeg )(a + deg(F;)m + 1).

t

We now show that this condition is satisfied when n > Z:[deg(Fi)]2 +1and m >
i=1

t
Zdeg (a — deg(F;) +1). Since n > Z:[deg(ﬂ)]2 + 1, we get

i=1

t

t t t
m+n > m+Z[deg(E)]2—|—1 > Zadeg(ﬂ)—z deg(F, +Z deg(F, Z [deg(F)]*+1,
i=1 1=1

i=1 =1

t
and m +n > Zadeg + Zdeg . Also n > Z deg(F;)]* + 1 implies that
=1

t

n— z:[deg(Fi)]2 > 0 so

=1

Notice that

m (n — Z[deg(Fi)P) +n>m+n> Zadeg(ﬂ) + Zdeg(F

i=1 =1
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therefore,

t
mn+n>Zadeg(F) Zdeg m—l—Zdeg

i=1 i=1

We have shown that n(m + 1) Zdeg (a + deg(F;)m + 1). Therefore, by
Chevalley’s theorem, F} = F, = --- = Ft = 0 has a non-trivial solution in (F,[X])".

Now we show a polynomial equation where n = [deg(F')]* that only has the trivial
solution proving that the bound in the theorem is tight.

Example. Let ¢ be odd and consider the equation
F(Yi,...,Yy) =Y —aY? + X*(Y? —aY}?) =0, (3.11)

where F' € (F, [X])[Y1,...,Y4], n = [deg(F)]* = 4 and « is a non-square in F,.
Now suppose that (py(X),p2(X), p3(X),ps(X)) € (F,[X])* is a non-trivial solution
to F(Y1,...,Yy) = 0 where deg(p;(X)) + - -+ + deg(p4(X)) is minimal. Evaluating

this solution yields
F(pi(X),...,pa(X)) = pr(X)? — apa(X)* + X?(ps(X)* — apa(X)?) = 0. (3.12)

We want F'(p1(X),...,ps(X)) = 0 as a polynomial in the variable X, thus each of

the coefficients of the powers of X has to be 0. Since each p;(X) is like (3.2), we get
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the constant term of F'(py(X),...,ps(X)) from

p(X)? —apy(X)® = (cro + i X + - + 1 X™)?

—04(020 + 621X + -4 Cngm)Q = 0. (313)

Note that, the constant term in (3.13), ¢3, — ac3, = 0 implies that o = (01002_01)2

which contradicts a being a non-square. Therefore ¢19 = co9 = 0 and Equation (3.13)

can be written as

p1(X)? —apa(X)? = X (crn + -+ + e X ™)

—O./XZ(Cgl + -4 CQme_l)Z =0. (314)

Hence p;(X) = X?p}(X) for ¢ = 1,2 and thus Equation (3.12) can be written as

F(pi(X),...,pa(X)) = X (0 (X)? — aph(X)?) + X*(p3(X)? — apa(X)*) = 0

and this holds if and only if

X2(p4(X)” — aph(X)2) + (pa(X)” — apa(X)?) = 0.

Hence

F(ps(X), pa(X), P (X), p5(X)) = p3(X)? — apa(X)? + X?(p} (X)? — apy(X)?) = 0,
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which means that (p3(X), ps(X), p}(X),p5(X)) is a solution to the equation
F(Yi,....Yy) = 0, but deg(pi(X)) < deg(pi(X)) and deg(py(X)) < deg(p2(X)),
which is a contradiction to the minimality condition. Therefore F'(Y7,...,Y}) only

has the trivial solution.

3.4 The Castro-Moreno-Rubio generalization and

improvement

Using Carlitz’ approach of Theorem 3.8 and the method of restriction of scalars
presented in Section 2.4, Castro-Moreno-Rubio obtain a generalization of Moreno-
Moreno’s Theorem 3.5.

The approach consists of considering polynomial equations

F(}/lv"an):ZAthhk+"'+ZAlehl =0

of degree deg(F') = k, with coefficients A;, € F,[X] of deg(Ay,) < a associated to a
system of polynomials Fi, ..., F;. Then we consider and evaluate a generic solution

(Y1, yn) € (F [X])™ with

Y; = ijXm + Cj(mfl)Xm_l + -4 leX + Cj0 (315)

to obtain a polynomial F(yi,...,y,) of degree deg(F’) in the variables Y;,... Y, and

degree at most a + deg(F)m in the variable X for each F; in the system. Since the
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generic solution was evaluated into the variables Y7, ..., Y, we get that its degree will

still be deg(F') if we consider F' as polynomial of the unknown coefficients ¢y, . . . , Com.
Continuing by using the method of restriction of scalars on ¢y, . .., ¢py and rewriting
them as a combination of the basis elements fi, ..., py of F,r over T,

e = 0+ 0 o g

where a,(j ) are new variables taking values in [F),

This means that every monomial in the variables cyq, ..., ¢y, turns into a polyno-
mial in the new variables a/® .. ., agcja) of degree w,(F). Thus turning the polynomial

F into a polynomial with coefficients of degrees at most a + deg(F)m in the variable

X, which also depends on the basis elements yy, ..., iy and variables agja), . ,agcja).

Rewrite the new polynomial grouping up terms of the same degree in the variable
X. Since we want this polynomial to be the 0 polynomial in F,[X], then each of the
coefficients of X0, ..., Xaotdee(F)m has to be 0. Do the same for each polynomial F} of
the system F,..., F}.

We get then that for each F; we have a system of a + deg(F;)m + 1 equations of
degrees at most w,(F;) in the fn(m + 1) variables agja), e ,agcja).

So we get a system of i(a + deg(F;)m + 1) equations which involve the basis
elements p,..., uy as Well.l:]lﬂach of the equations in this system can be written as
a linear combination of the basis elements, thus each of the zt:(a + deg(F;)m + 1)
equations gives f more equations so we get a system of (a + d:;(Fl)m + 1) f+--+

(a4 deg(F;)m + 1) f equations in fn(m + 1) variables where the degrees of the i-th
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block of equations is at most w,(F;).

Theorem 3.9 (Castro-Moreno-Rubio, Theorem 6, [3]). Let ¢ = p/, Fy,..., F} be

polynomials in n variables, with coefficients in F,[X] that have degree at most a. If

n>pr ) deg(F; andm>2wp )(a+1—deg(F;)),

=1

then the number of solutions (yi,...,yn) € (FJX]))" of Fi = 0,...,F, = 0 with

deg(y;) < m is divisible by p* where

_ K n(m+1) -y 1wp(Fz')(a+deg(Fi)m+1)) f}
g max <i<i{wp (F7) } ‘
Proof. As in the proofs of Theorems 3.7 and 3.8, for each polynomial in the system
Fi,..., F,, consider a polynomial equation with degree deg(F') = k and coefficients

Ay, in F,[X] with degree at most a.

k

F(Y1,.. =Y A Y Y ALY =0 (3.16)

where Y = Ylhl1 .. Y’”” hi = (hyyy. .. hy,), and 0 < ihlj =1 < deg(F) = k.
We need polynomials y1, s, ..., y, € F,[X] with deg(yj)J;1 m, for some fixed large
enough m, such that F;(yi,...,y,) is the polynomial 0 in the variable X. Consider a
generic solution (yi,...,yn) € (F,[X])" with y; as in (3.2). For each F' in the system

Fi, ..., F,, substitute the solution and look at F(y1,...,¥,) as a polynomial in the

variable X. The degree in the variable X is degy (F(y1,...,yn)) < a+deg(F)m. Then
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F(yi1,...,y,) is now a polynomial with n(m-1) variables cig, ..., Clm, -+ Cnoy - - - Cum
which are the coefficients of the y;. Note that the degree of F is also deg(F') when F
is seen as a polynomial in these new variables.

Using the method of restriction of scalars, detailed in Section 2.4, we represent each
variable cig, ..., Cim, ..., Cno, - - -, Cnm taking values over F, as a linear combination of

the f basis elements of F,s over IF,. Now each c;, is rewritten as

Cja = agja)ul + agja)uz +oee agcja),uﬁ (3.17)

where for each 1 < j < n and 0 < a < m we have that agja),...,a;ja) are new
variables that take values over IF, and p, ..., us are the basis elements of IF, over
F,. Each monomial of F' in the variables ¢y, ..., cpy, becomes a polynomial in the
variables agja), . ,a}ja) which has degree w,(F).

Looking at F'(yi, ..., yn) after using the method of restriction of scalars and group-

ing the similar terms in the variable X we get that Equation (3.16) is now like

1im nm a+de m
Flyr,...,yn) = Pa+deg(p)m(ag ), . ,agc ))X Hdeg(F)m 4 .
10) (11 10) (11 10 n0
+P(al"?, a ),...,a; ),a; NX + Py(a! ),...,agc )=0. (3.18)

Where F' is a polynomial in fn(m + 1) variables
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taking values over F,,. We want this polynomial F to be the 0 polynomial in F,[X], for
each F in the system F}, ..., F,. This means that each coefficient of X©, ... Xatdeg(F)m

has to be 0. This provides a system

Im nm
Pa—o—deg(F)m(ag ) ; 5” )) =0
(3.19)
10) (11 10) (11
Plg)vg)a' ,CL} )7§‘))_O
10 n0
Po(ag ),...,a; )) =0
of a+deg(F)m~+1 equations in fn(m+1) variables at, ,agclm), R ,a;"m).

Note that the degree of the equations in these variables is w,(F') and each of these
equations involves the basis elements p, ..., uy as well.
So each F; produces a system of a + deg(F;)m + 1 equations of degrees w,(F;) in

t
the variables agw), . ,agclm), . ,a§“0>, .. ,agcnm) and so we have a system of Z(a +

i=1
deg(F;)m+1) equations. Combining the terms with the same basis elements we have

that each equation in (3.19) can be written as

PT(a’glo)v s 7a§fnm)7,u’17 cee ,,LLf) = GlyT(ag10)7 s 'Jagcnm)):ul +oe

10 nm
—|—Gf,r(ag ),...,a; ))Mf

for 0 < r < a+ deg(F)m. This is, the equation F(y,...,y,) = 0 is written as a
linear combination of the basis elements. Therefore ' = 0 if and only if Gy, = 0 for

1 <k < f. We want that each coefficients of the basis elements to be equal to 0, this
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provides a system

Gf,a—‘rdeg(F)m (aglo), .. ,a,gclm), . 7agn0)7 . 7a§c”m)> -0
Grasaegtrm (8™, ™™ ) =0 (3.20)

Gio (agm), o ,a?m), o ,a§”°)7 . ,a;”m)> =0

of (a 4+ deg(F)m + 1) f equations, for each F' in the system Fi,..., F;. Each one of
t

the Z(a + deg(F;) + 1) equations gives f more equations and so we end up with a
i=1
system of (a + deg(Fi)m+1)f + -+ (a + deg(F;)m + 1) f equations in fn(m + 1)

variables where the degrees of the i-th block of equations is at most w,(F;).

t
We have a system of Z(a + deg(F;)m + 1) f equations in fn(m + 1) over F,.
i=1
Proposition 2.25 gives us that the sum of the degrees of the polynomial in this system
¢
is at most f pr(Fi)(a + deg(F;)m + 1) and that the original system has the same
i=1

number of solutions as this one. Katz’ Theorem 3.4 says that p* divides the number

of common zeros of the system of polynomials if 1/ > 0 and

i = [t - de G o)

max{deg(C/,)}

t

where the G, are the polynomials in the system of Z(a +deg(F;)m+1) f equations.
i=1
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Since deg(G,) < w,(F;) for some 1 <1i <t, we have that

n(m+1) Zdeg ) > fn(m+1) wap )(a + deg(F;)m + 1).

Also, note that

1 1

max{deg(G,)} ~ maxice (B} —

Therefore

n(m + 1) fzwp )(a+ deg(Fm +1)

. Vn(m +1) -3, deg(Gﬂ
g max{deg(G,)}

maxlggt{wp( l)}

We show now that fn(m + 1) wap (a + deg(F;)m + 1) > 0. When n >

pr ) deg(F, +1andm>2wp (a—deg(F;)+1). Ifn>2wp ) deg(F;)+
=1 =1
1,We get
t

m+n>m+2wp )deg(F;) + 1

=1

> Z aw,(F; Z wy(F;) deg(F;) + Z wp(F3) + Z wy(F;) deg(F;) + 1

t
and m+n > Z aw, (F;) + Z wy(F;) deg(F;). Alson > Z wy(F;) deg(F;) +1 implies

=1

that n — pr )deg(F;) > 0 so

<n—zwp ) deg(F, ) > m.
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Notice that

t ¢
<n—pr ) deg(F, )+n2m+n>2awp(Fi)+pr(F
i=1

i=1

Therefore
¢ t
mn +n > Zawp +pr ) deg( i)m+2wp(F
i=1 1=1

We have shown that n(m + 1 pr (a + deg(F;)m + 1), thus we get that the

numerator of u,

( pr )(a + deg(F;)m 1)) f>0

which means that

> 0.

Finally, if 1 > 0, then ¢/ > 0. Let N be the number of solutions to the system of
polynomials, because of Katz’ Theorem we have that p* | N. Since 0 < p </, we

get that p* | N where

n(m + 1) pr )(a + deg(F;)m + 1)

mamggt{wp( z)}
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By Chevalley’s Theorem 3.2 we get that the system has solutions if fn(m +1) >
f Z wy(F;)(a+deg(F;)m—+1). Which was proved above. Therefore, as an immediate
consequence to this Theorem 3.9, the following improvement to Carlitz’ Theorem 3.8

is obtained.

Corollary 3.9.1 (Castro-Moreno-Rubio, Corollary 8, [3]). Let Fi,..., F; be polyno-

mials in n variables, with coefficients in F,[X]|, such that they have the trivial zero.
If

n > pr ;)deg(F;

then Fy, ..., F; also have a non-trivial zero in (F,[X])". Moreover ifn = Z wy(EFy)deg(F;),

=1
there are systems of this form which only have the trivial zero.

We now illustrate an example in order to show that the bound given for the
number of variables is tight.

Example. Let ¢ = p/ be odd and a be a non-square in IF, and consider the polynomial

F(Yi,...,Y,) =Y — oV 4 XAV — oY) 4+ XP(YE — vt

with coefficients over F,[X] and n = w,(F)deg(F) = 2(¢ + 1). Suppose that
(p1(X),...,pu(X)) € (F,[X])" is a non-trivial solution to F(Y3,...,Y;) = 0 where

deg(p1(X)) + -+ + deg(p,(X)) is minimal. Evaluating this solution yields

F(pi(X), ... pu(X)) = pr(X)T — apa(X)T + X2 (ps(X)T — apa(X)*H)+
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e X2 (p, (X)) = ap, (X)TTY) = 0. (3.22)

We want F(p1(X),...,pn(X)) = 0 in the variable X, thus each of the coefficients
of the powers of X has to be 0. Since each p;(X) is like (3.15), we get the constant

term of F(py(X),...,pu(X)) from

pr( X)) — apa (X)) = (c10 + en X + -+ + ¢y XM

—afcy 4 1 X 4 - F o X™) T = 0. (3.23)
Note that, the constant term in (3.23), ¢/t — acli’ = 0 implies that o =
2
(01002_01)(”1 = ((clocgol)k) which contradicts o being a non-square. Therefore

c10 = o0 = 0 and Equation (3.23) is

p1<X)q+1 - apg(X)QH _ Xq+1(011 et Clme)q+1

Hence p;(X) = X?p}(X) for i = 1,2 and thus Equation (3.22) can be written as

F(pi1(X),...,pa(X)) = X2 () (X)) —aph (X)) + X2 (p3 (X)) —apa (X)) +

e X ()™ = apa (X)) = 0
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and this holds if and only if

X (py (X)) = aph (X)) + (p3(X) ™ — apa (X)) + X2 (ps (X)T = ape(X) ")+

et XQq_Q(pn_l(X)qJrl — ozpn(X)qH) =0.

Hence

F(p3(X), s ?pn(X)>p,1<X)’p/2(X>> = (pB(X>q+l - @p4(X)q+1> + Xz(p5<X)q+l_

ap(X) ")+ X272 (Pt (X)) — apn (X)) + X2 (py (X) 7 — aph(X) ") =0,

which means that (ps(X),...,pn(X),p1(X),ps(X)) is a solution to the equation
F(Y1,...,Ys) = 0, but deg(p} (X)) < deg(pi(X)) and deg(py(X)) < deg(p2(X)) a
contradiction to the minimality condition of deg(p;(X)) + - -+ 4 deg(p,(X)). There-

fore F'(Y7,...,Y,) only has the trivial solution.
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Chapter 4

Systems of polynomials with

multivariate polynomial coefficients

4.1 Carlitz’ results for systems with multivariate

polynomial coefficients

In [7] Carlitz provides a result that gives a bound on the number of variables
needed so that systems of polynomials that have multivariate polynomial coefficients
and the trivial zero have non-trivial zeros as well. The bound obtained for the numbers
of variables needed is not tight.

In the proofs for Theorems 3.7, 3.8 and 3.9 we are able to count the number
of equations in the system of polynomials by grouping the polynomial coefficients
with respect to the powers of X. Now the polynomial coefficients are multivariate

so, to extend the results to multivariate polynomial coefficients, we make use of the
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following proposition:

Lemma 4.1 (Carlitz, [7]). If F is a polynomial of degree m in w variables, then the

m+w> )

amount of terms of F' is at most ( .

For the next proof, we will construct a monomial of degree at most m in w

variables, and counting in how many ways this can be done.

Proof. Consider a list of m 4+ w spaces. We will fill the list of spaces with 1’s and 0’s.
Choose w spaces in the list to fill them with 0’s and the remaining m spaces with
1’s. After the list has been filled out, we read how many 1’s there are after each 0.
Starting from the left, each 0 represents a new variable and the amount of 1’s after
the 0 is its corresponding exponent. Hence the amount of monomials, including the
constant term, in a polynomial of degree m of w variables is at most, the number of

ways in which one can choose the variables and their respective exponents, (m:;w) [

We now illustrate this method of constructing the monomials for a multivariable

polynomial.

Example. Let F(Y;,Y5,Y3) be a polynomial of degree 2. By Lemma 4.1 F(Y;,Y3,Y3)
has at most (3“) = (5) = 10 terms. Following the description in the proof, some of

2 2

the vectors and their corresponding monomials are
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(11000) — Y V2v2 =1
(10100) — Y'YV =V,

(01100) — YYPYY = Y7

The following extension of Carlitz’ theorem 3.8 can be found in [7], but no proof
is given. This extension gives a bound to the number of variables needed so that
systems of polynomial equations that have multivariate coefficients and the trivial

zero have non-trivial solutions as well. We present a complete proof of the result.

Theorem 4.2 (Carlitz, [7]). Let ¢ = p/ and Fy, ..., F; be polynomials in n variables,

with coefficients in F,[ X1, ..., Xy] which have the trivial zero. If
t
n > deg(F)"*,
i=1

then Fy, ..., F; also has a non-trivial zero in (F,[Xq, ..., Xyu])".

Proof. As in the proofs of Theorems 3.7, 3.8 and 3.9, for each of the polynomials in the

system F}, ... F,, consider a polynomial equation with degree deg(F') and coefficients

Ay, in F [Xq,. .., X,] with degree at most a.
F(Yi,... . Y) =Y A Y™ 4. 43 A, Y =0, (4.1)
where Y™ = Ylhl1 Y by = (hy, ..., ) and Z hy, =1 < deg(F).
j=1
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We need polynomials y1, 9, ...,y € Fg[Xq, ..., Xy] with deg(y;) < m, for some
fixed large enough m such that for each F' in the system Fi,... . F;, F(y1,...,yn) is
the polynomial 0 in the variables Xy, ..., X,,.

We consider a generic solution (yi,...,y,) € (F[X1,...,X,])". By Lemma 4.1

m—4w

we know that each y; = Cj<<m+w)_1)X( B R cji X + ¢jo has at most ()"

terms in the variables Xi,..., X,,. Substituting the solution into F' and looking at
F(y1,...,yn), as a polynomial in the variables X, ..., X,, we get that its degree is
degy,  x,(F'(W1,--,¥n)) < a+deg(F)m.

By Lemma (4.1), F' has at most (a+deg(j )m“") terms. Now we want the polynomial

coefficients of each term on Xy,..., X, to be equal to 0. This provides a system of

(a—l—deg(F)m—i—w
w

variables

) equations, for each F'in the system Fi, ..., F}, in the n(miw)

’n

€10, -5 Cp((miw) 1) taking values from F,. Note that the degree of the new systems in

w

the variables ¢y, . .. s Cn((mHv) 1) is still deg(F;). Each F(Y3,...,Y,) = 0 in Equation

(4.1) has a solution (yi,...,y,) € (F[Xi,..., X,])" if and only if, all the ¢ systems of

(a+deg(F)m+w
w

) equations in n (™) variables have a common solution in (Fq)”(miw)

Note that the equations in these systems have the trivial solution.

Each F; gives a block of (aereg(F i)mﬂ”) equations of degree deg(F;) in the vari-

w

ables €107 -+ 3 Cp((mw) 1) Hence the sum of the degrees of all the equations is
! t
deg(F; . deg(F,
Zdeg(Fi) <a * eg(w Jm+ w). This gives a system of Z <a + eg(w ym + w)
= i=1

equations in n(mr”) variables. Applying Chevalley’s theorem (3.2) we get that the
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system has solutions if

(72) > (4

1=1

t

We now see that this condition is satisfied when n > Z deg(F)]“ ' +1. We take m >
=1

deg(F;)H for some H. Since n > [deg(F)]“ ™ +1 then n— Y [deg(F;)]“* > 1
Z g(F, g(F, g(F,

=1 =1
and

t

m(n — Z[deg(F)]w“) +n>m+n> Zdeg O H + Z deg(F)]“ .

=1 =1

Thus, we have

n(m+1) Zdeg H+mz deg(F, w“—i—Zdeg Jwt!

=1

- Z deg(F;) (H + m[deg(F;)]" + [deg(F;)]")

which implies that
n(m+1) - (m+w) > > deg(F;) (H + m[deg(F})]" + [deg(F})]") (m+2) - - - (m+w).
Note that, by factoring out the powers of m we get that

Zdeg (H + m[deg(F)]* + [deg(F)]") (m+2) - - - (m + w)
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= mY <Z[deg(ﬂ)]w+1> (Z deg(F;)H + Z deg(Fy)]“ '], )

—|—Zdeg VHK,, —i—Zdeg E)vti..

=1

Since H is chosen as large as necessary then

=m" <Z[deg(F)]w+l> (Z deg(F;)H + Z deg(F; w+1J1> +

=1
—l—Zdeg VHEK, + Zdeg F)vti2..

>m? (Z[deg(ﬂ)]”l) +m"! (Z deg(F)a + Z[deg(Fi)]w+1J{> g

=1

= Zdeg )(a + deg(F;)m +w) - -- (a + deg(F;)m + 1).

Therefore
n(m-+1)---(m+w) Zdeg )(a + deg(F;)m +w) - - - (a + deg(F;)m + 1).

Hence

m+w a—I—deg(Fi)quw)!
de :
el Z es(F, (a + deg(F;)m)lw!
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We have shown that

n(m+w> - ideg(ﬂ)<a+deg(ﬂ)m+w)

w i1 w

and therefore, by Chevalley’s theorem, F; = F, = --- = F; = 0 has a non-trivial

solution in (F,[X1,..., Xyu])™

4.2 Improving Carlitz’ result and generalizing Castro-

Moreno-Rubio

Combining Castro-Moreno-Rubio’s and Carlitz approaches in (3.9) and (4.2) re-

spectively, we obtain the following generalization of Theorem 3.9.

Theorem 4.3. Let ¢ = pf and Fi, ..., F, be polynomials in the variables Yy, ...,Y,,
with coefficients in Fy [ X1, ..., Xy| that have degree at most a. For a large enough m, if
n > 22:1 wy(F;) deg(F;)™, then the number of n-tuples (yi, ..., yn) € (Fy[X1, ..., Xu])"
with degree at most m that are common zeros to the system of polynomials F1, ..., F}

15 divisible by p* where

n(MmT) — t w . a+deg(F;)m+w
”:K (") = iy wp(F) (O )M_

max; <i<¢{wp(Fi) }

Proof. As in the proofs of Theorems 3.7, 3.8, 3.9 and 4.2, for each polynomial in the

system Fi, ... F;, consider a polynomial equation with degree deg(F") and coefficients
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Ay, in F[Xq,. .., X,] with degree at most a.

k

F(Yi,... . Y) =Y A Y™ 4. 43 A4, Y =0, (4.2)
where by = (hiy,... h,), Y hy, =1 < deg(F) and Y™ = ¥} . Y,
j=1

We need polynomials yi, ya, ..., y, € Fg[Xi,..., X,] with deg(y;) < m, for some
fixed large enough m such that Fi(y,...,y,) is the polynomial 0 in the variables
Xy X

We consider a generic solution (yi,...,y,) € (F[X1,...,X,])". By Lemma 4.1

m-+tw

we know that each y; = cj((mzw)fl)X( b1 + -+ cin X + ¢jo has at most (m““)

terms in the variables X7, ..., X,,. Substituting the solution into each F'in the system
Fi,..., F; and looking at F(yi,...,yn) as a polynomial in the variables X, ..., X,

we get that its degree is degy, v, (F(y1,...,¥n)) < a+ deg(F)m. Observe that

F(y1,...,y,) still has degree deg(F') when looked as a polynomial in the variables

C10y - - - 761<(m+w)71), ey Cpoy - - - ,Cn((m+w)71).

w w

Using now the method of restriction of scalars, detailed in Section 2.4, we repre-

sent each cqg, . .. yCr((mhw)—1)r -+ > Cnls -5 Cp((miw) ) 8S @ linear combination of the

w

f basis elements of F, over [F,. Now each cj, is rewritten as

Cja = a§j°‘)u1 + aé‘ja)ug +oee aScja),uﬁ (4.3)
where foreach1 < j <nand 0 < a < (mjgw) —1 we have new variables agja), el agcja)
are our new variable taking values over IF,,, and p, ..., ity are the basis elements of F,
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over [F,,. Each monomial of F'in the variables ¢y, ..., ¢ ((mw)=1) - Cn0s -+ Cp((mw) 1)

i | w

becomes a polynomial in the variables agj a), AU a;ja) which has degree at most w,(F').

COR)

w

So F(y,...,Y,) is a polynomial in the variables Xi,..., X, al% ... ,a;(( and
the basis elements p1, ..., 1y with coefficients in [F),.

F(y1,...,yn) as a polynomial in the variables X7, ..., X, it has degree at most
a + deg(F)m. So, by Lemma 4.1, it has at most (“+degf)m+w) terms in Xq,..., X,.
Now we want to group the terms for each monomial Xi'--- X¢» and the polynomial

coefficients of each monomial in these variables to be equal to 0. This provides a

system

P(a+deg(5)m+w)_1(al ,...,CLf 7...,a1 ,...,a/f

(4.4)
m+w)__ . m4w) _
Y G S NN e S
mtw)__ n m4w) _
of (“+degf)m+w) equations in fn(m;rw) variables
m+w\ _ n m+tw) _
A0 D) ()
which are the unknown coefficients of y1, . . . , y,, after being rewritten using the method

of restriction of scalars. Note that the degree of the equations in the system is at

most w,(F') and each of these equations involves the basis elements ji1, . .., 1y as well.
So each F; produces a system of (“+deg(5 i)mﬂ”) equations of degrees at most w,(F;)
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(10) (n((™5*)-1))

in the variables ay /..., a / and so we have a system of

zt: (a + deg(F))m + w)

equations. In each of these equations, we combine the terms with the same basis
elements to write the polynomials Fy, . .. ,P<a+deg(F)m+w)_1 in the System 4.4 as linear
combinations of the basis elements. Each of the equations in 4.4 is equal to 0 if and

only if the coefficients of p, ..., us are 0. We obtain a a system

1((mtw)—1 n n((mh) -1
ny(megmm)1<a§10),---aa,(f (("2) )),...,a§ O),---,aj(c (%) ))) —0

w

ao (")) (n0) ("((’"i’”)—l))> o (45

G17(a+dei(F)m>_1<a1 y ..,a/f 7...,a1 ,...,af

Gro(a®, D)o (Y

7 N T

of (a—l—deg(j)m—&-w

)f equations for each F' in the system Fi,..., F;. We end up with a

system of (Hdeg(i 1)m“") f+-+ (a+deg(5t)m+w) f equations in fn (™ ") variables over

[F,, where the degrees of the i-th block of equations is at most w,(F;).

Note that Proposition 2.25 gives us that the sum of the degrees of the polynomial in

(a + deg(F;)m + w

¢
this system is at most f g wy(F3)
w

i=1
has the same number of solutions as this one. Katz’ theorem 3.4 says that p* divides

) and that the original system
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N, the number of common zeros of the system of polynomials, if g’ > 0 and

, (™) = S deg(H,) (46)
8 max{deg(H,)] |
deg(F;
where the H, are the polynomials in the system of Z (a + deg(FiJm + w) f equa-
w

i=1
tions. Since deg(H.,) < w,(F;) for some 1 < ¢ <, we have that

i (m; “’) S deg(Hy) > fn (m: w) — 1Y w(R) (a +eslFmt w)-

Also, note that

> 0.

max{deg(H,)} ~ maxi<;<{w,(F)}

Therefore

(o) _ Z y (a + deg(Fy)m + w)

w

[ () =, des(it)]
g max{deg(H,)} | =

maXlSzgt{wp(Fi)}

deg(F;
We show now that fn m+“’ pr (a+ e ,)m+w) > 0if n >

w

pr )[deg(F;)]”+1. We take m > pr )H. Since n > pr )[deg(F;)]"+

=1 =1

1 then n — pr )[deg(F;)]” > 1 and

n—pr )[deg(EF;)]" )—|—n>m—|—n>2wp H—i—ZwP )[deg(E;)]".

=1
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Thus, we have that

which implies that
n(m+1)--- (m+w) pr (H + m[deg(F)]"” + [deg(F})]") (m+2) - - - (m+w).
Note that, by factoring out the powers of m we get that

Z wp(Fy) (H + mldeg(F3)]" + [deg(F3)]") (m +2) - - (m + w)

(pr )[deg(F, ) <pr H+pr )[deg(F. ]J1)+-~

—|—pr ) HK, +pr )deg(F;)*“2---w

and since H is chosen as large as necessary then

e (S e (i sy -

pr VHEK,, + pr )deg(F;)“2---w

=1
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>m" (i wp(E)[deg(E)]w) +m"! (Xt: Fi)a+ pr )[deg(F3)]* J{) +
=1 i=1
+ Z wy(F)a + Z wy(F;
= pr )(a + deg(F;)m + w) - - - (a + deg(F;)m + 1).
Therefore

nm+1)---(m+w) pr )(a + deg(F;)m + w) - - - (a + deg(F;)m + 1).

Hence

m+w Z a+deg(Fi)m+w)!

Cmlw! (a + deg(Fy)m)lw!

Therefore, we have that

(m + w) Z o (F. (a + deg(f)m + w)

and

( (m+w) z:: <a+deg(5)m+w)>f>o

which means that u > 0.

Finally, since x> 0, then x4/ > 0. By Katz’ theorem we have that p* | N. Since

o4



0 <p <y, we get that p# | N where

(7+0) wap <a+deg( )m+w)

w

maX1§igt{Wp(Fi)}

Applying Chevalley’s theorem 3.2 we get that the system has solutions in

(Fy [ Xy, ..., Xw])" if

HONE S fun(F) (e,

i=1

We saw in the proof of Theorem 4.3 that this condition is satisfied when n >
pr )[deg(F;)]* + 1. An immediate consequence of Theorem 4.3 is an improve-

ment to Carlitz’ theorem 4.2.

Corollary 4.3.1. Let ¢ = p/ and Fy,...,F, be polynomials in n variables, with

coefficients in F [ X1, ..., X,| that have the trivial zero. If

n>pr ) deg(F;)",

then the system also has a non-trivial zero in (F,[X1,..., Xu])™
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Chapter 5

Conclusions

This work set out to generalize the results of Castro-Moreno-Rubio in [3] and,
in doing so, improve Carlitz’ result in [7]. We began from the results of Chevalley-
Warning with Theorems 3.2 and 3.3 and saw an improvement provided by Katz in
Theorem 3.4. Using the method of restriction of scalars, detailed in Section 2.4, we
presented Moreno-Moreno’s results in Theorem 3.5. All of these results considered

systems of polynomials with coefficients that are elements of the finite field [F,.

Chevalley-Warning (1936)

Restriction of Scalars

Then, we went over Carlitz’ Theorems 3.7 and 3.8 where the coefficients are now poly-
nomials. Combining the methods of Moreno-Moreno and Carlitz we then discussed
the results of Castro-Moreno-Rubio in Theorem 3.9 and Corollary 3.9.1. In these

results Castro-Moreno-Rubio generalized Moreno-Moreno’s result and consequently

Degree —— p-weight degree

Improvement
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Moreno-Moreno
(1995)




obtained an improvement for Carlitz’ result.

Restriction of Scalars
Moreno-Moreno

Chevalley-Warning (1936)

) (1995)
Degree —— p-weight degree
| Improvement
Generalization
I Generalization
P(Yll rYn) € Ipr[X][Yll '--/Yn] l

Carlitz Improvement - Castro-Moreno-Rubio
(1952) g (2017)

The next step was to generalize the results of Castro-Moreno-Rubio to multivariate
polynomials as coefficients. Combining the methods used in the proof for Theorem
3.9 and Lemma 4.1 we obtain this generalization in Theorem 4.3 and consequently

obtain an improvement for Carlitz’ Theorem 4.2 in Corollary 4.3.1.
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Restriction of Scalars
Moreno-Moreno

(1995)

Chevalley-Warning (1936)

Degree —— p-weight degree

\ Improvement
Generalization
’ Generalization
F(Yll --~/Yn) € ]pr[X][Yll '-'/Yn]
Carlitz Improvement Castro-Moreno-Rubio
(1952) d (2017)
% ©
ir°) Y
e S
< Y
% K
)
2 1<
Rubio-Seda
(2019)

F(Y1, ..., Yy) € Bpr[Xy, oo, Xo DY, -0, Y]
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