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Abstract

Permutations of finite fields IF, have many applications ranging from cryptography
and combinatorics to the theory of computation. In many of these applications,
a permutation and its inverse are stored in memory. A good option to reduce the
memory footprint is to generate the permutation with a polynomial at the time
of implementation. A better option is to use a permutation polynomial that is its
own inverse; in this case, the permutation is called an involution. In applications
to cryptography, the number of fixed points is correlated with its cryptographic
properties.

In 2018, Zheng et al. characterized involutions of the form x™h(z*) over F,
and, in 2017, Castro et al. gave explicit formulas for monomial involutions of I,
and their fixed points. The next simplest polynomials to study would be the
binomials.

In this work we characterize involutions of F, of the form 2™(z"T + a) in
terms of the number of fixed points. We present explicit formulas for obtaining
these involutions and formulas for their fixed points. Additionally, we give an
improvement of Zheng et al.’s result for polynomial involutions of I, of the form

g—1

x™h(z"z ).
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Introduction

Permutations of finite fields F, have been extensively studied, in part due to their
wide range of applications. In many applications such as the design of block
ciphers, a permutation and its inverse are stored in memory, a burden for envi-
ronments with limited resources such as Radio-Frequency Identification (RFID)
tags. Instead of using two permutations, we can reduce the memory footprint by
using permutations that are their own inverses, called involutions [3, 6, 8]. There
have been studies that show that involutions are good candidates against linear
and differential attacks on block ciphers. Moreover, these studies suggest that the
number of fixed points is negatively correlated to the cryptographic properties of
block ciphers [16, 4]. Another application that benefits from the use of involutions
is the construction of deterministic interleavers for turbo codes, where usually
permutations with few fixed elements have good dispersion properties [12, 14, 13].

In 2017, Castro et al. not only characterized monomial involutions of F,, they
also gave explicit formulas to construct all monomial involutions given the size
of the field and the number of fixed points [2]. To follow the work done by
Castro et al., a natural next step is to study binomials involutions that are linear
combinations of monomial involutions. This leads us to the study of the binomial
272 4+ qz"7 | a linear combination of two well studied monomial involutions [12].
Involutions of this form were characterized by Céceres and Colén in [5]; note that
we can write this binomial as 2’z (xq%l +a). To generalize these results, we study
a more general family of binomials, namely binomials of the form xm(xq%1 +a)

over [F,. In 2019, a characterization of involutions of a family of polynomials over

il



[F, that encompasses xm(x% + a) was given by Zheng et al. in [17].

In this work we continue the work on monomial involutions in [2] by giving both
explicit formulas for involutions of the form xm(xq;zl +a) of F, with a prescribed
number of fixed points and explicit formulas for calculating their fixed points. We
also give an improvement of the work done by Zheng et al. in [17] for polynomial

involutions of F, of the form z™h( q%l)

il



2 Preliminaries

In this chapter we present the necessary definitions and results for the development

of our work.

2.1 Finite Fields

We work over finite fields throughout this thesis. This section provides basic

definitions and properties of finite fields.

Definition 2.1. A set F is a field if the following hold
1. Fis a commutative group under addition,
2. F'\ {0} is a commutative group under multiplication,
3. a(b+c) =ab+ ac, for all a,b,c € F.

Definition 2.2. A finite field is a field that contains a finite number of elements.
A finite field with ¢ elements is denoted by F,. The multiplicative group of F, is

denoted by F,".

Proposition 2.3 ([7], Proposition 7.1.3). The number of elements in a finite field

1 a power of a prime.

Proposition 2.4 ([7], Theorem 7.2.3). Let n > 1 be an integer and p be a prime.

Then there exists a finite field with p" elements.

Proposition 2.5 ([7], Theorem 7.1.1). The multiplicative group of a finite field,

F,*, is cyclic.

v



Since F,* is cyclic, there exists a non-zero element of the field that generates

F,*; we call this element a primitive element of the field.

Definition 2.6. Let a € IF,. Then « is a primitive element of [F, if the powers

of a generate all the elements of F,*. That is F,* = (o) = {a°,at,a?, ..., a?%}.

Primitive elements are useful because we can describe any non-zero element of

the field as a specific power of «.

Example 2.7. Let ¢ = 13. Note that

2°=1 (mod 13), 2' =3 (mod 13), 28=9 (mod 13),
2'=2 (mod13), 2°=6 (mod 13), 2°=5 (mod 13),
22=4 (mod 13), 2°=12 (mod 13), 2'°=10 (mod 13),

2°=8 (mod13), 2"=11 (mod13), 2" =7 (mod 13).

Hence, 2 is a primitive element of [Fy3, i.e. Fj; = (2).

Proposition 2.8. Let ¢ be odd. If a is a primitive element of [F, then a'F = 1.

Proof. By the definition of a primitive element of F;, ¢ — 1 is the smallest integer

such that a?"! = 1. Then a? ! —1 = 0. Since ¢ — 1 is even, % € Z. Now,

-

But since q;—l < q—1, then o'z = —1.

]

Definition 2.9. Let 7 € N. An 7" root of unity in F, is an element z € F, that

satisfies 2" = 1.



2.2 Elementary Number Theory

Number Theory is a branch of mathematics that studies integers. Its origin dates
back to the ancient Greeks and since then various branches of mathematics have
stemmed from Number Theory. Elementary Number Theory uses elementary
methods to solve equations with integers. In this section we provide definitions and
results from this field that aid us in working with fixed points and involutions.
We use these concepts often in Chapters 3 and 4, therefore we provide various

examples in this section to familiarize ourselves with them.

Definition 2.10. Let a € F,. We say that a is a square in [, if there exists
r € F, such that 2> = a in F,. If a is not a square in F, then we say it is a

non-square in [F,.

Example 2.11. Let ¢ = 13. Then,

0°=0 (mod13), 5*=12 (mod13), 9°=3 (mod 13),
1?’=1 (mod13), 6*=10 (mod 13), 10°=9 (mod 13),
22=4 (mod13), 7*=10 (mod 13), 11°=4 (mod 13),
3=9 (mod13), 8 =12 (mod13), 12°=1 (mod 13).

42=3 (mod 13),

Therefore, 0,1,3,4,9,10,12 are squares and 2,5,6,7,8,11 are non-squares in
Fi3.

<

Definition 2.12. Let ¢ be odd. The quadratic character of F, is the function

n:F, —{0,1,—1} defined by

0 ifa=0,
n(a) =141 if a is a square in F,",

—1 if a is a non-square in [F,.

\
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q—1

Proposition 2.13. Let ¢ be odd and a € F,, then n(a) =a"= .

Proof. 1f a = 0, then n(0) = 02 = 0. Let a be a primitive element of F, and
a € F,. Then a = o' for some i € Z. If a is a square, then i is even. If a is a

non-square, then 7 is odd. Note that

O

Example 2.14. Let ¢ = 13. We want to know if 2 is a square in F;5. One way to
do this is to calculate 22 for every element of the field, like we did in Example 2.11,
and see that

v #2 (mod 13),

for all x € Fy3. Another and much simpler way is to use Proposition 2.13 and

calculate

Recall that, in Example 2.7, we found that F;3 = (2). In Proposition 2.8, we
proved that every primitive element is a non-square in the field.

<

q—1

Proposition 2.15. Let ¢ be odd and 7 : F," — pus be defined as n(a) =a"z

where p» denotes the set of square roots of unity in F, {—1,1}. Then n(ab) =

n(a)n(b).

Proof. By Proposition 2.13, we know that 7 is well defined. Let a,b € F,*, and
note that

g—1_ g—-1

n(ab) = (ab)'T = a"T b7 = p(a)n(b).

vil



Definition 2.16. Let n be a positive integer. The Euler function, denoted by
¢(n), counts the number of positive integers not exceeding n that are relatively

prime to n.

Example 2.17. Let n = 8. Then ¢(8) = 4 since 1, 3,5, 7 are the positive integers

smaller than 8 that are relatively prime to 8.

Proposition 2.18 ([7], Euler’s Theorem). If gcd(a,m) = 1, then a®'™ = 1

(mod m).

Proposition 2.19 ([1], Theorem 7.1). Let p be prime and ¢ be a positive integer.
Then

o) =p" —p"t=p"p-1).

Proposition 2.20 ([1], Proposition 7.2). Let a,b be positive integers. FEuler’s
function ¢ is multiplicative; that is, if ged(a,b) = 1, then ¢(ab) = ¢(a)p(b).

Definition 2.21. Let p be prime and a be an integer, a # 0. We say that ¢ € Z

is the p-adic valuation of a, denoted by v,(a), if p* | a and p*™ | a.

Proposition 2.22. Let p be prime and a, b be non-zero integers. Then v,(ab) =

vp(a) + vp(D).

Proof. Let v,(a) = £ and v,(b) = t. Note that p* | @ and p*™ { a if and only if
p'n = a and p { n for some n € Z. Similarly, there exists m € Z such that p'm = b
and pt m. Then ab = p‘np'm = p**'nm and p { nm, that is v,(ab) = £ + t.

]

The following proposition tells us when linear congruences have solutions and
if so, how many incongruent solutions there exist. We use this proposition to find

formulas for counting the fixed points.

Proposition 2.23 ([7], Proposition 3.3.1). Let d = ged(a,m). The congruence

ax = b (mod m) has a solution if and only if d |b. If d | b, then there are exactly

viil



d solutions. If xq is a solution, then the other solutions are given by xo+ " h where

h=1,2,....d—1.
Note the following particular case of this proposition.

Corollary 2.24. The congruence ax = b (mod m) has a unique solution if and

only if ged(a,m) = 1.

Now we present an example of how to use these propositions to solve a simple

linear congruence and find all of its incongruent solutions.

Example 2.25. First we want to know if the linear congruence
3r=9 (mod 12)

has solutions, and if so, what the incongruent solutions are. Note that ged(3,12) =
3 and 3 | 9, therefore there exist 3 incongruent solutions. To calculate all such

solutions, we need to first find a particular solution. Note that

3 =9 (mod 12)
< 3r—9 =12k, forsomek €Z

— v — 3 =4k,

that is, x = 3 is a particular solution. Therefore by Theorem 2.23 the incongruent

solutions of 3z =9 (mod 12) are

12 12
3,3+ (—)1,3+ (=2
aela)ro ()

that is, all the incongruent solutions are 3,7, 11.

We can verify that 7 and 11 are solutions by substituting then directly:

3(7)=21=9 (mod 12) and

3(11)=33=9 (mod 12).

X



Theorem 2.26 is a special case of the Chinese Remainder Theorem.

Theorem 2.26 ([9], Theorem 60). If a = b (mod n;) fori=1,2,...,v, v > 2,

then a = b (mod n) where n is the least common multiple of ny,na, ... ,n,.
The following theorem is a special case of Theorem 87 in [9)].

Theorem 2.27 ([9]). Let p be a prime and e > 0. Then the number of solutions
of 22 =1 (mod p°) is

1 ifp=2,e=1,
2 ifp=2 e=2,

4 ifp=2,e>2,

2 ifp>2.

\

Theorem 2.28 ([9], Theorem 71). Let m = p{* ---pS* and f(x) € Zlz]. Then the
number of solutions of f(x) = 0 (mod m) equals the product of the numbers of

solutions of f(z) =0 (mod p¢r) for alln=1,...,r.

We use Theorem 2.27 and Theorem 2.28 to count the number of solutions of

—1
m?=1 <mod q_)
2

This will be of use to us in Chapter 4, where we provide explicit formulas for

building m so that 2™ (z“2 + a) is an involution of F,.

Corollary 2.29. Let g—1 = 2°p{'p5* . .. pi*, where e and each e¢; > 0. The number

of solutions of

is

-~

7 ife=1,2
2rtl if e =3

22 if e > 4.




Proof. Note that Q;zl = 2¢71pTips? .. .p¢r. By Theorem 2.27, the number of so-

lutions of 22 = 1 (mod p?) is 2 for all ¢ = 1,...,r. Similarly, the number of
solutions of z2 =1 (mod 2¢71) is
)
1 ife=2
2 ife=3
\ 22 ife > 4.

Note that if e = 1, then q;21 = pi'ps?...p¢. Then using Theorem 2.28, we have

that the number of solutions of % = (mod ‘1;—1) is

.

2 ife=1,2

rtl if e =3

22 if e > 4.
\

x1



Chapter 3

Permutations of the Form

q—1
"2 2 + a)

As we stated before, our goal is to characterize involutions of F, of the form
f(z) = xm(x% +a) in terms of the number of fixed points and their fixed points.
To do this we first need to study permutations of IF, of the same form. In this

chapter we study permutations of the form f(x) and their fixed points.

3.1 Permutations

For a function to be an involution of I, it is necessary that it is a permutation.
Hence, studying permutations of the form f(z) = xm(x% + a) gives us insight
into involutions of the same form. In this section we present a characterization of

permutations of the form f(z).

Definition 3.1. A permutation of a finite set A is a bijective function from
A to A. A permutation polynomial in F, is a polynomial that produces a

permutation of [F,.

The following theorem characterizes a family of permutation polynomials that

encompasses f(x).



Theorem 3.2 ([11, 15, 18]). Let m,s,r be positive integers, sr = q — 1 and
h(z) € F,[z]. Then z™h(z®) is a permutation of F, if and only if the following

conditions hold:
1. ged(m,s) =1,
2. 2™h(x)® permutes p,,
where i, denotes the set of r'-roots of unity in F,.

Let » = 2 and h(z) = x + a. Then the expression in the second condition
of Theorem 3.2 becomes z™(z + a)%l, but note that the second factor is the

q—1

quadratic character of F, evaluated at © + a. That is, (x +a) 2z =1ifx+a
is a non-zero square and (x + a)q%1 = —1 if it is a non-square. We make use of
the properties of the quadratic character of F, discussed in Section 2.2 to refine

Theorem 3.2. Proposition 3.4 is a special case of Theorem 3.2.

g—1

Lemma 3.3. Let ¢ be odd, m be a positive integer and a € F,*. Then 2™(x+a) =

permutes p if and only if n(a® — 1) = (—1)™ "L

Proof. Note that s = {—1,1}. Define g(z) = 2™(z + a)*z . Then

g(x) permutes s

O

Proposition 3.4. Let ¢ be odd, m be a positive integer and a € F,*. Then

xm(x%l + a) is a permutation of F, if and only if the following conditions hold:

1. ged (m, Q;zl) =1



2. n(a® —1) = (=1)™*+%

Proof. Using Theorem 3.2, fix r = 2 and h(z) = z + a. Then s = % and, by

Lemma 3.3,
x™h(x)® = 2™ (x + 1)%1 permutes pp, <= n(a* —1) = (—=1)™*".

The result now follows from Theorem 3.2.

]

We mainly use this characterization of permutations f(z) of F, throughout the
thesis.

The next example illustrates the use of Proposition 3.4.

Example 3.5. Consider f(x) = 2™ (2% + 2) € Fi3]x]. We can verify if f(z) is a
permutation of Fy3 in two ways. One method is to evaluate f(x) at each x € [Fy3

and get the permutation:

00, 58, 10 — 12,
13, 6 — 11, 11 — 6,
21, T2, 12 +— 10.
31, 8 — 9,
44— 4, 9—9,

We can also verify that f(z) is a permutation of Fy3 by checking the conditions of

Proposition 3.4. First, we have
qg—1
ged [ m, )= ged(11,6) = 1.
From Example 2.7, we have that 4> = 3 (mod 13). Therefore,

n(a* —1)=n(2* = 1) =n(3) =1=(-1)"""



Note that the first condition of Proposition 3.4 does not depend on a. Consider

the binomial xm(x% — a). Then,

n((—a)® = 1) =n(a* - 1).

Therefore, if f(x) = xm(a:% + a) is a permutation of [, then xm(xq%l

—a) is
also a permutation of F,. The converse is also true. In other words, permutations

of f(x) come in pairs, and we have proved the following:

Proposition 3.6. Let ¢ be odd, m be a positive integer and a € F,*. Then

qg—1

2™(z"T + a) is a permutation of F, if and only if 2 (22 — a) is a permutation

of F,.

Example 3.7. Consider f(x) = z%(z® + 3) € Fy1[z]. First we verify if f(z) is a

permutation by checking the conditions on Proposition 3.4:

—1
ged <m, (JT) =ged(4,5) =1, and

n(a* —1) =n(3* - 1) =n(8) =8 = 1= (-1)""".

Then by Proposition 3.6, x*(x% — 3) = 2*(25 + 8) is also a permutation of Fy;.

Example 3.8. Let ¢ = 7. To list all permutations of F; of the form f(x), we use

Proposition 3.4. First we list all m’s in F; that are relatively prime to q;—l =3,
these are 1,2,4,5. Now, for m even, we want to find a’s such that a® — 1 is not
a square; these are 2 and 5. Note that 5 = —2 (mod 7). Similarly, for m odd,
the only a’s such that a® — 1 is a non-zero square are 3 and 4. Note that 4 = —3

(mod 7). To summarize, we have the following table that lists all permutations

f(z) of Fy.



‘m| a m | a ]
1| 2 2|3
1| -2] 2| -3
5 2 4] 3
5| -2 4] -3

Table 3.8.1: All values of m and a that produce permutations of F; of the form
f(z) =a™(23 + a).

From this table it is easy to see that all permutations come in pairs.

3.2 Fixed Points

We had previously mentioned that the number of fixed points plays an important
role in some applications of permutation polynomials. Now that we have charac-
terized permutations of F, of the form xm(x%l + a), we can start talking about

their fixed points, when we have them and how many of them there are.

Definition 3.9. Let f : A — B be a function. Then x € A is a fixed point of f
if f(z) ==.

q—

Remark. We can rewrite f(z) = 2™ (z T+ a) as a piecewise function

z™(a+1), if z is a square,
flz) =

x™(a — 1), if z is a non-square.

In [17] the authors represent involutions as piecewise functions using the roots
of unity. For the binomial f(z), we are only concerned with the square roots of
unity, —1 and 1, as we saw in Section 3.1 when we characterized permutations
f(x) of F,.

It is easy to see that 0 is always a fixed point. The piecewise representation of

f(z) also makes it easier to see that to find and count the non-zero fixed points,

bt



we need to study the solutions of two equations: '™ = a £ 1. We get these
equations by using the definition of a fixed point on the piecewise representation
of f(x) and solving for x. We present now a characterization of the fixed points

of functions f(x) which are not necessarily permutations.

Proposition 3.10. Let ¢ be odd, m, k be a positive integers, a € F," and « be a
primitive element of F,. Then o* is a fixed point of f(z) = 2™(z"T +a) € F,[z]

if and only if o*1=™) = q + (—1)*.

Proof. Note that

f(a¥) = ™ ((a")F +a)

=" ((=1)" +a).
Therefore o is a fixed point of f(z) if and only if
f(@®) =P (=1)F +a) = a* = o™ =+ (1)

]

Corollary 3.11. Let ¢ be odd, m, ki, k2 be a positive integers, a € F,* and « be

a primitive element of IF,. Then the following hold:

1. a® is a non-zero square fixed point of f(z) if and only if o= = q + 1

and k; is even.

2. a*2 is a non-square fixed point of f(z) if and only if a*2(!=™ = g — 1 and k,

is odd.

Proof. This proof follows directly from Proposition 3.10 by letting k£ be even or
odd. If k is even then o* is a non-zero square and a fixed point of f(x) if and only

if o*(=m) — 4 + 1. The case where k is odd is similar.



Remark. The contrapositive of Corollary 3.11 gives us necessary and sufficient
conditions for 0 to be the only fixed point of f(z). Note that, by Statement 1,
f(z) does not have non-zero square fixed points if and only if of1(=™) £ ¢ 4 1
for all k; even. This is equivalent to saying that either o =™ = ¢ + 1 for
some k; odd or aft(-m+m — ¢ 4 1 for some k; even and r; € Z such that
0 <7 < 1—m. Similarly, f(z) does not have non-square fixed points if and only

ka2(1—m)

if either o = a — 1 for some ks even or o*2(=™)+72 — ¢ — 1 for some ko odd

and 79 € Z such that 0 < ry <1 —m.

Example 3.12. Consider f(x) = 2*(2° + 3) € Fy;[z]. Note that Fy; = (2); that
is, 2 is a primitive element of [Fy;.

First we check if f(z) has square fixed points, note

a+1=4=2%

Now we verify if there exists k even such that k(1 —m) = 2 (mod ¢ — 1). Note

that

Then of = 26 = 9 is a square fixed point of f(x).
We now do a similar process to see if f(x) has non-square fixed points. First

we note

a—1=2=2"



Now, we check if there exists k odd such that k(1 —m) =1 (mod ¢ — 1).

1(=3) =7 (mod 10), 7(=3)=9 (mod 10),
3(—3) =1 (mod 10), 9(—3) =3 (mod 10).

5(-3) =5 (mod 10),

Then of = 23 = 8 is a non-square fixed point of f(z). In short, the fixed points
of f(x) are 0,8,9.

O

We can now generate the fixed points of f(z) = xm(xq%l +a). Now we want to
know more about the fixed points of f(x), specifically: When do we have them?
How many are there? How can we calculate them more directly? In Example 3.12,
we found the fixed points o* by solving k(1 — m) = u (mod ¢ — 1) for k, where
a+ (=1)* = a¥, for k even or odd, in a rather systematic way. Theorem 3.13
expands on Proposition 3.10 and specifies how many fixed points a permutation

f(z) of F, has and provides formulas for fixed points that depend on ¢, m and a.

Theorem 3.13. Let ¢ be odd, m be a positive integer, a € F,", and a be a

primitive element of F,. For ¢,g,h € Z where g | 1 —m and 2¢ | ¢ — 1, define

-1 -1
r=2 <€ (I’Tm> + %h) € Z, where (%) is reduced modulo qQ;gl. If f(x) =
xm(xq;zl + a) is a permutation of F,, then, for g = ged(m — 1, ‘1;—1), the following

hold:

1. There exist non-zero square fixed points of f(z) if and only if a + 1 = "

In this case, the non-zero square fixed points are o” for h=1,...,g.

2. There exist non-square fixed points of f(x) if and only if a — 1 = a29*+1-™,

In this case, the non-square fixed points are o' for h=1,...,¢.

3. f(z) has exactly g+ 1 fixed points if and only if it has either non-zero square

fixed points or non-square fixed points, 2¢g + 1 fixed points if and only if it



has both non-zero square and non-square fixed points, and only 1 fixed point

if and only if a*1=™) o£ q + (=1)* for all k € Z.

Proof. Let o be a fixed point of f(z) and a + 1 = o for some u € Z. Suppose k

is even. Then k = 2i, for some ¢ € Z, and, by Statement 1 of Corollary 3.11,

o? is a non-zero square fixed point of f(z) <= 1™ =ag+1=0a", u€eZ
< 2i(l—-m)=u (modqg—1)
— ged(2(1=m),q—1) |u

— 2¢ | u,

since ged(2(1 —m),q — 1) = 2ged(m — 1, %51) = 2¢. That is, o® is a non-zero

square fixed point of f(z) if and only if a+1 = a** in F,, for some ¢; € Z. Then,
. . q—1
2i(l —m)=2g¢; (modgq—1) < i(l—m)=gl; [mod )

By Proposition 2.23, the number of distinct solutions for i is ged(m — 1, 5=) = g.
Also, since ged (1_—m E) =1, then

g ' 2

-1
) (1—_m) =/ (mod u) — 1=/ (1—_m> (mod E)
g 29 g 2g

—1
Again by Proposition 2.23, the distinct solutions for ¢ are ¢, (1_77”> + (%) h

for h =1,2,...,g. Therefore, " is a non-zero square fixed point of f(z) if and

=05+ (5))

Now, let a — 1 = a” for some v € Z and k be odd. Then k = 25 + 1, for some

only if



J € Z, and, by Statement 2 of Corollary 3.11,

a¥*1 is a non-square fixed point of f(z) <= oI — 4 _1=0" veZ
— (25+1)(1—-m)=v (modq—1)
<~ 2j(1—-m)+1—m=v (modgq—1)
< 2j(l-m)=v+m—1 (modgq—1)
— ged(2(1—=m),g—1) |v+m—1
= 2 vtm—1,

since ged(2(1 —m), ¢ — 1) = 2g. That is, a®*! is a non-square fixed point of f(z)

if and only if a — 1 = o292t1=™ for some ¢y € Z. Then,
: : q—1
2j(1—=m)=2gl; (modgqg—1) <= j(l—m)=gly (mod — )

By Proposition 2.23, the number of distinct solutions for j is ged(m — 1, 5=) = g.

g ' 2

1— —1 1—m\ " 1
j (_m) =/, (mod q_) — =10 <_m) (mod q_)
g 29 g 29

~1
Again by Proposition 2.23, the distinct solutions for j are ¢y <1’Tm) + (%) h

Also, since ged (1_m q*1> =1, then

for h =1,2,...,g. Therefore, a"! is a non-square fixed point of f(z) if and only

(157 05)1)

Note that, besides 0, f(x) can have either both square and non-square fixed

if

points, only square fixed points or only non-square fixed points. By Proposi-
tion 2.23, f(x) can have exactly g non-zero square fixed points and exactly ¢
non-square fixed points. Then f(z) has both square and non-square non-zero
fixed points if and only if f(z) has 2g + 1 fixed points. Similarly, f(z) only has

square or non-square non-zero fixed points if and only if f(z) has g+1 fixed points.

10



Lastly, f(x) only has 0 as a fixed point if and only if f(z) has no non-zero square
or non-square fixed points. Therefore, the possible number of fixed points is either
1, g+ 1, or 2g + 1.

O

In the following example, we use Theorem 3.13 to verify if a permutation has

non-zero fixed points.

Example 3.14. Let 22422 +2 be a primitive polynomial over F5 such that 3 is a
root over Fy. Consider f(z) = z(x*+5+1) € Fo[z]. Note that 2g = 2ged(0,4) = 8.

Since

-1
ged <m, qT) =ged(1,4) =1 and

n(a* —1) =n((B+1)" 1) =n(1) =1,

then f(z) permutes Fg by Proposition 3.4. Now we determine if f(z) has non-zero
fixed points using Theorem 3.13. Note that a +1 = 8 + 2 = 37. By Statement
1 of Theorem 3.13, we want to determine if we can write a + 1 = 329 = g% for
some ¢ € Z. But 8% = % =1 and a + 1 # 1, therefore, f(x) does not have
non-zero square fixed points. We do a similar process to verify the existence of
non-square fixed points using Statement 2 of Theorem 3.13. Note that a — 1 =3
and 3 # 8291 since 290 +1—m =8/ +1—1=0 (mod 8). Therefore, f(z)

does not have non-zero fixed points. That is, 0 is the only fixed point of f(x).

We now show an example where we apply Theorem 3.13 to calculate the fixed

points of a polynomial over a non-prime field Fy, that is ¢ = p” where r > 1.

Example 3.15. Let 22442 4 2 be a primitive polynomial over F5 such that 3 is a

root over Fo5, and f(z) = z' (212 + +2) € Fys]x]. Note that g = ged(10,12) = 2.

11



First we verify that f(z) is a permutation of Fajs:

1
gcd (m QT) = ged(11,12) = 1,

n(a* —1) =n((B+2)" - 1) =n1) = 1.

Then f(x) permutes Fos. We want to check if f(x) has non-zero square or non-
square fixed points and calculate them. Now, we can go about this in two ways.
We can use Corollary 3.11 and find all k; even solutions of ¥(=™) = 52 if any,
and all ky odd solutions of g*¥2(1=™) = 322 if any, as we did in Example 3.15.
The other option is to use the formula for r in Theorem 3.13 to calculate all fixed
points of f(x) directly. We follow this method. In this case, we first need to check
if there exist any non-zero fixed points. By Statement 1 of Theorem 3.13, f(x)
has non-zero square fixed points if and only if a 4+ 1 can be written as 3?9, where
g=ged(m—1,%+) =2 and ¢ € Z. But note that a+1 = 3+3 = 32 and 5 # 3%
since 2 = 4¢ (mod 24) does not have solutions by Proposition 2.23. Similarly,
Statement 2 of Theorem 3.13 states that there exist non-square fixed points if and
only if @ — 1 = B%*1=™ for some ¢ € Z. Note that a — 1 = 3?2 = ¥+ where
¢ = 8. Therefore f(z) has non-square fixed points. Moreover, by Statement 3 of
Theorem 3.13, f(z) has exactly g + 1 = 3 fixed points.

Now we calculate the non-square fixed points. Note that % = % = 6, then

we have

(1—_7”>1 - (_Tlo) (e izt =1 (mod6),

Y

We can now calculate the values of » + 1. Note that

1—m\ ! 1
2(€<—m) +q—h>+1:2(8+6h)+1,
g 29

where h = 1,2. Then the values of r+1 are 2(846)+1, 2(84+12) +1, i.e. 29,41.

12



Therefore the non-square fixed points are

B2 = B8 = 4B+ 1,
541 — 624617 — B+4

To summarize, the fixed points of f(z) are 0, 45 + 1, and § + 4.

o

Note that in Example 3.15, we showed that #1!(z'2 + a +2) € Fy;[z] has g = 2
non-zero fixed points, and in Example 3.12, we saw that z*(z° + 3) € Fy;[z] has
2g = 2 non-zero fixed points. These are examples of permutations, one of which
has g + 1 fixed points and the other has 2g + 1 fixed points.

Suppose z is a fixed point of f(x). Then z is a square if and only if f(x) is a

square. This leads us to the next proposition.

Proposition 3.16. Let ¢ be odd, m be a positive integer, a € F}, and f(z) =
:cm(xq%l +a) be a permutation of F, with at least one non-zero fixed point. Then

nla+1)=1.

Proof. Let o be a primitive element of F, and ¢ € F,* be a fixed point of f(z).

Suppose c is a square. Then, by Theorem 3.13,
n(a+1) =n(a*") =1, for somel € Z.
Now, suppose that ¢ is not a square. Then,
n(a—1) = g™+ = (0¥ 7 (a'7) " = (1),
for some ¢ € Z. But f(z) is a permutation, therefore
n(e®—1) _ (=1)m*

e V=50 = e

13



The converse of Proposition 3.16 is false. That means that we can have per-

mutations with only one fixed point such that a + 1 is a square.

Example 3.17. Consider f(x) = 2°(2% + 11) € Fy3[z]. We first check that f(z)

is a permutation of [F, using Proposition 3.4. Since

—1
ged (m, CJT) =gcd(5,6) =1 and

n(a® —1) =n(11* = 1) = n(3) = 1,

then f(z) is a permutation of Fy3. Recall from Example 2.7 that 2 is a primitive

element of 5. Hence,

a+1=12=2% and

a—1=10= 2",

Since a + 1 is an even power of 2, then n(a+ 1) = 1. Note that 2¢g = 2 ged(4,6) =
(2)(2) = 4. Now, using Theorem 3.13, we can determine if f(z) has non-zero fixed
points by checking if a+1 = 2%9¢ = 2% or a — 1 = 229/+1=™ = 24~ for some / € Z.
But, by Proposition 2.23, 4/ = 6 (mod 12) has no solutions since ged(4,12) = 4
and 4 1 6. Similarly, by the same proposition, note that 4¢ —4 = 10 (mod 12) has
no solutions since ged(4,12) = 4 and 4 1 10 4+ 4. Therefore f(x) does not have

non-zero fixed points.

3.2.1 Permutation Pairs

Proposition 3.6 states that xm(x% + a) is a permutation of F, if and only if

q—1

x™(x"2 — a) is a permutation of F,. That is, permutations f(x) of F, always
come in pairs. We present now more results on fixed points for permutation pairs.
The following proposition tells us that when ¢ =1 (mod 4) and m is odd, the

additive inverse of any fixed point of f(z) is also a fixed point of f(z).

14



Proposition 3.18. Let ¢ =1 (mod 4), m be odd, a € F,*, c € F,*, and f(x) =
xm(xq%l +a) € F,[z]. Then ¢ is a fixed point of f(z) if and only if —c is a fixed

point of f(z).

Proof. Let o be a primitive element in F, and k£ € Z. Note that

(k254 (1-m)

(0% =«

By Proposition 3.10, we have

—af = aF*3 s a fixed point of f(r) = Qb+ =m) — o (_1)/’%"%1

q—1

oF=m) — g 1 (—1)k(=1)"

ak(l—m) = a4+ (_1)k

117

o” is a fixed point of f(x).

]

Example 3.19. Let f(z) = 2°(2% +2) € Fy3[z]. From Example 2.7, we have that

Fi, = (2), that is, 2 is a primitive element of Fy3. Now, note that

a+1=3=2%

Therefore we want to find o**=™) with k even such that k(1—m) =4 (mod ¢ — 1).
Now, note 2(—4) = 4 (mod 12). Then 22 = 4 is a fixed point of f(z), therefore
—2%2 = —4 = 9 is also a fixed point of f(z). We can check that these are all of
the non-zero square fixed points of f(z). We can do similar procedure to find the

non-square fixed points. Note that

a—1=1=2

15



Since 3(—4) = 0 (mod 12), then 23 = 8 is a fixed point of f(z), therefore —23 =
—8 = 5 is also a fixed point of f(z). We can verify that these are all of the
non-square fixed points of f(z).

In summary, the fixed points of f(x) are 0,4,5,8,9.

The following proposition complements Proposition 3.18 in the sense that g Z 1
(mod 4) and m is even. Proposition 3.20 gives a relation between the fixed points

of pairs of permutations, for this case.

Proposition 3.20. Let ¢ = 3 (mod 4), m be even, a € F,*, and ¢ € F,”. Then
c is a fixed point of fy(z) = :L'm(xq%l + a) if and only if —c is a fixed point of

fi(z) =2™(x"z —a).

Proof. Let o be a primitive element of F, and k € Z. If ¢ = 3 (mod 4), then (1;_1

is odd. Hence, by Proposition 3.10, we have that

of is a fixed point of fy(z) <= o1 =g+ (—1)F
— —ofl-m = —(a+ (—l)k)
= (@)t = ot (C1)F(-D)T
— (ak+4;—1)1—m — —a+ (_1)k+%
e —af = a*"'T is a fixed point of fi ().

]

Note that this implies that we are mapping square fixed points to non-square

fixed points and vice-versa.

Example 3.21. Let fo(z) = 2*(2°43) € Fyy[z]. Then fi(x) = 2*(2°—3) € Fyy[z].

In Example 3.12, we saw that the fixed points of fo(x) are 0,8,9. Now we use

16



Proposition 3.20 to calculate the non-zero fixed points of fi(x):

—8 =3 and

-9=2.

That is, the fixed points of fi(x) are 0,2, 3.

> Summary

Given the wide range of applications permutations have and the importance of the
number of fixed points for these applications, in this chapter we study the fixed
points of permutations f(x) = xm(:p% + a) of F,. First, we provide a general
formula for the fixed points of f(x) that is not necessarily a permutation. Then,
for a permutation of I, of the form f(x), we give explicit formulas for calculating
its fixed points. Unlike for monomial permutations of F,, where the number of
non-zero fixed points is always ged(m — 1,q — 1) [2], we find that the amount of

non-zero fixed points of f(x) can be 0, g or 2¢g where g = ged (m -1, %)

17



Chapter 4

Involutions of the Form

q—1
"2 2 + a)

In this chapter we present results on involutions of the form f(z) = 2™ (x% +a)
of F,. In Section 4.1, an algorithm for generating all involutions of I, of the form
f(z) is provided. We revisit the subject of fixed points in Section 4.2, this time in
the context of involutions. In Section 4.3, we present constructions for m such that
f(z) is an involution and, in Section 4.4, we give a characterization of involutions

f(z) with more than one fixed points in terms of the number of fixed points.

4.1 Involutions

In this section we characterize involutions of F, of the form f(z) = 2™ (2T +a).
Recall from Section 3.1 that these permutations always come in pairs, however,
this is not always the case for involutions. In Section 4.1.1 we present conditions

for some involutions to come in pairs.

Definition 4.1. A permutation f(z) is an involution of F, if it is its own inverse,

that is f(f(x)) =z for all z € F,.

In [17], a characterization of involutions of F, of the form 2™h(z*) was given.

This family of binomials encompasses f(x).

18



Theorem 4.2 ([17], Theorem 3). Let m,s,r be positive integers and sr = q — 1.
Let W(x) = x™h(x)® for some polynomial h(x) € F,[x]. The polynomial f(z) =

x™h(x®) is an involution of F, if and only if the following conditions hold

1. m*=1 (mod s)

m27
2. ¢(z2) =2"5 (ho W) (2)h(z)" =1V z € p,,
where pi, denotes the set of r' roots of unity in F,*.

Note that for f(z) = 2™(z"% + a) with a € F,* we can simplify Condition
2 in Theorem 4.2 by letting h(x) = x 4+ a and r = 2. This gives necessary and

sufficient conditions for f(x) to be an involution.

Proposition 4.3. Let ¢ be odd, m be a positive integer, and a € F,*. Then
f(z) = xm(x% + a) is an involution of F, if and only if the following conditions
hold
1. m*=1 (mod &)
2. (a+1)™[(a+1)T +d] =1
2(7n271)

3. (a—D)™[(=1)"(a—1)"T +a]=(=1) a1

Proof. Let h(x) =x+a, r =2, and s = q;21. Then, from Theorem 4.2, we have

q—1

W (z)=a™(x+a) =z and

6(2) = 27 (h o W) (2)h(2)™

2(m2-1)

=z a1 [zm(z—i-a)q%1 +al(z +a)™.

By Theorem 4.2, f(z) is an involution of F, if and only if m? =1 (mod %) and

¢(z) =1 for all z € py, where py = {—1,1}. Note that

¢(1) = (a+1)"[(a+1)"T +adl,
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and

Therefore, f(x) is an involution of F, if and only if Conditions 1, 2 and 3 hold.

]

As we state at the beginning of this thesis, the goal is to give explicit formulas
for m such that f(x) is an involution of F, depending on the number of fixed
points of f(x). Our approach to this problem is to first design an algorithm that
produces all involutions for a fixed ¢ and then implement it for all ¢’s in a specified
range. One of the first things we asked was: If we are looking for m’s that are
greater than or equal to 1, then when should we stop looking for m’s? Condition
1 from Proposition 4.3 states that m? =1 (mod %), then should we only check
m’s up to % or are there more m’s that produce distinct involutions? Remember
that we want to be able to construct all possible m’s that produce involutions.

The following lemma answers this question.

q—1

Lemma 4.4. Let ¢ be odd, m be a positive integer, a € F,*, and f(z) = 2™(zz +
a) and f'(z) = xm,(xq%l + a) be involutions of F,. Then f(z) = f'(x) if and only

if m=m’ (mod ¢ —1).

Proof. Since f(x) and f’(z) are permutations of F,, then by Proposition 3.4,

n(a*—1) = (—=1)™*1. This implies that a # +1 by definition of quadratic character

20



of IF,. Then,

[]

Lemma 4.4 states that if we want to find all m’s that produce distinct involu-
tions for a fixed ¢, then we need all m’s that are solutions of 2% = 1 (mod q;—l) in
the range 1 < m < ¢ — 1. However, we can reduce this range further. Note that
for every m that is a solution of z2 = 1 (mod %) and such that 1 < m < Q;QI,
m + 4* is also a solution of 22 = 1 (mod &) and 4 < m+ &+ < g — 1; by
Lemma 4.4, this is the range of m that covers all possible distinct involutions f(x)
of F,. This means that we can restrict the search for m to the range 1 < m < ‘1;—1
and find a’s that satisfy the conditions in Proposition 4.3 for m and m + qg—l.

Another question is: Then how do we find a? A naive approach would be
to check that for a fixed a, we have f(f(z)) = z for all elements z of F,. The
advantage that Proposition 4.3 gives us for designing Algorithm 1 is that for a
fixed a, we only need to verify if two equations that only depend on ¢,m and a
are satisfied, namely Conditions 2 and 3, instead of iterating through all z € I,
and verifying f(f(z)) = x. Keep in mind that we may not find an appropriate a
for either m or m + q;—l; we may also find an a for m, but none for m + q;—l or

vice-versa.
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Algorithm 1 Generate all involutions of the form f(z) = 2™ (:U%l +a) for a fixed
q.
Require: ¢ is an odd power of a prime.

Input: ¢
Output: {(m,a)| f(x) is an involution of F,}

1: forleto‘%ldo

2: if 22 = (mod q;—l) then

3: for all m € {z,2+ '} and all a € F,* do

4: if (a+1)"[(a+1)T +a] =1and (a— 1)"[(—1)"(a—1)F +d] =
2(m2-1)

(=1)" a7 then

5: print (m,a)
6: end if

7: end for

8: end if

9: end for

4.1.1 Involution Pairs

Before we begin to study m, let us recall from Chapter 3 that permutations f(x)
of F, come in pairs. That is, fo(z) = xm(x% + a) is a permutation of F, if and
only if fi(z) = xm(x% — a) is a permutation of F,. We want to know if this is
also true for involutions and if so, determine if there is any relation between the

fixed points of fy(z) and fi(x).

Example 4.5. Table 4.5.1 lists all involutions f(z) = (2" +a) of Fa3 generated
by Algorithm 1. We also use Theorem 3.13 to calculate the fixed points for each
involution. Recall that Statement 3 from Theorem 3.13 states that the number of

non-zero fixed points is either g or 2g.
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Number of Non-zero ﬁ)lja?in-zjfri)ts
m | g a non-zero fixed fixed p
. . as powers of
points points
a
1 |11 ] 18 0 none none 1
8 2 3, 19 alt o 2
_g 4 5
1011 2 4, 20 o, « 3
11 2 9, 17 al% o 4
—~11 2 6, 14 a® a?! 5
2 2 16, 22 ad, all 6
3 2 2,5 a? ol 7
2L 1] 5 p 12, 21 a®, ol s
7 2 11, 13 o, ol 9
17 2 8, 19 ab, al? 10

Table 4.5.1: All involutions 2™ (x'* + a) of Fy3 and their respective fixed points,

where g = ged (m — 1,11) and o = 5 is a primitive element in Fy3.

The table suggests that involutions come in pairs only when m is even. Note
that these pairs also have the same number of fixed points.

Recall from Algorithm 1 that for each m < q;21 that is a solution to 2% = 1
(mod 1), m+%1 is also a solution of 22 = 1 (mod %;*). However, there may not
be an a € F,* for each solution. This is the case for m = 1, note that 1+ % =12

has no values of a such that f(x) is an involution of Fy3.

O

Proposition 4.6. Let g be odd, m be even and a € F;*. Then fy(z) = xm(x% +
a) is an involution if and only if f(z) = iz’ — a) is an involution. Moreover,

they have the same number of fixed points.

Proof. Proposition 3.6 states that fy(x) is a permutation of F, if and only if fi(x)
is a permutation of F,. By Proposition 3.20, fo(x) and fi(x) have the same number

of fixed points.
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Suppose fo(z) and f;(z) are permutations of F,. It is sufficient to prove that
Conditions 2 and 3 from Proposition 4.3 hold for both fy(x) and fi(x). Note that
we do not need to check Condition 1 since it is the same for fo(x) and fi(z). Now,

since fo(z) and fi(z) are permutations, then ged (m, 4+) = 1 by Proposition 3.4.

But by hypothesis, m is even, this implies that qg—l and 2(%;1) are odd. Now, note

that for fi(z) the equation on Condition 2 of Proposition 4.3 can be expressed as:

(—a+1)"[(~a+ 1) —a] = (~1)"™(a = )"[(-1)F (a = 1)*F —d]

Therefore,

(—a+ 1)™[(—a+ 1)(1%1 —a]l=1

q—1

= (a-D"[(=D)"@-1)7 +a] = -1

That is, Condition 2 holds for f;(z) if and only if Condition 3 holds for fy(x).

Similarly, we can rewrite the expression on Condition 3 of Proposition 4.3 for

fi(z):

g—1 -1

(—a—1)"[(~1)"(~a—1)"F —a] = (~1)"(a + 1)"[(-1)T (a +1)*F —d]
= (a+1D)"[(-D(a+1)T —a

= (-D(a+1D)"[(a+1)= +a.

Therefore,

1

(—a—1)"[(~)™(—a— 1) —a] = -1

g—1

— (a+1)"[(a+1)7 +a] =1

That is, Condition 3 holds for f;(z) if and only if Condition 2 holds for fy(x).
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]

Proposition 4.6 tells us that indeed for a fixed odd ¢, even m and a € F,*, m
and —a also produce an involution of IF,. Moreover, they have the same number
of fixed points.

We mentioned in Example 4.5 that Table 4.5.1 suggests that involutions do
not come in pairs when m is odd. In the following example we show that there
are instances where there exist pairs of involutions fy(z) and fi(x) with m odd.

We study these cases more closely after this example.

Example 4.7. We use Algorithm 1 to find all involutions of f(x) = 2™(z** + a)
of a9, and Theorem 3.13 to calculate the fixed points for each involution. Recall

that the number of non-zero fixed points is either g or 2¢g by Theorem 3.13.

Number of Non-zero fixed
Non-zero .
m | g | a | non-zero fixed . points as powers
. fixed points
points of «
5 0 none none 1
) 4 5,8, 21, 24 a2, a?, ol o8 2
320 oz 0 6,23 | af, a® 3
—6 2 13, 16 al® ot 4
8 2 14, 15 a3, o 5
-8 2 3, 26 a’, al? 6
5 2 2,27 al, al? 7
=5 2 5, 24 a?? o8 8
o7 |2 0] 4 ] 611,182 | o a® o, a® |
—6 4 13, 14, 15, 16 at® a3 o?" ot | 10
8 0 none none 11
—8 0 none none 12

Table 4.7.1: All involutions 2™ (z'* + a) of Fy9 and their respective fixed points,

where g = ged (m — 1,14) and « = 2 is a primitive element of Fag.

Note that ¢ = 23 = 3 (mod 4) and ¢, = 29 = 1 (mod 4). Tables 4.5.1 and
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4.7.1 might suggest that if m is odd, involutions only come in pairs when ¢ = 1

(mod 4).

The following example shows involutions fy(z), where m is odd and ¢ = 1

(mod 4), that do not have pairs f;(z) which are also involutions.

Example 4.8. Let ¢ = 49, Fyo = F7[z]/(2? + 62 + 3), and m = 11.
Since m? = 11> = 1 (mod 24), we can implement Algorithm 1 starting in line
4, to generate all involutions of the form f(z) with ¢ = 49 and m = 11. We

calculate the fixed points using Theorem 3.13.

Number of Non-zero fixed
a non-zero fixed .
. points
points

4, 46+3, 66+3

5 5 + ) ) )
& 1 38 +4 !
28+5 4 38, 668+5, 468, B+2 |2

Table 4.8.1: All involutions of 2™ (2?* + a) of F49 and their respective fixed points,

where (3 is a root of 22 + 6z + 3, a primitive polynomial over F;.

Note that —a = =58 = 2 and —a = —203 — 5 = 53 + 2. That is, there are no
pairs of involutions for ¢ =49 =1 (mod 4) and m = 11 odd.

O

Since for m odd and ¢ = 1 (mod 4), there are cases for which involutions do
not come in pairs, we want to determine when exactly these pairs occur.
Proposition 4.9. Let ¢ =1 (mod 4), mbe odd, a € F,* and fy(x) = xm(m%l +a)

q—1

be an involution of F,. Then fi(x) = 2™(z"2 — a) is an involution of F, if and

1S even.

2(m?—1)
q—1

only if

Proof. Since Condition 1 from Proposition 4.3 only depends on m, it also holds

true for fi(z). It is sufficient to prove that Conditions 2 and 3 hold for f;(z) if

2(m2-1)
q—1

and only if is even. Now, note that, since ¢ =1 (mod 4), ‘%1 is even and
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Then Condition 2 to holds if and only if 2(%2;1) is even. Now we verify Condition

3.

q—1

(ma=D"[(=D)"(za=1)7 —d

q—1 q—1

= (=D)™a+D"(=D(=1)= (a+1)= —a

= (~D(a+)"[(-D(a+1)= —d

—(a+1D)™(a+1)"T +4

=1
Hence Conditions 2 and 3 hold if and only if 2(7;:1) is even. Then fi(x) is an
involution of I, if and only if Q(WiIl) is even.
q

]

Example 4.10. Recall that in Example 4.7, we list all involutions of f(x) =
xm(az%l + a) for ¢ = 29. Note that ¢ = 1 (mod 4) and all of the involutions on
Table 4.7.1 come in pairs for m = 13 and m = 27. Note

132 — 1 9272 _ 1
14 and 14

02,

2(m2-1)
q—1

that is, is even for all involutions of Fag.
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4.2 Fixed Points

Our goal is to provide formulas for involutions with a prescribed number of fixed
points. In this section, we study the fixed points of involutions f(x) of F, and
characterize involutions that have more than one fixed point.

First, let us briefly discuss the case where f(x) only has 0 as a fixed point. The
contrapositive of Proposition 3.10, which tells us when f(z) € F,[z] has non-zero
fixed points, gives necessary and sufficient conditions for f(z) to have only 0 as a
fixed point. We also saw in Example 3.17 that the converse of Proposition 3.16
is false, however note that the contrapositive states that if @ + 1 is a non-square
then the permutation f(z) only has 0 as a fixed point. Since for some applications
of permutations it is preferred to have a low number of fixed points, in this case,
we can choose a + 1 to be a non-square and guarantee that the permutation or
involution only has 0 as its fixed point. Another option for such applications is to
choose an m such that g = ged (m -1, q;—l) is a small number. In case that we
want to have exactly ¢ + 1 fixed points, we need a’s such that a + 1 = of1(-™)
or a — 1 = 0= for some ki even or ky odd, but not both. Similarly, if we
want to have 2¢g + 1 fixed points we have to select appropriate a’s such that both

a+1=am0"" and a — 1 = a0~ for some k; even and ky odd.

Example 4.11. To generate involutions with only 0 as a fixed point for a fixed
q using the contrapositive of Proposition 3.16, one can add the extra condition
(a+ l)qT_1 = —1 after line 4 of Algorithm 1.

Let Fos = F5 /(2% 4+ 42 4 2). Now, we use this modification of Algorithm 1 to

generate the following table of involutions of Fos; with only 0 as a fixed point.
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m

7
11
19
23

)

4

Table 4.11.1: Involutions 2™ (z'? + a) of Fy5 with only 0 as a fixed point, where 3

is a root of 2 4+ 4z + 2, a primitive polynomial over Fs.

It should be noted that Table 4.11.1 might not list all involutions of the form
f(z) of Fas such that their only fixed point is zero. This we know since Exam-
ple 3.17 shows that the converse of Proposition 3.16 is false. If one wanted to
construct all such involutions, one could instead use Statement 3 of Theorem 3.13

to modify Algorithm 1.

Example 4.12. To generate all involutions with only 0 as a fixed point for a fixed
q using Statement 3 of Theorem 3.13, one can add the extra condition a+ (—1)* #
a*=m) for all k € Z after line 4 of Algorithm 1.

Let Fys = IF5/(:1:2 + 4x + 2). Now, we use this modification of Algorithm 1 to

generate the following table of all involutions of Fy5 with only 0 as a fixed point.

m| a | n(a)

2 1 |,
7T 13841 =1 |5
28+4| —1 |4

1| 2 1 |,
19 2 1 |
23| 2 1 |

Table 4.12.1: All involutions 2™ (z'? +a) of Fas with only 0 as a fixed point, where

B is a root of 2% + 4z + 2, a primitive polynomial over Fs.
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Note that the only involutions that were not generated using the contrapositive
of Proposition 3.16—listed in Table 4.11.1—are involutions on lines 2 and 3. Also
note that these are the only values of a on Table 4.12.1 that are not squares in
Fos.

o

Now we shift the focus to the non-zero fixed points of an involution f(z) of IF,.
In Section 3.2, we proved that the number of fixed points of a permutation f(x)
of F, is always 1, g + 1, or 2g + 1, where g = ged (m —1, %) This also holds
true for involutions, however, it has an additional restriction that the number of

non-zero fixed points must be even. In other words, permutations f(z) of F, with

an odd number of non-zero fixed points cannot be involutions of [F,.

Definition 4.13. Let f be a permutation of F,. Then f has a cycle of length
k € Z if there exists ¢ € F, such that k is the smallest positive integer such that
FHi) =i

Proposition 4.14. Let ¢ be odd, and f be a permutation of F,. Then f(z) is an

involution if and only if it decomposes into cycles of length two or one.

Proof. Note that for all z € F,, f(f(z)) = z if and only if f*(z) = z where

k € {1,2}, since f!(x) = z implies f*(z) = f(f(x)) = .
[

Proposition 4.15. Let ¢ be odd, m be a positive integer, and a € F;. If f(z) =
xm(xq%l + a) is an involution of F,, then the number of non-zero fixed points is

even.

Proof. 1f f(z) has no non-zero fixed points, then we are done. Suppose f(z) has
non-zero fixed points. Since f(x) is an involution, it decomposes into cycles of
length 2 and fixed points which are cycles of length 1, then the number of non-
zero fixed points is equal to ¢ — 1 minus twice the number of cycles of length 2.

Since ¢ — 1 is even, then the number of non-zero fixed points is also even.
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Example 4.16. Let f(x) = 2''(2® + 2) € Fy3[z]. In Example 3.5 we presented

the values of f(z). Note that the cycle decomposition of f(z) is
(13)(2 7)(5 8)(6 11)(10 12).

Therefore f(z) decomposes into cycles of length 2 and is an involution by Propo-
sition 4.14. Moreover, the fixed points of f(z) are 0,4 and 9. Note that g =

ged(m — 1, 41) = ged(—10,6) = 2, therefore, f(z) has g + 1 = 3 fixed points.

We now present a characterization of involutions f(x) of F, that have more

than one fixed point. To do this, we need Lemmas 4.17 and 4.18.

Lemma 4.17. Let ¢ be odd, m be a positive integer, a be a primitive element of
Fg, and a € F,*. If m* =1 (mod ‘15—1), and a + 1 = a*(=™) where k is even, then

g—1

(a+1)™[(a+1)2 +a]=1
Proof. Since k is even, then k = 2h for some h € Z. Then,

q—1

(@+D)"[(a+ ) +a] = (a+1"[(@"")T +a]
= (a+ 1)t
_ (a2h(1—m))m+1

_ (ah)2(m2—1)

=1,

since m? — 1 =0 (mod %) implies that 2(m? — 1) =0 (mod ¢ — 1).

]

Lemma 4.18. Let ¢ be odd, m be a positive integer, a be a primitive element of

F,, and a € F,*. If m? =1 (mod q;21)7 and a — 1 = a*(1=™) where k is odd, then

2(m2-1)

(a—=1)"[(=1)"(a — 1)% +a] = (=1) e« . Moreover, n(a — 1) = (—=1)™*! and

2(m2-1)

(0= 1y = (-1
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Proof. Note that

-1 -1
m? =1 (moqu) = q—hzl—mQ,hEZ <~ h=

Then we have

(a = 1) = @HmmmeD) — (gh)lmm® — (oF) 5 = (—1) T

Also, since k = 2¢ + 1 for some ¢ € Z, then,

1

Ma—1) = (a— 1) = (@AMt — (qyiom — gy,
Lastly, note that

(a—1"[(~1)"(a— 1) +a] = (a— )"[(~1)"™(~1)"*" +4q]
=(a—1)"[-1+q]
— (a _ 1)m+1

m2—
= (-7

]

Theorem 4.19. Let ¢ be odd, m be a positive integer and « be a primitive
element of F,. Then f(x) = 2™(z"T +a), a € F,", is an involution of F, with

more than one fixed point if and only if the following conditions hold:
1. m*=1 (mod q;—l),

2 (= 1) = (<1,

2(m2-1)

3 (@ = 1) = (-1

4. a4+1=a"0=" or ¢ —1=a*0=") for some k; even and k, odd.

Proof. (=) Since f(z) is an involution, Conditions 1 and 2 hold by Proposition 3.4

and Proposition 4.3. Since f(z) has more than one fixed point, then n(a+1) =1
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by Proposition 3.16. This implies that n(a — 1) = (—=1)™*'. By Proposition 4.3,

we have that

1=(a+1)"[(a+1)T +aq
=(a+1)"[1 +a]

= (a+ 1),

and

2(m2-1)

Therefore (a*> — 1) = (—1)" T and Condition 3 holds.

Lastly, by Corollary 3.11, Condition 4 holds since f(x) has more than one fixed
point.
(<) It is sufficient to prove that Conditions 2 and 3 from Proposition 4.3 hold.

F1(1=m) for k; even. Then by Lemma 4.17, we have

Suppose that a + 1 = «
(a+1)"[(a+1)"T +a]=1.

Now, note that (—1)"*! = n(a+1)n(a—1) = n(a®*=™)n(a—1) = n(a—1) since

ky = 2¢ for some ¢ € Z. Also, 1 —m? =0 (mod q;21> if and only if 1 —m? = Q;;h,
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for some h € Z. Then,

(—1) 1 — (a+ 1)m+1(a B 1)m+1
_ (a2Z(1—m))m+1(a _ 1)m+1
= (@) (a - 1)+
= (a*)7"(a —1)™"",  where h € Z,

= (a — 1),

Therefore,

(a=D)"[(=1)™(a=1)"" +d
= (a=1)"[(=)"(=1)™" + 4]
= (a—1)"[~1+d]
= (a—1)mH!

77L27
= (-7
Then f(z) is an involution of F,. Since a + 1 = a¥11=™) k; even, then f(z) has
more than one fixed point by Theorem 3.13.

Suppose now that a — 1 = o= for k, odd. Then, by Lemma 4.18, we have

2(m2-1)

(a—D"[(~1)"(a—1)T +a = (~1)

2(m2-1)

Now, by Lemma 4.18, we have (a — 1) = (=1)" «T and n(a —1) = (—1)"".

By hypothesis, this implies that (a + 1)™*! =1 and n(a+ 1) = 1. Then,
(@a+1)"(a+1)T +a]=(a+1)"[1+d] = (a+ 1) =1.

Therefore f(z) is an involution of F,. Since a — 1 = a*2(=™ and k, is odd, f(z)

has more than one fixed point by Corollary 3.11.
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In Theorem 4.19, Condition 4 guarantees that f(z) has non-zero fixed points.
A natural assumption would be that Conditions 1,2 and 3 are sufficient for f(x)

to be an involution, however, this statement is false.

Example 4.20. Consider f(z) = z(2* + 3) € F;[z]. Note that

m*=1 (mod 3),
§@® 1) = 5(8) = (1) = 1 = (=)™ and

2(m2-1)

(> =1)" =8 =1=(-1) o1
Then f(z) satisfies Conditions 1,2 and 3 from Theorem 4.19. However,

(a+1)"[(a + 1)[1571 +a]=4*=2 and

q—1

(a= D" ((=1)"(0 = 1)'F +a] =2* =

Therefore Conditions 2 and 3 from Proposition 4.3 do not hold and f(x) is not an

involution of Fs.

Now that we have a characterization of involutions f(z) of F, with more than

one fixed point, we can modify Algorithm 1 to generate all such involutions.
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Algorithm 2 Generate all involutions of the form xm(x% + a) with more than
one fixed point for a fixed q.
Require: ¢ is an odd power of a prime and « is a primitive element of [F,.

Input: ¢
Output: {(m,a)| f(x) is an involution of [F, with more than one fixed point}

1: forleto‘%ldo

2: if 22 =1 (mod %) then

3: for all m € {z,z+ %} and all « € F,* do

L if (a2 — 1) = (—1)™* and (a2 — 1)"*1 = (—1)"%7" then

5: if a+1=a"0"m or ¢ — 1 = 0= for some k; even and ks
odd then

6: print (m,a)

7: end if

8: end if

9: end for

10: end if

11: end for

Recall that Statement 3 of Theorem 3.13 tell us that the possible numbers of
fixed points are 1, g+1 and 2¢g+1 where g = ged(m—1, %) We use Theorem 4.19
to find more specific conditions for f(z) to be an involution of F, with exactly

g+ 1 and 2g + 1 fixed points.

Proposition 4.21. Let ¢ be odd, m be a positive integer, a be a primitive el-
ement of F, and g = ged (m — 1,%%). Then f(z) = xm(xq%l +a), a € FJ, is
an involution of I, with exactly 2¢g + 1 fixed points if and only if the following

conditions hold:
1. m*=1 (mod &),
2. a+1=am0"m and ¢ — 1 = o*0=) for some k; even and ks odd.

Proof. (=) By Theorem 4.19, Condition 1 holds, and a +1 = o= or ¢ — 1 =

a#2(=m) for some k; even and ky odd. Since f(z) has exactly 2¢g 4 1 fixed points,

36



then by Theorem 3.13, Condition 2 holds.

(<) Conversely, note that, by Lemma 4.17

qg—1

(a+1D)™[(a+1) 2 +a] =1,

and by Lemma 4.18

Therefore, by Proposition 4.3, f(x) is an involution. Lastly, Condition 2 implies
that f(z) has both square and non-square fixed points therefore it has 2g+ 1 fixed
points in total by Theorem 3.13.

O

Example 4.22. Let f(x) = 2*(2° + 3) € Fy1[z]. Then g = ged(—3,5) = 1. From
Example 3.12, we verify that 2 is a primitive element of Fy; and that f(z) has
2g + 1 fixed points. To know if f(z) is an involution with 2¢g + 1 fixed points,
we can verify the conditions on Proposition 4.21. Since m? = 4> = 1 (mod 5),

Condition 1 holds. Now, note that 1 —m = —3 and

a+1=4=2%=203 —260-m)  4nq

a—1=2=233) — 931-m)

Since 6 is even and 3 is odd, then Condition 2 holds. Then f(x) is an involution

with 2¢ 4+ 1 fixed points.

Also, note that involutions on lines 3,4,5,8,9 from Table 4.5.1 have both

square and non-square fixed points.

Proposition 4.23. Let ¢ be odd, m be a positive integer, o be a primitive element

of F, and g = ged (m —1,%%). Then f(z) = 2"z +a), a € F,*, is an
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involution of F, with exactly g 4+ 1 square fixed points if and only if the following

conditions hold:
1. m*=1 (mod &),

2. fla—1) = (~1)"+,

2(m2-1)

3. (a—1)"t = (=1) a1 |
4. a+1=a"0=m where k; is even,
5. a—14#a*0=") for all ky odd.

Proof. (=) Since f(z) is an involution, then Condition 1 holds. Since f(z) only
has square fixed points, then by Corollary 3.11, Conditions 4 and 5 hold. Also,
since f(z) has more than one fixed point, then by Proposition 3.16, n(a + 1) = 1.
Then, by Theorem 4.19,

(=)™ =nla+nla—1) =nla—1) = nla—1),

and Condition 2 holds. Also, since 1 — m? = %E for some ¢ € Z, then

2(m2-1)

(~)* 5 = (a4 ™ (- 1

kl(lfm))m+1 (a . 1)m+1

= («
= (") (a — 1)+
= (") (e — 1"+
= (a—1)mH!

)

and Condition 3 holds.

(<) Conversely, by Lemma 4.17, Conditions 1 and 4 imply

(a+1)"[(a+1)"T +a] =1.
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Similarly, Conditions 2 and 3 imply

(a—D"[(~1)"(a— 1T +d = (a—1)"[(~1)"(a—1)"T +a

= (a —1)™*!

2(m2-1)

= (1)

Therefore, by Proposition 4.3, f(x) is an involution. Conditions 4 and 5 imply
that f(x) has exactly g + 1 square fixed points by Corollary 3.11.
m

Note that involutions on line 3,4 and 8 from Table 4.7.1 and involution on line

2 from Table 4.5.1 have exactly g + 1 square fixed points.

Proposition 4.24. Let ¢ be odd, m be a positive integer, o be a primitive element
of F, and g = ged (m —1,%+). Then f(z) = xm(x% +a), a € FJ, is an
involution of F, with g non-square fixed points and no non-zero square fixed points

if and only if the following conditions hold:
1. m*=1 (mod ),
2. n(a+1)=1,
3. (a+ 1)t =1,
4. a+1+# om0~ for all k; even,
5. a—1= a0 where k, is odd.

Proof. (=) Since f(z) is an involution with more than one fixed point, then
Conditions 1 and 2 hold by Proposition 4.3 and Proposition 3.16 respectively.

Now, also by Proposition 4.3,

l=(a+1)"(a+1)% +a] = (a+ )"l +a] = (a+ 1),
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and Condition 3 holds. Lastly, since f(x) has g non-square fixed points and no
non-zero square fixed points, then Conditions 4 and 5 hold by Corollary 3.11.

(<) Conversely, Conditions 2 and 3 imply

q—1

(a+1D)"(a+1)2 +a]=(a+1)"" =1

Similarly, note that, by Lemma 4.18, Conditions 1 and 4 imply

-1 2(m2-1)

(@a—=1D)"[(=1)"(a=1)= +a] = (=1) 7
Therefore, by Proposition 4.3, f(z) is an involution. By Corollary 3.11, Conditions

4 and 5 imply that f(z) has g non-square fixed points and no non-zero square fixed

points.

]

Note that involutions on lines 5,6 and 7 from Table 4.7.1 and involutions on

lines 6,7 and 10 from Table 4.5.1 have exactly g non-square fixed points.

4.3 Explicit Formulas for m

The monomial ™ is an involution of F, if and only if m?* = 1 (mod ¢ —1). In
2], explicit formulas to construct all such m’s with a prescribed number of fixed

points are given.

Theorem 4.25 ([2], Theorem 2.5). Let q—1 = 2°pS'pS2 - - per, d = 2/ piipl2 - - plr,
f<e, l; €{0,es}, and o be a primitive element of F,. The monomial 2™ is an

involution of F, with exactly d + 1 fixed points if and only if m = (%) kE—1
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(mod g — 1) where

( . #(d)—1
2(—q 1) iff=e>0,
d
#(d)—1
qg—1 d ,
k= — — —e—1>
<2d> —1—2 if f=e—12>1,
g—1 o(3)-1
<W) +7f,7f€{0, } if f=1,e>3,
\

1s reduced modulo d and ¢ is the Fuler function. Moreover, these are all the
involutions of F, given by monomials and the fized points have the form 0,7,
q—1

where j ==, 1=1,...,d.

Let us see first a simple example where Theorem 4.25 can be used to construct

an involution with a prescribed number of fixed points.

Example 4.26. Let ¢ = 13. Then ¢ — 1 = 12 = 22.3, and e = 2. We can
construct an m such that 2™ is an involution of F;3 with d non-zero fixed points
where d € {2', 2% 2'.3,22.3}. For this example, we construct all monomial
involutions of Fy3 with d = 2 non-zero fixed points. Now, since f =e —1 =1,

#(d)—1 #(2)—1
q—1 d (12 .
=\ 57 5=\ 1= 1=2= 2).
k(Qd) —1—2 (4 + 37+ 0 (mod 2)

We can now calculate m,

-1 12
mz(%)k—lz(;) 0—1=-1=11 (mod 12).

This gives us the involution 2!! of F;5 that has exactly 3 fixed points.

Note that 0 is always a fixed point. To calculate the two other fixed points of
! we need to find a primitive element of Fi5. From Example 2.7, we know that
2 is a primitive element of F13. Theorem 4.25 says that the non-zero fixed points
are o where j = (%) ¢ =6/ for / = 1,2. Hence, the non-zero fixed points of

the involution z'! of Fy3 are 0, 26 = 12, and 2!2 = 1.
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Theorem 4.25 lets us do more than construct an involution with d + 1 fixed
points for a fixed ¢; it also tells us that there are at most four involutions with the
same number of non-zero fixed points. In the next example, we use Theorem 4.25

to know how many involutions there are that have exactly 3 fixed points.
Example 4.27. Let ¢ — 1 = 2°p{'p3? - - - p& and d = 2, that is f = 1»(d) = 1. We
use Theorem 4.25 to construct all involutions with d = 2.

Suppose e = 1, then

()

i)
o || Q.
—_

q—2 ife=1,2

~3
qT,q—Z if e > 3.

m =
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Theorem 4.25 tells us that there are at most two monomial involutions of F, with

d+ 1 = 3 fixed points.

In this section we show a similar approach with the goal of constructing all
possible m’s for f(x) = xm(xq%l +a) to be an involution with a prescribed number
of fixed points. Note that for monomials, m is of the form (') k—1 (mod ¢ — 1).
We want to know if there is a similar relationship between m and the number of
non-zero fixed points for involutions f(x) of F,. Also note that for monomials, 0
and 1 are always fixed. This implies that for monomial involutions, the number
of non-zero fixed points d is always greater than or equal to 1. Yet this is not
true for involutions f(z) of F,. This is important since, for monomials, d is the
number of non-zero fixed points. What this means for f(z) is that m can only
have a similar form to those of the monomial involutions if it has at least two
non-zero fixed points—by Proposition 4.15, the number of non-zero fixed points
of involutions f(z) is always even. Since our approach was to expand the work
done on monomial involutions in [2] to involutions f(z) of F,, then we focused on
finding formulas for m such that f(x) is an involution with more than one fixed
point.

We used Algorithm 2 to generate all involutions up to ¢ < 1399 and partitioned
them by the number of non-zero fixed points. Then we used the same approach
as Pacheco-Tallaj in [10] and graphed m as a function of ¢ for a fixed number of

fixed points.
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Figure 4.27.1: Graphs(a) and (b) show m as a function of ¢ where f(z) =

xm(az%l + a) is an involution with 3 and 5 fixed points, respectively, for some

aclF,”.
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Figure 4.27.2: Graphs (c) and (d) show m as a function of ¢ where f(z) =
xm(x%l + a) is an involution with 7 and 9 fixed points, respectively, for some

aclF,

These graphs show that indeed, for each number of fixed points, there is a
linear relationship between the exponent m and the size of the field ¢q. In fact,
they tell us more than that. Note that Graph (a) in Figure 4.27.1 has exactly
two lines with seemingly no gaps. This implies that for a fixed ¢, there are at
most two involutions with exactly 3 fixed points. Similarly, there are at most four
involutions with 5 fixed points. From Graphs (a) and (b) one could conjecture
that the maximum number of involutions for a fixed ¢ is one less than the number

of fixed points. But, in Figure 4.27.2, Graph (c) shows that there are at most
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four involutions with 7 fixed points, not six. Graph (d) is similar in that it has 6
lines, but we are graphing involutions that have exactly 9 fixed points. One of the
questions we will answer in Section 4.3 is what an upper bound on the number of
m’s that produce involutions for a fixed q is.

Another observation from Figures 4.27.1 and 4.27.2 is that there are gaps in
some lines. Although Graph (a) seemingly has no gaps, Graphs (c) and (d) have
many. Here it is easier to see what we mean by an upper bound on the number of
involutions. Looking at Graph (c), for example, there is an odd power of a prime
near 800 that has only two involutions with exactly 7 fixed points. These gaps
may be due to the fact that involutions f(x) and their fixed points depend on a.
Hence, as we mentioned in Section 4.1, some m’s might be solutions of z? = 1
(mod q;zl), but there might not exist an a that satisfies the conditions necessary
for f(x) to be an involution. Later in this section we will see that these gaps also
happen because the maximum number of involutions for a fixed ¢ is related to its
2-valuation.

Going back to our initial observation from Figures 4.27.1 and 4.27.2, since m
and ¢ have a linear relationship, we would like to know what the slopes of the lines
are on each graph. To study their form more closely, in the following example we
make a table with the values of m for ¢ < 53 where f(z) is an involution with

exactly 5 fixed points.

Example 4.28. We use Algorithm 2 and Theorem 3.13 to find involutions for
g < 53 that have exactly 5 fixed points and we list all such involutions in the table
below. Since we are interested in the relationship between ¢ and m we do not list

a.
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g |m = (1) k-1 a|m = () k-1
13 5 = (8)2-1 19 = () 2-1
3= (P 1-1 41129 = (4) 3-1
LT () 2-1 39 = () 4-1
11 = (&) 3-1 11 = (&) 1-1
15 = (§)4-1 0| B = (£)2-1
o5 | 11 = () 2-1 3% = (§)3-1
23 = (3)4-1 47 = (B)4-1
o | 13 = (2)2-1 | 2= (32) 2—-1
21 = () 4-1 51 = (2)4-1
37|17 = () 2-1

Table 4.28.1: All values of ¢ < 53 and m such that f(z) = 2™(z"T + a) is
an involution with 5 fixed points for some a € F,*. Note that m is written as

(‘%1) k —1, where k € {1,2,3,4}

From Graph (b) in Figure 4.27.1 it is clear that there are at most 4 possible
m’s for involutions with 5 fixed points for ¢ < 1399. However, there are also cases
where a fixed ¢ does not generate four, three, two or even one m. Note that in
Table 4.28.1: 13 has one m, 25 has two, 41 has three, and 49 has four. But there
are also powers of primes that are not listed here and are in the range 3 < ¢ < 53,
such as 19, that is, F19 does not have involutions with exactly 5 fixed points. These

are the gaps that we see on the lines on Graph (b).

From Table 4.28.1, note that there are four possibilities for k: 1,2,3 and 4.
We are interested in knowing if these k’s correspond to the slopes of the lines
on Graph (b) of Figure 4.27.1. The colors the following graph in Figure 4.28.1

represent the values of k € {1,2,3,4}.

46



Involutions with 5 fixed points

1400 - o1 &
(]
o k=2 " 4
1200 - k=3 ./
e k=4 ' d
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800 /.
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600 - / ‘DOMG’
-
400 A
/'/
200 - “’.’w
N é

6 260 460 660 Btl)O lDIOO l2b0 l4b0
size of field q

exponent m

Figure 4.28.1: Graph of m as a function of ¢ where f(x) = zm($q;2l + a) is an
involution of F, with 5 fixed points for ¢ < 1399 and some a € F,*. We color each

involution by k € {1,2,3,4} where m = () k — 1 (mod ¢ — 1).

Table 4.28.1 tells us that m = (22) k — 1 (mod ¢ — 1) where 4 is the number
of non-zero fixed points and k € Z. Figure 4.28.1 suggests that writing m in this
way is beneficial since each value of k£ corresponds to a different involution for a
fixed ¢. Then by knowing the possible values of k£, we can determine the maximum
possible number of involutions for a fixed ¢. In the following figure we illustrate

that the same is true for involutions with exactly 3, 7, and 9 fixed points.
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Involutions with 3 fixed points Involutions with 7 fixed points
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Involutions with 9 fixed points
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(c)
Figure 4.28.2: Graphs (a), (b), and (c) display m as a function of ¢, where f(z) =
xm(a:%l + a) is an involution of F, with 3, 7, and 9 fixed points respectively, for
¢ <1399 and some a € F,". We color each involution by k& where m = (%) k—1

(mod g — 1) and d is the number of non-zero fixed points.

Note that for involutions with 7 and 9 fixed points the values of k£ are not
always consecutive as in the case of 5 fixed points.

After generating all involutions for ¢ < 1399, we noted that, similar to mono-

q—1

< ) k—1 (mod g—1) where d is the number of non-zero fixed points

mials, m = (

and k corresponds to the slopes of the lines illustrated in Figures 4.28.1 and 4.28.2.

The goal for this section is to prove that m = (‘%1) k—1 (mod g —1) is

necessary and sufficient for m? = (mod qT) We start by proving that m =
=1

(q;l) k—1 (mod ¢ — 1) is sufficient for m?

v (mod ) then we find explicit

formulas for k. After this, we show that m = (1) k — 1 (mod ¢ — 1) is also
necessary for m? = 1 (mod q;21) by using a counting argument.

It is important to note that the results in this section are not tied to the number
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of fixed points, this is done in Section 4.4. In this section, d is a divisor of ¢ — 1.

Lemma 4.29. If d | (g — 1), m =1 (mod ¢) and m = (1) k — 1 (mod ¢ — 1)

for some k € Z, then m?> =1 (mod %1).

Proof. Note that m +1 = (22) k (mod %1). Also, m —1 =0 (mod %) if and

only if m —1= (%l) (¢ for some ¢ € Z. Therefore,

m2—1:(m+1)(m—1)5<%>k(g) E(%)IMEO <mod %)

Lemma 4.30 provides the first formula for m and Lemma 4.31 provides us with

the second formula for m.

Lemma 4.30. Let ¢ — 1 = 2°p{'p5* - - - p&r, and d = 2f pliphz .. plr e > 1, where
fe{le} and (, € {0,e,}. f m= (L) k—1 (mod ¢ — 1) where

i () e o),

then m? =1 (mod %*) and ¢ | (m — 1).

d
2

Proof. By Lemma 4.29, it is sufficient to prove that m =1 (rnod g) Note that

() () P

Since ged(4, 42) = 1, then by Euler’s Theorem,
2

e () e (5 cimamiet (o ),
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Lemma 4.31. Let ¢ — 1 = 2°p9'p2 - - - p¢r, and d = 2/p%'p%2 - .- pr, where e > 3,

fe{2,e—1}and (; € {0,e,}. f m= () k— 1 (mod g — 1) where

is reduced modulo d, then m?> =1 (mod %*) and ¢ | (m — 1).

Proof. By Lemma 4.29, it is sufficient to show that m =1 (mod g) Let k; =

(q;l)as(%)—l +(j — 1) (2) for j = 1,2,3,4. Note that

(s () ) e o-n )

Also note that ged (%, %) = 1, then by Euler’s Theorem,

m52+(j—1)(q%1)—151 (mod%),

d ‘%1. Lastly, since ¢ ‘ %l, then m =1 (mod g)

since 1 1

O

Now that we have proved that the formulas for m and k are sufficient for m
to be a solution of 2% = 1 (mod %), we start a counting argument that helps us
prove that the formulas are also necessary. More specifically, we use this counting
to prove that these constructions are all the possibilities for m since they account
for all the solutions of m? = (mod q;21) that produce distinct involutions.

As we mentioned in Section 4.1, the m’s that produce distinct involutions
with more than one fixed point are solutions m of 2> = 1 (mod q;21) that are
in the range 1 < m < ¢ — 1. We also talked about how, for every m in range
1<m< q;—l that is a solutions of 22 = 1 (mod %), m + q;21 is also a solution
of 22 =1 (mod %) and q;zl <m-+ (1;_1 < q— 1. This implies that the number of

distinct m’s that produce involutions f(z) of F, with more than one fixed point
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is twice the amount of the incongruent solutions of 22 = 1 (mod %*). Since
Corollary 2.29 tells us the number of solutions of z? = 1 (mod q;—l), then the

number of m’s that produce involutions with more than one fixed point is

(

2+ ife—1,2,
22 if e =3,

2r+3 if e > 4,

\

We have proved the following proposition.

Proposition 4.32. Let ¢ be odd and m be a positive integer. Then the number
of m’s that are solutions of 2> = 1 (mod %*) and are incongruent modulo ¢ — 1
is )

2+l ife=1,2,

r+2 if e =3,

23 if e > 4.

\

Moreover, this is the maximum number of m’s that produce distinct involutions

of f(z) =a™(z"T +a) of F,, where a € F,".

We now count the number of distinct m’s that we can construct using Lem-
mas 4.30 and 4.31. We claim that this number is the same as the number of
possible m’s that produce distinct involutions with more than one fixed point.

Before we start counting, consider the following example.

Example 4.33. Let ¢ = 97. Then ¢ — 1 = 2° - 3. Using Lemmas 4.30 and 4.31,

we can construct the following m'’s.
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m
fld = o ¢ 7 =
2l 05 4T |y
6 31 79 )
12 65 17 s
96 1 49 s
S B 23 4T 11 9515
12 31 55 79 7 |
g0 17 41 65 89 |«
48 1 25 49 73|

Table 4.33.1: Values of m constructed using Lemmas 4.30 and 4.31.

Note that there are repetitions for some values of d. For example, when d = 2,
using Lemma 4.30 with ¢t = 0, and when d = 4 using Lemma 4.31 with ¢ = %d,
m = 95. Also note that for each m that is repeated, the values of d that generate

them are multiples of each other.

4.3.1 Formulas for Solutions m to 22 = 1 (mod %) of the

Form m = (“4) k — 1 (mod ¢ — 1)

Note that in Lemma 4.30, for a fixed f = 14(d), two formulas for m are given
and, when you subtract them, the difference is the term (q%dl) (g) = %. Since
mZEm+ % (mod g — 1), these m’s produce distinct involutions by Lemma 4.4.
Similarly, in Lemma 4.31, for a fixed ¢ and f, the difference between the formulas
for m are multiples of % that are strictly less than ¢ — 1, therefore they are
incongruent modulo ¢ — 1.

Let g — 1= 2°p7'ps? - - per, d; = 20ip'p3 - - - plr, where €, € {0, 5}, and m;; =
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(qd;il) kj —1 (mod ¢ — 1), where

d

o(3)-1

qg—1 2 ) d; —

2( di) +(]—1)(2) fori,j=1,2,
d

kj:

d

qg—1 d)(f)il . i . .
5 +(G -1 — fori=3,4and j =1,2,3,4,

and fi =1, fo = e, f3 =2, f1 = e —1. We use the notation m,; for the counting
argument which we divide by cases for e = 15(q — 1).

Note that we can simplify m;;. For ¢,7 = 1,2, we have

iy = (q;il) [2 (q;i1)¢(‘§)—1+(j_ ) (%)] 1 medgo )

=2 (1) oo (5Y) -1 meaae

x Casee=1

Note that, from Lemmas 4.30 and 4.31, the only option for f = w5(d) is in
Lemma 4.30 with f =1 = e. Then for a fixed d with f = 1, we can construct two
distinct m’s. To count how many d’s we can choose with f = 1, note that d has a
special form where for each odd prime p that divides d, v,(d) = v,(q¢ — 1). Since
g — 1 has r distinct odd prime divisors, then there are 2" possibilities for d, each

of which give 2 distinct m’s, then there are 2 - 2" = 2"+! distinct m’s when e = 1.
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x Case e = 2

Lemma 4.30 states that we have two ways to choose v5(d): f=1or f=e=2.
We will prove in Proposition 4.35 that v5(dy) = fi = 1 and dy = 2d;, that is

vo(dy) = fo = 2, give the same two values of m’s modulo ¢ — 1.

Lemma 4.34. Let a = b (mod n). If vy(a —b) = vy(n) + s, then a = b+ 2°n
(mod 2°T1n).

Proof. For some k € Z, we have nk = a — b. Then vs(a — b) = vy(nk) = va(n) +
vo(k), by Proposition 2.22. By hypothesis, (k) = s, then k = 25(2¢t + 1), for

some t € Z. Therefore,

a—b=n2°2t +1)=2"""nt + 2°n <= a=0+2° (mod 2°"'n).

Let dy = 2p'p% - - - p%r and dy = 2294 p%2 - - p'r. Then

251

_ 1\ *(F) 1\ (%) —1
m11:2<q > —1 and m22:2(q > —|—q——1.

We claim that mi; = mgy (mod ¢ — 1). Note that this also implies that mis = mg;

(mod ¢ — 1), since m11+— = myy (mod ¢—1) and m22+q;21 = ms9; (mod ¢g—1).

—plr and dy = 2d;,

T

Proposition 4.35. Let ¢—1 = 22p{tps? -+ - per, dy = 2p1 p

where (5 € {0,e5}. Then my; = mgs (mod g — 1) where

d 2

1\ *(F) 1\ ¢(3) —1
m11=2(qd1 ) —1 and m22:2<qd2 > +qT_1'

U

#(%)

Proof. Consider my; = 2 (%) ( — 1. We claim that m;; = mg; (mod %).

o4
Since 2 (%) = qd—, we can write mq; = 21+¢(71) (%) () — 1. Then
my = —1=my ( od qd—) Now, note that d, = 71 = %2. Since ged (2, %1) =
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1, then ¢(d1) = ¢(2)¢ (L) = ¢ (%) by Proposition 2.20. But ¢(2) = 1, there-
fore, ¢ (% = ¢(d2) and mo; = 2 <qd;21)¢(d21) — 1. Since ged (qd;l,?l> = 1 and

L 1, then, by Euler’s Theorem, mi; = 1 = my; (mod 31) Now, by
Theorem 2.26, my; is congruent to mso; modulo the least common multiple of %

and %, that is m;; = mo (mod ) Note that

(s — ) = v (2 [(q;l1> (%) (q;;) (5)]) .

q—1
4

since £ is even and £ is odd. But vy (

o ) = 0, therefore 1 = vy(my3 —may) =

Vs (q%‘tl) + 1 and, by Lemma 4.34, m; = ma; + 2 (q%) (mod 22 (q;;)) That is,
mip = moe (mod g — 1).

]

Using Lemma 4.30 to construct m, although we have two options for the 2-
valuation f of d, Proposition 4.35 tells us that we can only construct two distinct
m’s. Similar to the case e = 1, when e = 2, the number of possible d’s that we
can choose in this way are 2" and since for each d we can construct 2 distinct m’s,

then there are a total of 2-2" = 2"+ m’s that are solutions to 2 = 1 (mod Q;Ql)

x Case e =3

Using Lemma 4.30, again we have two ways to choose d: f =1or f =e = 3. Let
dy = 2p1 p2 coplrand dy = 23p1 p2 ---plr. We claim that my; # maj for j # j'.
It is sufficient to prove that my; # mo; (mod ¢ — 1), j € {1,2}. For j € {1,2},

let

=2 (S o () o (150

Note that
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since % and £ are even and % is odd. But v(q — 1) = 3, therefore (¢ — 1) ¢
(ma1 — mg;), that is, myy # mg; (mod ¢ — 1), for j = 1,2. Therefore when e = 3,
all m’s constructed with pairs dy, dy = 22dy, f; = v»(d;) = 1 are distinct.

These are not the only m’s we can construct with e = 3, we can also use

Lemma 4.31 and choose d with f = e —1 = 2. Let ds = 22p'p%2 - - - p’r. Note that

- <q;31> [2 (q2;31>¢(‘?)—1] L, <q2;31>¢(‘?) .

We claim that m’s constructed with ds are the same as those constructed with d;

and dy. First we prove that ms; = mg; (mod ¢ — 1) or mg; = may (mod g — 1).

Proposition 4.36. Let ¢—1 = 23p5p3 - - - per, ds = 22" p2 - pbr and dy = 2d3,

where ¢, € {0,e5}. Then mz; = mg; (mod ¢ — 1) or mz; = m21+% (mod ¢ — 1)

where
N o(F) - L(1-1 (%) '
ms; = 2d3 — an mo1 = d2 — 1.
Proof. Since % = %, then ms; = mo; (mod %). Note that % =d3s=4- %3.

Since ged (4 d—3) = 1, then by Proposition 2.20, gb(d2—2) = ¢(4)¢ (d3). Now,

26( %
since ¢p(4) = 2 and dy = 2d3, we can write mg = 2 <E> (%) — 1. Since

2d3
ged (%,%) = 1, this implies that m3; = —1 = my; (mod %). Then, by
Theorem 2.26, ms; = ma (mod %1) since lem <%,%> = %. Note that

Vo (q;sl) = 0 and, in Lemma 4.34,

s = Vz(m31 - m21)

o1t ¢’(%3)_ -1\ 2(%)
2( [(de%) (zdg) ])
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since T is odd. Then by Lemma 4.34, ms; = mo; + 2° (q 1) (mod 25+l (%)),
for s > 2. If s = va(ma3; —ma1) = 2, then mg; = moy + q% (mod g —1). If s > 2,
then ms; = mo; (mod ¢ — 1).

]

We have just proved that ms; = mo; (mod ¢ — 1) or m3; = magy (mod ¢ — 1).
This implies that ms3 = ms; + q;21 = mgy (mod ¢ — 1) or mg3 = mg; (mod g — 1)
respectively.

Note that ms; + % = mgy (mod ¢ —1). Now we claim that mg, = mq;

(mod g — 1) or mgy = my2 (mod g — 1).

Proposition 4.37. Let ¢ — 1 = 2°p§'ps? - - - per, dy = 2%p'py? - - - pl and d; = %,
where £, € {0, e5}. Then mgs = my; (mod g — 1) or mgs = my+ %4+ (mod ¢ — 1)
where

d3

o(%) -1 . 1 ) q—1 (%) .
mszo — <2d3> +T— al mi1 = (dl) — 1.

L
|
—_

Proof. Since 2 (%) = %, we can write mq; = 22”5(%1) (ﬁ)qs(dzl) — 1. Also,
note that % <%> (d23) hence msy = 2 <‘§T;>¢(‘?) + (%) (%) — 1. This im-
plies that mgzy, = —1 = mq, (mod %). Now, since %3 = dQ—l, gb(%) = (;5(%1)
and my; = 2 <%>¢(?) — 1. Also, % = (%) (%), hence we can write
Mgo = 2 (%)(ﬁ(?) n <q;31) (df) — 1. Since ged (qd—l df) = 1, this implies that

d
@). Since lem <q;1 d3> =L g = mp (mod ) by

Mmzs = 1= mi1 (mod 2ds 0 4

Theorem 2.26.
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Lastly, note that vy (%1) = 0 and, in Lemma 4.34,

since ‘%31 and % are odd and qd;ll is even. Then, by Lemma 4.34, mgzs = mq1 +
28 (q%sl) (mod 25+l (%)), for s > 2. If s = vo(m—m’) = 2, then mgy = mH—I—q;—l
(mod g — 1). If s > 2, then mgy = my; (mod ¢ —1).

O

We have proved that when e = 3, mg3s = my; (mod g — 1) or mgy = mys
(mod g — 1). Note that this implies that ms, is also congruent to either myy or
my; modulo ¢ — 1, since msy = mas + % (mod g — 1).

Now, to recap, when e = 3, for a fixed odd prime product of d, choosing f =1
or f = e = 3 produces four distinct values for m: two with f = 1 and two with
f = 3. However, choosing f = e — 1 = 2 produces the same four m’s as those
produced with f =1 and f = 3.

Similar to the previous cases, there are 2" ways of constructing the odd prime
products for d, and, for each, there are four distinct values of m produced by the
possible values of f. Therefore, there are a total of 22 - 2" = 2"+2 solutions m of

22 =1 (mod L1).

* Case ¢ > 4

We have various ways to construct m. We can use Lemma 4.30 and construct d
with f =1 or f = e, and we can use Lemma 4.31 and construct d with f =2 or

f=e—1

o8



Let di = 2p\'pi - plr, dy = 2°p7'py* - -plr, dy = 2°p\'pi---plr and dy =

2 Ip{pl - plr.

Similar to the previous cases, we focus on building m’s for a fixed d;, such that
2¢71d, = 2°72d3 = 2d, = dy to count the incongruent m’s modulo ¢ — 1, and then
we count how many d’s we can construct in this way.

First we prove that d; and dy produce distinct m’s. It is sufficient to prove
that mq; # mg; (mod ¢ —1) for j =1,2.

Note that

since qd;ll and L1 are even and % is odd. But v5(q — 1) = e > 1, therefore
(g — 1) 1 (myy — my;) for j = 1,2. We have proved that m’s constructed with
Lemma 4.30 are distinct when e > 4.

Now we claim that the m’s constructed with Lemma 4.31 are also distinct

when e > 4. Recall that ds = 22p{'p5 - - - p& and dy = 27 1p'p% - - - p’r. Note that

for j =1,2,3,4

since % and % are even and % is odd. Therefore ms; # my; (mod g — 1) for
j=1,2,3,4.

We now need to check if there are repeated m’s between those constructed
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with Lemma 4.30 and those constructed with Lemma 4.31. Note that for a fixed
d, Lemma 4.30 provides two values for m and Lemma 4.31 provides four values
for m.
We start by constructing m using Lemma 4.30 with d; and using Lemma 4.31
with ds. We claim that my; = m3; (mod ¢ — 1) for some j = 1,2,3,4. Note that
1

this implies that mis = mg; + 5= = my(j2) (mod ¢ — 1).

Proposition 4.38. Let ¢ — 1 = 2°p{'p3*---pir,e > 4, dy = 2piiphz .. -pf and
ds = 2d;, where (5 € {0,e5}. Then my; = mg; (mod ¢ — 1) for some j =1,2,3,4,

where

U

d,

o =2 () 21w =2 (1) oy (152)

1 G
Proof. Since 22 <ﬂ) = %, we can write mqy; = 21+2¢<d7) <E> () — 1. This

2ds 2ds
implies that my; = —1 = my; (mod &) since &2 | &1, Now note & = &
1= = 143y 2d3 2d3 4 2 4
b — H (B i =1 ds) ds | =1 =1= ,
hence¢(2)—q5(4)and,smcegcd<d1,4>—land4 T M =1 =mg;

m
(mod %). Then by Theorem 2.26, mi; = ma; (mod %) since lem (%;317 Cff) =

%. But 1, (%) = e — 3 and, in Lemma 4.34,

e — 3+ s = vy(my; — ms;)

d d

o <21+2¢<21> (1 1)“43) (1 1>¢<f>>
— 1, (2 <Q2;31>¢(‘Z3) [2%(%) - 1} —(—1) (%))

since qz%dsl is even. Then by Lemma 4.34, my; = mg; + 2° (%) (mod 2+ (%1))

for s > 1. Now, if s = 1, my; = mgj—l—‘%l (mod %) and if s > 1, m; =

mg; (mod 43+). Similarly, if mi; = ma; + &1 (mod %51), then, in Lemma 4.34,
s > —1 and either m;; = ms; + % + q;—l = M3(j+3) (mod ¢ — 1) or my; =

mz; + S = my(1) (mod ¢ — 1). Lastly, if my; = mg; (mod %51), then either
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mi1 = my; + 45 = my(j4e) (mod ¢ — 1) or my; = my; (mod ¢ — 1). Both cases
imply that my; = ms; (mod ¢ — 1) for some j € {1,2,3,4}.
[l

Now we construct m using Lemma 4.30 with ds and using Lemma 4.31 with

dy. Recall that dy = 2°p%'p%2 - p% and dy = 2¢7'ppl2 ... plr. We claim that

mao1 = my; (mod ¢ — 1) for some j = 1,2,3,4. Note that this implies that mey =

ma; + 55 = my(jze) (mod ¢ — 1).

Proposition 4.39. Let ¢ — 1 = 2°p{'p5*---pir,e > 4, dy = 2epliiphe . --plr and

dy = d—;, where ¢, € {0,e,}. Then mgo; = my; (mod ¢ — 1) for some j = 1,2,3,4,

where
%) o)
qg—1 2 qg—1 . ) q—1
Moy ( 7 ) and  my; ( 2, ) + (J )( 1
Proof. Note that % = %, therefore mo; = —1 = my; (mod %) since
% 1 Now note that 2 = 2¢7!(2) and, since ged (2°71,£2) = 1, then

¢ (£2) = ¢(2° )¢ (£) by Proposition 2.20. Similarly, ¢ (%) = ¢(2°73)¢ (5Z).
By Proposition 2.19, ¢(2¢7!) = 272 and ¢(2°7%) = 2°7*. But 2 = 5%, therefore

2¢
4( %
) (4) — 1. This implies that

26 (%) = 6(%). Now we have may — 2 (%2

mo1 = 1 = my; (mod %) since %

E and ged (qT, f) = 1. Theorem 2.26
implies that mg; = my; (mod E) since lem <2d , 4)
Suppose e > 4, 1y ( ) > 1 and, in Lemma 4.34,

-1
V3 (%) + 5 = (Mo — My,)
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since % is odd and % is even. Then mg; = my; + 2° (%) (mod 2571 (%))

for s > 1. If s = 1, then mo; = my; + %1 (mod q;Ql), and if s > 1, then
Moy = my; + 2572 (%) (mod g — 1). Note that mg; + 2572 (%) is of the form
Myj.

q—1

If mg; = my; + 4~ (mod q;—l), using Lemma 4.34 again, then mq; = my; +

1+ 29 (%) (mod g — 1) for s > 0. But my; + &1 4 2° (52) is again of the
form my;.

]

To recap the case e > 4, we have that each d; and d3 produce four distinct m’s
since the two values of m produced by d; are two of the four values produced by d3,
this is proved in Proposition 4.38. Similarly, each dy and d4 produce four distinct
m’s since the two values of m produced by ds are two of the four values produced
by dy4, this is proved in Proposition 4.39. These are the only repetitions for this
case. Since there are 2" ways to construct the odd prime products for d, and for
each, there are 23 distinct values of m, then there are a total of 23 . 2" = 273
distinct m’s that are solutions of 22 = 1 (mod q;21) when e > 4.

Therefore, the number of m’s that can be constructed using Lemmas 4.30 and

4.31 is )
2rtl ife=1,2,
2rt2 if e = 3,
2rt3 if e > 4.

\

By Proposition 4.32, we know that this is exactly the same number of possible
m’s that are solutions to 2 = 1 (mod %) and produce distinct involutions f(z)

of IF,. Therefore, we have proved the following theorem.

Theorem 4.40. Let ¢ — 1 = 2°p{'p5*---p&, and d = 2 pliphz .. -p where 1 <

f <eandl, € {0,e,}. Then m? = (mod q;—l) if and only if m = (%) k—1
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(mod g — 1) where

1\ (91
2<Q> +t,te{0,g} if f=Tlor f=e

—\ o) d d 3d
(q_) +t,t€{0,1,§,gz} if f=2or f=e—1, and e > 3,

and ¢ is the Euler function.

By Proposition 4.3, we know that for all involutions of F, of the form f(z) =
xm(az%l +a), m* =1 (mod %1). Theorem 4.40 tells us that there are at most
six distinct values of m that produce involutions.

Now we show some examples on how to use Theorem 4.40.

Example 4.41. Let ¢ = 25. Then ¢ —1 = 23-3. For d = 6, we construct m using

Theorem 4.40. Since f = 1, then

24

6(3)-1
sz(E) +t, te{0,3}

= 2(4) + ¢

=8+ 1.

Therefore, k = 8 for t = 0 and k = 11 for t = 3. Now we substitute these values

to construct m and we get
m=|—](8)—1=7 (mod24) and

my = (E) (11) =1=19 (mod 24).

Example 4.42. In Example 4.41, we chose d = 6, but this is not the only option

for d. Now we list all possible m’s for ¢ = 25, note ¢ — 1 = 23 - 3.
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m

_ d d 3d

fld|jt= 0 %7 5 %
2 23 11 .
1L ]
6 7 19 )
S8 7 5 ;
24 1 13 .
, |4 5 11 17 23 |5
12 17 13 19

Table 4.42.1: All possibilities for m constructed with Theorem 4.40 with ¢ = 25.

Note that in lines 1, 3 and 5, we have repetitions. The m’s generated with
d = 2 and d = 8 are equal to the m’s generated with d = 4. We proved this in

Propositions 4.36 and 4.37. Lines 2, 4 and 6 are similar.

We can use Theorem 4.40 to construct all m’s for a fixed d.

Example 4.43. Let ¢ — 1 = 2°p{'p*---p", and d = 2. Then f = 1 and for

e > 1, by Theorem 4.40, we have

g— 1)W1
k:2<T) +t, te{0,1}.

Therefore, k =2+t for t € {0,1}. Now we substitute k to find m; and ms.

-1
mlz(qT)Z—lz—l (mod ¢ — 1) and

~1 _
my = (%)3—153612 > (mod ¢ — 1).

We can do a similar procedure as in Example 4.43 to produce all possible m’s
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for a fixed d:
1. Fix d.
2. If f =1, use Lemma 4.30 to construct m’s for e = 1, 2.
3. If f > 1, use Lemma 4.30 to construct m’s for e = f.
4. If f =2, use Lemma 4.31 to construct m’s for e > 3.

5. If f > 2, use Lemma 4.31 to construct m’s for e = f + 1.

Example 4.44. Let ¢ — 1 = 2°p]'p5* -+ - p& and d = 4. Then f = 2. Again we

use Theorem 4.40 to construct all possible m’s following the procedure described

above. We get

1)
2<T> +t, te€{0,2} ife=2,

k:

g 1)*0
(T) +t, t€{0,1,2,3} ife>3.

Substituting these values of k, we get the following m’s:

~3
q—Q,QT if e =2,

qg—o q—3 3q—7
4 7 4 7 4

,q—2 ife>3.

4.4 Main Results: Characterizations

of Invo-

lutions in Terms of the Number of Fixed

Points

The goal of this thesis is to give a characterization of involutions of I, of the form

flz) =a™ (ch%l +a) based on the size of the field ¢, and the number of fixed points.
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In Figures 4.28.1 and 4.28.2; we illustrate how, for involutions f(x) that have more
than one fixed point, the exponent m can be written as (%) k —1 modulo ¢ — 1
where d represents the number of non-zero fixed points. In Section 4.3, we prove
in Theorem 4.40 that for all such involutions, m = (1) k — 1 (mod ¢ — 1) and
provide formulas for k. However, an important observation from Theorem 4.40 is
that d is only a divisor of ¢ — 1, it is not necessarily the number of non-zero fixed
points of f(z). In this section, we start by determining the value of d in terms of
g =ged(m — 1, q;—l) Then we provide explicit formulas for obtaining involutions
of F, of the form f(z) with a prescribed number of fixed points.

The following lemma brings us closer to tying this divisor d and the number

of fixed points.

Lemma 4.45. If d | (¢—1), 4 | (m — 1) and m = (£}) k — 1 (mod ¢ — 1), for

some k € Z, then d = g or d = 2g, where g = ged (m— 1,(1;—1).

Proof. Since ¢ | (m — 1) and ¢ | 1, then ¢ | g. Therefore g = £ ki, for some

keN, 1= (g) k1h, for some h € Z, and

(3) == (5)m | ((5)5-2)

This implies that k; | 2, that is, g = % or g = (g) 2=d.

]

Recall from Section 3.2 that the possible numbers of non-zero fixed points
of f(z) are 0, g, and 2g. Since we are focusing on involutions f(x) that have
more than one fixed point, we first determine the conditions to have d = g and
d = 2g. Since Theorem 4.40 provides formulas for m depending on the value of
e =15(q—1) and f = 1(d), we will determine the value of d in terms of g for each
case of Theorem 4.40, shown in Table 4.45.1. After this, we will see that there are

various relations between d, ¢ and the number of fixed points.
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e i
>1 e
> 92 1
3 2
2
>4
e—1

Table 4.45.1: All distinct cases of Theorem 4.40 for constructing m’s such that

f(z) =a™ (x%l + a) is an involution of F, with more than one fixed point.

Proposition 4.46. Let ¢ — 1 = 2°p{'p5*>---pS, e > 1, and d = erflpg‘z cplr

where (; € {0,¢,}. If m= (Z2) k—1 (mod ¢ — 1), where

then m? =1 (mod 4*) and d = 2ged(m — 1, 51).

Proof. By Lemma 4.30, m* =1 (mod ).
Let g = ged(m — 1, %), and for i € {1,2}, let m; = (%) k; —1 (mod ¢ — 1)
da
where k; = 2 (%)d)(g)fl +(i—1)(4). If e = 1, then 15 (51) = 0 and 1»(g) = 0.

Suppose e > 2. Then, for some h € 7Z,

—24+(g—1)h

el () (2]
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Notethati/g((2) )>e—1>1andu2((q7) ) e—1>1.
1

If i =1, then va(my — 1) > e. Since vy (451) =€ — 1, then 1n(g) = e — 1.

Suppose now that ¢ = 2. Then we have two cases: e = 2 and e > 3. If

e = 2, then vy (q21) = 1 and vy(my — 1) = 1 since vy (%) = 0. This implies

that 15(g) = 1. If e > 3, then 1y (q;l) =e—2and rp(mg — 1) > e — 1. Since

1
vy (51) = e—1, then 1(g) = e — 1.
For all cases, we have that 15(g) = e — 1. Lemma 4.45 implies that d = 2g.

]

Proposition 4.47. Let ¢ — 1 = 2°p7'p5*---pS7, e > 2, and d = prlp?---pfr,

where £, € {0,e,}. If m = (1) k —1 (mod ¢ — 1), where

()1
qg—1 2 d
:2 —_—
k (d) +t,te{0,2},

then m? =1 (mod 1) and d = ged(m — 1, 451).

Proof. By Lemma 4.30, m®> =1 (mod 1).
Let g = ged(m 1) and, for i € {1,2}, m; = (&) k; — 1 (mod ¢ — 1)

— 1,
)1 + (i — 1) (). Then, for some h € Z,

vl

where k; = 2 (qT) g

Note that since e > 2 and f = 1, then 1 (%) =e—1>1and » ((‘1;—1) h) >
e—1>1.
If i = 1, then v5(my — 1) = 1 and 1»(g) = 1. Suppose now that i = 2. If e = 2,

then vy (1) = 0 and ve(my — 1) > 2. But 1y (E2) = 1, therefore v5(g) = 1. If
1 2
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e > 3, then 1, (%1) =e—2>1and vy(mg — 1) = 1. This implies that 1»(g) = 1.
For all cases, 15(g) = 1. Then, by Lemma 4.45, d = g.
]

Proposition 4.48. Let ¢ — 1 = 23p9p3 ---per, and d = 22pi'p2 - - pr where

ls€{0,e5}. fm= (%) k—1 (mod g — 1), where

then m? =1 (mod q;—l) and

q—1 ) d
d -1, — ft —
. gc (m , 2) i 6{0,2}
q—1 3d
m )

Proof. By Lemma 4.31, m®> =1 (mod 41).
Let g = ged(m — 1, ‘1;—1) and, for i € {1,2,3,4}, m; = (qT) k;—1 (mod ¢—1)
d —
where k; = (qz;dl)d)(Z) Yr—1) (4). Then, for some h € Z,

d
Note that (%)¢<4) —11is even and 15 ((qT) h) > 2.
If i =1, then vo(my — 1) > 2. If i = 3, then vy(msz —1) >2s1nce1/2( )—1

But 1, (1) = 2, therefore for both cases i € {1,3}, 15(g) = 2. This implies that
d = g by Lemma 4.45.

Suppose now that i € {2,4}. Then vy ((i — 1) (41)) = 0 and 15(g) = va(m; —
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1) = 1. Then by Lemma 4.45, d = 2g.
O

When e = 3 and f = 2, we see in Proposition 4.48 that the value of d also
depends on the value of t. This means that, although Theorem 4.40 with these
values of e and f provide four formulas for m, the value of d is not the same for
all four m’s. That is, we can not determine whether d = g or d = 2g only from
the values of e and f. We will see later that this is not the only case where this

happens.

Proposition 4.49. Let ¢ — 1 = 2°pS'p---per, e > 4, and d = 22p'1pf ... plr

T

where (; € {0,¢,}. If m= (Z2) k —1 (mod ¢ — 1), where

()
g1\ d d 3d
k_(Zd) +t’t€{0’4’2’4 !

then m? =1 (mod 4*) and d = 2ged(m — 1, 51).

Proof. By Lemma 4.31, m* =1 (mod ).
Let g = ged(m ,%) and, for i € {1,2,3,4}, m; = (%) k;—1 (mod ¢—1)

ay_
where k; = (q2d1)¢(4) g (i —1) (). Then, for some h € Z,

§
]

NotethatVQ(Qd)—e—3>1andyz(( 5 )h)>e—1>3
If i = 1, then vp(my — 1) = 1. If i # 1, then 1 ((i — 1) (2)) > e—3 > 1.

Therefore v5(m; — 1) = 1. For both cases, we have that 1»(g) = 1. Lemma 4.45
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implies that d = 2g.
O

To determine whether d = g or d = 2g when e > 4 and f = e — 1, we need
d
to consider again the value of ¢ and also of 2 = VQ((%)¢(4) —1). The following

lemma gives us bounds for the 2-valuation of m — 1 and €.

Lemma 4.50. Let ¢ — 1 = 2°p7'p5*---pfr, e > 4, and d = 2° 1p1p ...pfr

1)k —1 (mod g — 1), where k = (q;l)d)(%)_ +t,

where ¢, € {0,e,}. If m = (<= 2d

d
te {0,443 then vy(m—1) > e—2. Moreover, if ¢—1 = 2d, then vo(m—1) =

Y40 20

e —2,and, if ¢ — 1 # 2d, then Q > e — 3 where Q = 7/2(((]71)(#(2) —1).

2d

Proof. Let 1 =1,2,3,4. Then, for some h € Z,

= () [) e ()

-2+ (g—1)h

Suppose that g—1 = 2d. Then & =1 and m—1 = 2 [(z -1) (%) + (‘I;Ql) h].

Since 15 (1) = e — 3 and Vg(%) =e—1,theny(m—1)=1+e—3=e—2.
Suppose now that ¢—1 # 2d. Since gcd(%, 4) = 1, then, by Euler’s Theorem,

(q2;d1)¢(§) =1 (mod §). That is, (%)¢(%) —1 = (4) s for some s € Z. Therefore,

e[ (5) (5"
(e (t5) ()]

This implies that v5(m — 1) > e — 2, by Proposition 2.22.
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[y

Lastly, since (q2;)¢(

From the bound of €2, given by Lemma 4.50, we know that we cover all of the

possibilities for d in Proposition 4.51.

Proposition 4.51. Let ¢ —1 =2°p7'p5* - - pSr, e > 4, d = 26_1pf1p§2 .- pbr where
d
ls € {0,e5}, and Q2 = 1/2< (q2;d1)¢(4) — 1). Ifm= (%) k—1 (mod g — 1), where

d
k= (%)qﬁ(%)il + ¢ and

d
1. te {0,5}, then

-1
g ifQ>e—3ord:q—,
d= 2

2g iftQ=e—3,

g ifQ=e—3,

-1
2g ifQ>e—3ord:qT,

for g = ged(m — 1, %5%). Moreover, m* = 1 (mod 7).

a)_
Proof. By Lemma4.31, m? =1 (mod %1). Leti=1,2,3,4and k = (QQ;dl)d)(Z) Ly

(1—1) (¢). By Lemma 4.50, vo(m —1) > e — 2. Note that by Euler’s Theorem, we

d
can write (q2;d1)¢(4) —1= (1—1) s, for some s € Z. This implies that we can write

() ()]

for some h € 7Z, as we did in the proof of Lemma 4.50.
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Let ¢t € {0,2}. Then i € {1,3} and (i — 1) (%}) is even.

If Q@ =e— 3, then s is odd and vo(m — 1) = e — 2. Therefore, 15(g) = e — 2
and, by Lemma 4.45, d = 2g. If Q > e — 3, then s is even and v5(m — 1) > e — 2.
Similarly, if d = %, then s = 0 and v(m — 1) > e — 2. Therefore, if Q@ > e —3
ord= qg—l, then vo(m — 1) > e — 2 and, since vy (q;Ql) =e—1,15(g9) =e—1and
d = g by Lemma 4.45.

Let t € {4,221 Then i € {2,4} and (i — 1) (%) is odd.

47 4 2d

If Q = e —3, then s is odd and va(m — 1) > e — 2. Since v (4F) = e — 1, then

v5(g) = e — 1 = 1»(d) and, by Lemma 4.45, d = g. If Q@ > e — 3, then s is even
and vo(m — 1) = e — 2. Similarly, if d = qg—l, then s = 0 and vp(m — 1) = e — 2.
Therefore, if Q@ > e — 3 or d = &2, then 1y(g) = e — 2 = vy(d) — 1 and, by
Lemma 4.45, d = 2g.

]

We have related d with g = ged(m — 1, %), However, this is not sufficient

2
to say that d is the number of non-zero fixed points. Recall that if f(z) is an
involution with more than one fixed point, then the number of non-zero fixed
points is g or 2¢g. Statement 3 of Theorem 3.13 states that f(x) has g non-zero
fixed points when it only has square non-zero fixed points or only non-square
fixed points, and f(x) has 2g non-zero fixed points when it has both square and
non-square fixed points.

Suppose e > 1 and f = e. Proposition 4.46 tells us that d = 2¢. If f(z) is an
involution of F, with either square or non-square non-zero fixed points, then f(x)
has g +1 = % + 1 fixed points. Similarly, if f(x) has both square and non-square
non-zero fixed points, then it has exactly 2g + 1 = d + 1 fixed points.

Suppose now that e > 2 and f = 1. Then d = g by Proposition 4.47. If f(x)
has either non-zero square or non-square fixed points, then f(z) hasg+1=d+1
fixed points. If f(x) has both square and non-square fixed points, then f(x) has
2g +1 = 2d + 1 fixed points.

We can do a similar procedure for the other cases of e and f. That is, for each
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case where we proved d = g or d = 29, we get two possibilities for the number of
fixed points. We summarize these cases in Table 4.51.1. Note that, since we cover

all of the possible cases of Theorem 4.40, we also cover all of the involutions of IF,

of the form f(z).

f(x) has Number of
e ¥ d square and non-zero Proposition
Reference non-square ﬁxed
fixed points points
4.53
> . 2g yes d
Proposition 4.46 no d/2 4.52
4.55
> 9 1 g yes 2d
Proposition 4.47 no d 4.54
29 yes d 4.57
Proposition 4.48
3 2 no d/2 4.56
(= {04
g yes 2d 4.58
Proposition 4.48 no d 4.57
(e {1 ¥)
9 2g yes d 4.60
Proposition 4.49 no d/2 4.59
>4 g yes 2d 4.63
e—1 Proposition 4.51 no d 4.62
2g yes d 4.62
Proposition 4.51 no d/2 4.61

Table 4.51.1: Let ¢ — 1 = 2°p{'p*---pSr, e > 1, d = pr?pg2 - pbr where {, €
{0,es}. Rows represent the cases for the number of fixed points of involutions of
F, of the form f(z) = a:m(x% + a) in terms of d. Column d shows the value
of d in terms of g = ged(m — 1, %) and references the propositions where we

determine these values for d. The last column provides the propositions where we

prove each case.
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>Casee>1, f=e

As we previously mentioned, for this case, we have two types of involutions: invo-
lutions with ¢ + 1 = g + 1 fixed points and involutions with 2g + 1 = d + 1 fixed

points. These are proved in Propositions 4.52 and 4.53 respectively.

Proposition 4.52. Let ¢ — 1 = 2°p{'p5*---pir, e > 1, d = 2epiiph? .. -pf where
(s € {0,es}, and a be a primitive element of F,. Then f(x) = xm(xq%l +a) is

d
an involution of F, with exactly 3 + 1 fixed points if and only if the following

)1 d
t,t —
T, 6{0,2}

conditions hold:

_ — 1\
1. m= (%) k—1 (mod g — 1), where k = 2 (%)

[NJisY

2. p(a? — 1) = (~1) !

2(m2-1)

3. (a2 — 1) = (=1) %%
4. Either a + 1 = a®(=™ or ¢ — 1 = o*0=") for some ky even and ko, odd.

Proof. Let g = ged(m — 1, %51) and f = 1s(d) = e.

(=) Theorem 4.19 implies Conditions 2 and 3 and m? = 1 (mod %*). By
Theorem 4.40, Condition 1 holds since e > 1 and f = e. Therefore, d = 2¢g
by Proposition 4.46. That is, f(z) has g + 1 fixed points. By Statement 3 of
Theorem 3.13, f(x) has either non-zero square fixed points or non-square fixed
points. Then, by Statements 1 and 2 of Theorem 3.13, Condition 4 holds.

(<) By Proposition 4.46, Condition 1 implies that m?> = 1 (mod %*) and
that d = 2g. Therefore, by Theorem 4.19, f(z) is an involution with more than
one fixed point. Condition 4 implies, by Statements 1 and 2 of Theorem 3.13,
f(z) has either non-zero square fixed points or non-square fixed points. Then, by
Statement 3 of Theorem 3.13, f(z) has g+ 1 = ¢ + 1 fixed points.

]

Proposition 4.53. Let ¢ — 1 = 2°p{'p5*---pSr, e > 1, d = 2ep€1p§2 - pbr where

(s € {0,es}, and o be a primitive element of F,. Then f(z) = xm(xq;zl +a) is
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an involution of F, with exactly d + 1 fixed points if and only if the following

conditions hold:

-1 -1 ¢(%)—1 d
1. m= (qT) k—1 (modq—l),wherek-Q(qT) +t,t € {0,5}

2. a+1=am0"" and a—1= a0~ for some k; even and ky odd.

Proof. Let g = ged(m — 1, %1) and f = vy(d) = e.

(=) Since f(z) is an involution with more than one fixed point, m? = 1
(mod q;21) by Theorem 4.19. But e > 1 and f = e, therefore Theorem 4.40
implies Condition 1 and Proposition 4.46 implies d = 2g. Then f(z) has 2g + 1
fixed points and by Proposition 4.21, Condition 2 holds.

(<) By Proposition 4.46, Condition 1 implies that m?> = 1 (mod %*) and
d = 2g. Then by Proposition 4.21, f(x) is an involution with 2¢g + 1 fixed points,

that is d + 1 fixed points.

> Casee>2, f=1

As we saw earlier, this case has two possibilities for the number of fixed points of

involutions f(x): g+1=d+1and 29+ 1=2d+ 1.

Proposition 4.54. Let ¢ — 1 = 2°p{'p3?---pSr, e > 2, d = 2])?]922 - pbr where
ls € {0,es}, and o be a primitive element of F,. Then f(z) = xm(xq;zl +a) is

an involution of F, with exactly d + 1 fixed points if and only if the following

)1 d
t,t —
e fod)

conditions hold:

1 — 1\
1. m= (qT) k—1 (mod g — 1), where k = 2 <QT)

d
2

2. n(@® —1) = (-1
2(m2-1)

3. (a2 —1)™+ = (1)

4. Either a + 1 = o= or g — 1 = o0 for some k; even and ks odd.
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Proof. Let g = ged(m — 1, %51) and f = vy(d) = 1.

(=) Since f(z) is an involution with more than one fixed point, then m? = 1
(mod %) and Conditions 2 and 3 hold by Theorem 4.19. By Theorem 4.40,
Condition 1 holds and, by Proposition 4.47, d = g. By hypothesis, f(z) has g+ 1
fixed points. Then, by Statement 3 of Theorem 3.13, f(x) has either non-zero
square fixed points or non-square fixed points. Therefore, by Statements 1 and 2
of Theorem 3.13, Condition 4 holds.

(<) By Proposition 4.47, Condition 1 implies m? = 1 (mod %) and d = g.
Therefore, f(x) is an involution with more than one fixed point by Theorem 4.19.
Condition 4 implies, by Statements 1 and 2 of Theorem 3.13, that f(z) has either
non-zero square fixed points or non-square fixed points. Then f(z) has g+1 = d+1

fixed points, by Statement 3 of Theorem 3.13.
]

Proposition 4.55. Let ¢ — 1 = 2°p{'p5*---pSr, e > 2, d = 2p€1p§2 - pbr where

(s € {0,es}, and o be a primitive element of F,. Then f(z) = xm(xq;zl + a) is

an involution of IF, with exactly 2d + 1 fixed points if and only if the following

)-1 d
t, t 0, =
T, e{,z}

2. a+1=0am0" and a — 1 = 0= for some k; even and k, odd.

conditions hold:

1 1\l
1. m= (q_) k—1 (mod g — 1), where k = 2 (u)

d
2

d d

Proof. Let g = ged(m — 1,%%) and f = 15(d) = 1.

(=) Since f(x) is an involution with more than one fixed point, then by The-
orem 4.19, m* =1 (mod %*). But since e > 2 and f = 1, then Condition 1 holds
by Theorem 4.40. Now, by Proposition 4.47, d = g. Then f(z) has 2¢g + 1 fixed
points and, by Proposition 4.21, Condition 2 holds.

(<) By Proposition 4.47, Condition 1 implies that m®> = 1 (mod %) and
that d = g. Then by Proposition 4.21, f(x) is an involution with 2g + 1 fixed

points, that is 2d + 1 fixed points.
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> Casee=3, f=2

Recall from Proposition 4.48 that when e = 3 and f = 2, the value of d is different
for different values of ¢. In Table 4.51.1 we saw that this give us three cases for
the number of involutions: g +1,d+1, and 2d + 1. First we prove the case where
f(z) has g+ 1 = £ + 1 fixed points. Note that this is the case where f(z) either
has square or non-square non-zero fixed points. This case only happens when
te {43}

Proposition 4.56. Let ¢ — 1 = 23pS'pS2...pr, d = 22" pk2 ... pb where (, €
{0, e}, and « be a primitive element of F,. Then f(x) = 2™(z'T +a) is an invo-

d
lution of F, with exactly 3 + 1 fixed points if and only if the following conditions

S fd s
’ 4’ 4

hold:

—1 AN
1. m= (QT) k—1 (mod g—1), where k = <q2—d>

I

2. (a2 — 1) = (~1)"+

2(m2-1)

3. (a2 — 1)t = (—1)"5=
4. Either a + 1 = o®(=™ or ¢ — 1 = a*0=") for some k; even and ko, odd.

Proof. Let g = ged(m — 1, q;;) and f = 1»(d) = 2.

(=) By Theorem 4.19, Conditions 2 and 3 hold and m? =1 (mod %*). Then,
since e = 3 and f = 2, by Theorem 4.40, k = (qQ;;)d)(%)_l +tandt e {0, %, g, %d}.
Now, Proposition 4.48 states that if t € {0, g} then d = g and if t € {%, %d
then d = 2g. But if d = g, then f(z) would have § + 1 fixed points which is a
contradiction to Statement 3 of Theorem 3.13. Therefore, d = 2¢g, t € {%, %d} and
Condition 1 holds. Since f(x) has %—1— 1 fixed points, then it has g+ 1 fixed points.
Then, by Statement 3 of Theorem 3.13, f(x) has either non-zero square fixed
points or non-square fixed points. Lastly, by Statements 1 and 2 of Theorem 3.13,
Condition 4 holds.

(<) By Proposition 4.48, Condition 1 implies that m? = 1 (mod %) and that

d = 2g. Therefore, by Theorem 4.19, f(x) is an involution with more than one
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fixed point. Condition 4 implies that f(z) has either non-zero square fixed points
or non-square fixed points by Statements 1 and 2 of Theorem 3.13. Therefore, by
Statement 3 of Theorem 3.13, f(x) has g+ 1 = g + 1 fixed points.

O

The next possibility for the number of fixed points is d + 1. However, from
Table 4.51.1, we have two cases where the number of fixed points is d + 1. The
first is when f(z) has 2g + 1 fixed points and ¢ € {O, %l}, and the second is when

f(z) has g + 1 fixed points and ¢ € {4,324},

Proposition 4.57. Let ¢ — 1 = 23pS'pS2...pr, d = 2% pz ... pb where (, €
{0,e5}, and a be a primitive element of F,. Then f(z) = 2™z + a) is an
involution of I, with exactly d + 1 fixed points if and only if exactly one of the

following holds:

-1
1. (a) m= (q_> k—1 (mod g — 1), where

d
()

(b) a+1=a®0=™ and a — 1 = o*20=™) for some k; even and ky odd,

d
1

S oS8
’ 4’ 4

—1
2. (a) m= (q_) k—1 (mod ¢ — 1), where

d
= () e o)

(b) n(a? —1) = (=1)"™+!

Y

2(m2—1)

(©) (@ =1 = (<)

(d) Either a +1 = o*0=™) or ¢ — 1 = o®0=™) for some k; even and ks

odd.

Proof. Let g = ged(m — 1, %1) and f = 1y(d) = 2.
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(=) Since f(x) has more than one fixed point, then by Theorem 4.19, m? =

s

1 (mod %1). Since e = 3 and f = 2, then Theorem 4.40 implies that m =
ay_
() [(2) 07 ] - e v {0.4.4.2).

Suppose t € {0, %l} Then Condition 2(a) and, by Theorem 4.19, Conditions

w|

2(b) and 2(c) hold. Now, by Proposition 4.48, we have d = g and f(z) has exactly
g+ 1 fixed points. Since f(x) has g+ 1 fixed points, then f(z) has either non-zero
square fixed points or non-square fixed points by Statement 3 of Theorem 3.13.
Therefore, by Statements 1 and 2 of Theorem 3.13, Condition 2(d) holds.

Suppose now that t € {%, %d}. Then Condition 1(a) holds. By Proposi-
tion 4.48, d = 2g, that is, f(z) is an involution with 2¢ 4 1 fixed points. Then by
Proposition 4.21, Condition 1(b) holds.

(<) Suppose that Condition 1 holds. Since e = 3 and f = 2, then by The-
orem 4.40, Condition 1(a) implies that m? = 1 (mod %*). This, together with
Condition 1(b) and Proposition 4.21 imply that f(z) is an involution with exactly
2¢g + 1 fixed points. But by Proposition 4.48, Condition 1(a) implies that d = 2g.
Then f(x) has exactly d + 1 fixed points.

Suppose now that Condition 2 holds. Condition 2(a) implies that m? = 1
(mod %) by Theorem 4.40. Then by Theorem 4.19, f(z) is an involution with
more than one fixed point. Condition 2(d) implies, by Statements 1 and 2 of
Theorem 3.13, that f(z) has either non-zero square fixed points or non-square
fixed points. Then, by Statement 3 of Theorem 3.13, f(x) has g + 1 fixed points.
But by Proposition 4.48, Condition 2(a) implies that d = ¢g. Then f(x) has exactly
d + 1 fixed points.

O

The last possibility for the number of fixed points is 2d + 1. This happens

when f(x) has both square and non-square fixed points, that is 2g + 1 = 2d + 1.

Proposition 4.58. Let ¢ — 1 = 23pS'pS2...pr, d = 2% plz ... pb where (, €
{0, e}, and « be a primitive element of F,. Then f(x) = 2™(2"T +a) is an invo-

lution of F, with exactly 2d + 1 fixed points if and only if the following conditions
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hold:

1 1\
1. m= (qT)k—l (mod g — 1), where k = (q_>

d
1

2d

)-1 d
t. t —
" 6{0,2}

2. a+1=am0" and a — 1 = 0= for some k; even and k, odd.

Proof. (=) Let g = ged(m — 1, %51) and f = 1s(d) = 2.

By Theorem 4.19, m?* = 1 (mod %) Since e = 3 and f = 2, then by
Theorem 4.40, k = (qQ;dl)qb(% 4t where t € {0, le, g, ?de}. Now, Proposition 4.48
implies that if t € {0, %} thend = g and if t € {%, 34—d} then d = 2¢g. But if d = 2g¢,
then f(x) would have 4¢g + 1 fixed points which is a contradiction to Statement 3
of Theorem 3.13. Therefore ¢t € {0,% and d = ¢g. This implies that Condition 1
holds. Since f(z) has 2¢ + 1 fixed points, then by Proposition 4.21, Condition 2
holds.

(<) By Proposition 4.48, Condition 1 implies that m?> = 1 (mod %*) and
that d = g. Then by Proposition 4.21, f(x) is an involution with 2g + 1 fixed

points, that is 2d + 1 fixed points.

> Casee>4, f=2

This case is similar to the case e > 1 and f = e since the value of d only depends
on e and f and d = 2¢g for both cases. Therefore, here we present involutions when

e >4 and f = 2 with g—k 1 and d + 1 fixed points.

Proposition 4.59. Let ¢ — 1 = 2°p{'p3*---pSr, e > 4, d = 22pf1p§2 .- pbr where

ls € {0,es}, and o be a primitive element of F,. Then f(z) = xm(xq;zl +a) is
d

an involution of F, with exactly 3 + 1 fixed points if and only if the following

conditions hold:

—1
1. m= (qT)k—l (mod g — 1) where

(5

e

)1

)

d
4

[N S

3d
t, t —
ceefod )
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2. n(a®—1) = (=1)m*!

2(m2-1)

3. (a2 — 1yl = (—1)%
4. Either a + 1 = o= or ¢ — 1 = o#20=") for some k; even and ky odd.

Proof. Let g = ged(m — 1, q;21) and f = 1n(d) = 2.

(=) By Theorem 4.19, Conditions 2 and 3 hold and m? =1 (mod %*). Since
e >4 and f = 2, then, by Theorem 4.40, Condition 1 holds. By Proposition 4.49,
d = 2g. Since f(z) has g + 1 = g + 1 fixed points, then, by Statement 3 of
Theorem 3.13, f(z) has either non-zero square fixed points or non-square fixed
points. By Statements 1 and 2 of Theorem 3.13, Condition 4 holds.

(<) By Proposition 4.49, Condition 1 implies that m?> = 1 (mod %*) and
that d = 2¢g. Then by Theorem 4.19, f(z) is an involution with more than one
fixed point. Condition 4 implies that f(z) has either non-zero square fixed points
or non-square fixed points, by Statements 1 and 2 of Theorem 3.13. Therefore,
f(z) has g+ 1 = ¢ + 1 fixed points by Statement 3 of Theorem 3.13.

0

Proposition 4.60. Let ¢ — 1 = 2°p{'p3?---pSr, e > 4, d = 22]7{1]9%2 ol

where
ls € {0,es}, and o be a primitive element of F,. Then f(z) = :cm(a:q;zl +a) is
an involution of F, with exactly d + 1 fixed points if and only if the following

conditions hold:

—1
1. m= (qT) k—1 (mod g — 1), where

() e s

2. a+1=am0"7 and a—1= a0 for some k; even and ky odd.

e

)1

N

d
t, 1 0, —
+7 6{747

Proof. Let g = ged(m — 1,%%) and f = 15(d) = 2.
(=) Since f(z) is an involution with more than one fixed point, then m? =

(mod q;;) by Theorem 4.19. Since e > 4 and f = 2, then by Theorem 4.40,
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Condition 1 holds and, by Proposition 4.49, d = 2g. That is, f(x) has 2¢g+ 1 fixed
points and, by Proposition 4.21, Condition 2 holds.

(<) By Proposition 4.49, Condition 1 implies that m?> = 1 (mod %*) and
d = 2g. Then by Proposition 4.21, f(x) is an involution with 2¢g + 1 fixed points,

that is d + 1 fixed points.

> Casee>4, f=e—1

This case is similar to the case e = 3 and f = 2 in the sense that we have three
possibilities for the number of fixed points: g +1,d+ 1, or 2d + 1. However,

the conditions for determining d depend on the value of ¢ as well as the value of
d
Proposition 4.61. Let ¢ — 1 = 2°p7'p5*---pSr, e > 4, d = 26’1p§1pg2---pfr
where ¢, € {0,e,}, a be a primitive element of F,, and, if ¢ — 1 # 2d, Q =
d _
1/2< (q2;dl)¢(4) - 1), Then f(z) = 2™(z"F +a) is an involution of F, with exactly

g + 1 fixed points if and only if the following conditions hold:

-1
1. m= (QT) k—1 (mod g — 1), where

if Q=e—3,

N
Q
QL
—_
N——
©
—
NI
N~—
N
+
S+
~
m
—
\.O
o NI
-

)= d 1
—i—t,te{z, } ifQ>e—30rd:qT,

4. Either a + 1 = o= or ¢ — 1 = o*2(=™) for some k; even and ky odd.

Proof. (=) Since f(z) is an involution, then, by Theorem 4.19, Conditions 2 and

3 hold and m? =1 (mod %*). By Theorem 4.40, m = (2*) k — 1 (mod ¢ — 1)
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where k = (qQ;dl)d)(%)_l +tfort € {0,4,4,22}. By Lemma 4.45, we know that
d € {g,2g}. This implies that d = 2g, since if d = g, then f(x) would have £ 41
fixed points which is a contradiction to Theorem 3.13. Then f(x) has exactly
4+1=g+1 fixed points. Hence, f(z) has either non-zero square fixed points or
non-square fixed points, that is Condition 4 holds, by Theorem 3.13.

Note that 2 > e —3 or ¢ — 1 = 2d by Lemma 4.50. Suppose t € {O,g
and 2 > e — 3. Then by Statement 1 of Proposition 4.51, d = ¢, which is a
contradiction, therefore {2 = e — 3. Similarly, suppose t € {%, %d}. Note that
by Statement 2 of Proposition 4.51, 2 = e — 3 implies that d = g which is a
contradiction. Therefore 2 > e —3 or d = %, and Condition 1 holds.

(<) By Proposition 4.51, Condition 1 implies that m?> = 1 (mod %) and
d = 2g. Then by Theorem 4.19, f(x) is an involution with more than one fixed
point. Lastly, Condition 4 implies, by Theorem 3.13, that f(x) has exactly g + 1
fixed points. But d = 2g, therefore, f(x) has £ + 1 fixed points.

O

In Table 4.51.1, when e > 4 and f = e — 1, we see that again we have two
cases where f(z) has d + 1 fixed points; one for each possibility of non-zero fixed

points: g and 2g.

Proposition 4.62. Let ¢ — 1 = 2°p7'p5*---pSr, e > 4, d = 26_1p§1p§2---pfr

where ¢, € {0,e5}, a be a primitive element of F,, and, if ¢ — 1 # 2d, Q =
d _

y2( (q2;d1)<b<4) - 1). Then f(z) = 2™(z"F +a) is an involution of F, with exactly

d + 1 fixed points if and only if the following conditions hold:

-1
1. (a) m= (q7> k—1 (mod g — 1), where

-1
ifQ>e—30rd:qT,

VRS
=)
ISH
—_
N——
=
INEY
L
_|_
=+
~
m
—N
uO
N
ISHE e

)-1 d
+t,t€{1,3} lfQZQ—S,

=
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2(m2-1)

(©) (@ = 1) = (1)
(d) Either a +1 = o0~ or ¢ — 1 = o*U0=™) for some k; even and k;

odd,
d

d
1\
(%) “f‘ttE{,é} ifQQ=e—3,

d
o\ e6)- d 3d —1
(q_> +tte{——} ifQ>e—30rd=q—,

-1
2. (a) m= (q >k—1 (mod g — 1), where

[\]

k:

2d 47 4 2

(b) a+1=amM0=™) and a— 1= o= for some k; even and k, odd.

Proof. (=) Since f(x) is an involution, then, by Corollary 4.3, m?* =1 (mod %1).
Since e > 4 and f = e — 1, then, by Theorem 4.40, we have m = (%) k —
1 (mod g — 1), where k = (qQ;dl)(i)(%)f +t t € {0,4,4 31 Note that, by
Lemma 4.50,2 > e — 3 or ¢ — 1 = 2d. Therefore, Conditions 1(a) and 2(a)
hold.

Suppose t € {0, g} If 2 = e— 3, then by Statement 1 of Proposition 4.51, d =
2g. Therefore, f(x) has 2¢g + 1 fixed points. By Proposition 4.21, Condition 2(b)
holds. Similarly, if 2 >e—3ord = ‘I;21, then by Statement 1 of Proposition 4.51,
d = g. That is, f(z) has g + 1 fixed points. Then by Theorem 4.19, Conditions
1(b) and 1(c) hold. Since f(x) has g+1 fixed points, then, by Theorem 3.13, f(z)
has either non-zero square fixed points or non-square fixed points and, therefore,
Condition 1(d) holds.

Suppose t € {d 341 If QO = e — 3, then d = ¢ by Statement 2 of Propo-
sition 4.51. That is, f(z) has g + 1 fixed points. Then, by Statement 3 of
Theorem 3.13, f(z) has either non-zero square fixed points or non-square fixed
points. Hence, by Statements 1 and 2 of Theorem 3.13, Condition 1(d) holds. By
Theorem 4.19, Conditions 1(b) and 1(c) hold. If Q > e — 3 or d = %+, then by
Statement 2 of Proposition 4.51, d = 2¢. This implies that f(z) has 2g + 1 fixed

points and, by Proposition 4.21, Condition 1(b) holds.
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(«) Conditions 1(a) and 2(a) imply that m®> =1 (mod %) by Theorem 4.40.

Suppose t € {0, %l} If Q = e— 3, Statement 1 of Proposition 4.51 implies that
d = 2g. Condition 2 implies that f(z) is an involution with 2¢g + 1 = d + 1 fixed
points by Proposition 4.21. If @ >e—3 or d = qg—l, then d = g by Statement 1 of
Proposition 4.51. Then Condition 1 implies that f(x) is an involution with more
than one fixed point, by Theorem 4.19. By Theorem 3.13, f(x) hasg+1=d+ 1
fixed points.

Suppose t € {g, %d . If Q = e — 3, then d = g, by Statement 2 of Proposi-
tion 4.51. As in the previous case, Condition 1 implies that f(z) is an involution
with g+ 1 = d+1 fixed points by Theorems 4.19 and 3.13. If Q > e—3ord = q;217
then d = 2¢g, by Statement 2 of Proposition 4.51. Condition 2 implies that f(z)
is an involution with 2g + 1 = d 4 1 fixed points by Proposition 4.21.

O

Proposition 4.63. Let ¢ — 1 = 2°p7'p5*---pSr, e > 4, d = 23_1p€1p§2-~pfr
where ¢, € {0,es}, o be a primitive element of F,, and, if ¢ — 1 # 2d, Q =

da —
V2< (qQ;dl)(b(Z) - 1). Then f(z) = 2™(z"T +a) is an involution of [F, with exactly

2d + 1 fixed points if and only if the following conditions hold:

—1
1. m= (qT) k—1 (mod g — 1), where

of1)-1
q—1 4 d
i - tt b
(%) eee{od

i) d 3
t, t -
et

ifQ>e—30rd:%,

S

} ifQ=e—3,

ol

2. a+1=amM0" and a—1= a1 for some k; even and ky odd.

Proof. (=) Since f(z) is an involution, then m* =1 (mod %*) by Corollary 4.3.

But e > 4 and f = e — 1, therefore, m = (q%dl) k—1 (mod ¢ — 1), where k =
ay_

(q2;dl)¢(4) ! +tfort e {O, %l, g, %Td} by Theorem 4.40. By Lemma 4.45, we know

d € {g,2g}. Then d = g, since if d = 2g, then f(x) would have 4g + 1 fixed points

86



which is a contradiction to Theorem 3.13. This implies that f(x) has 2¢g + 1 fixed
points and, by Proposition 4.21, Condition 2 holds.
Note that €2 > e —3 or ¢ — 1 = 2d by Lemma 4.50. Suppose t € {0,%

and €2 = e — 3. Then by Statement 1 of Proposition 4.51, d = 2g, which is a

d 3d

contradiction, therefore 2 > e—3 or d = q;21‘ Similarly, suppose that ¢t € { DA

Note that by Statement 2 of Proposition 4.51, 2 > e —3 implies that d = 2¢g which
is a contradiction. Therefore, {2 = e — 3. This implies that Condition 1 holds.

(«) By Proposition 4.51, Condition 1 implies that m?> = 1 (mod %*) and
d = g. Then, by Proposition 4.21, f(z) is an involution with 2g 4+ 1 = 2d 4 1 fixed
points.

O

Note that the cases for e and f in Table 4.45.1 are independent. Also note
that, in the propositions where f(x) has % + 1 fixed points, Conditions 2, 3 and
4 are the same. This means that we can join all of the cases for involutions with
g + 1 fixed points. We can also do this for involutions with d + 1 and 2d + 1 fixed
points. We summarize Propositions 4.52 through 4.63 in the following theorems.

The propositions summarized in Theorem 4.64 are: Propositions 4.52, 4.56,
4.59 and 4.61. Note that all involutions generated with Theorem 4.64 have exactly

g + 1 fixed points.

Theorem 4.64. Let ¢ — 1 =27"p5*---pSr,e>1,d = 2fpf1p§2 - pbr where £, €

r

da
{0, e}, a be a primitive element of Fy, and, if ¢ —1 # 2d, Q = u2< (‘ZQ;;)¢(4) — 1).
Then f(x) = xm(xq%l + a) is an involution of F, with exactly ¢ + 1 fixed points if

and only if the following conditions hold:
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-1
. m= (QT) k—1 (mod g — 1), where

( of2)-1
qg—1 2 d .
2 —— - ff=
(d> —I—t,tE{O,Q}, if f=e,
d
4

_ 1\ ¢(5)1
(q_) —|—t,t€{ ,3d}, if f=2ande=3, or
f=e—1,2>e—-3

k= ord=2 , and e > 4,

o(9)-

g—1\"\14 d d 3d )

— - =, — ff=2 >4

<2d) +t,t€{0,4,2,4 , if f and e > 4,
o(4)-1

qg—1 4 d e o

(Qd) +t,t€{0,2}, if f=e—1,Q=e¢—-3

and e > 4,

2 (e 1) = (1),

2('m271)

3. (a> = 1)l = (=1) o1 |
4. Either a + 1 = o= or ¢ — 1 = o#0=™) for some k; even and ky odd.

Note that Proposition 4.54 generates involutions with d + 1 fixed points that
have either square or non-square non-zero fixed points; Propositions 4.53 and 4.60
generate involutions with both square and non-square fixed points; and Proposi-
tions 4.57 and 4.62 generate both involutions with g + 1 and 2¢g 4 1 fixed points.

These are the cases summarized in Theorem 4.66.

Theorem 4.65. Let ¢ — 1 =27'p5*---pSr,e > 1, d = 2fpf1p§2 - pbr where (, €

da
{0, e}, a be a primitive element of F,, and, if ¢ —1 # 2d, Q = u2< (‘ZQ;;)¢(4) — 1).
Then f(x) = xm(x% +a) is an involution of F, with exactly d + 1 fixed points if

and only if exactly one of the following conditions hold:
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1. (a) m

d

-1
(q_) k—1 (mod g — 1), where

if f=e,

if f=2ande=3, or
f=e—1,Q2>e—-3
— , and e > 4,

ord:q

if f=2ande >4,

if f=e—-1,0=e—-3

and e > 4,

(b) a+1=a®=™ and a — 1 = o*2(=™) for some k; even and ky odd.

2. (a) m=

-1
(q_) k—1 (mod g — 1), where

d

(b) n(a® = 1) = (=1)"*!

(c) (a* -

1= (1)

2(m2-1)
q—1

if f=1ande> 2,

if f=2ande=23, or
f=e—1,0>e—-3
-1

, and e > 4,

ord=

iff=e—1,Q0=e—3

and e > 4,

(d) Either a + 1 = o= or ¢ — 1 = a*20=™) for some k; even and k

odd.

Similar to the previous cases, although we know that involutions with 2d + 1

fixed points are involutions with 2g + 1 fixed points, we do not need to know
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the value of g to generate these involutions. Theorem 4.66 includes the Proposi-

tions 4.55, 4.58 and 4.63.

Theorem 4.66. Let ¢ — 1 =27'p5* ---pir, e > 2, d = 2fp{1p§2 .- pbr where (, €

d
{0, es}, a be a primitive element of F,, and, if ¢ —1 # 2d, Q = y2< (QQ;dl)¢(4) — 1).

Then f(x) = xm(x% + a) is an involution of F, with exactly 2d 4 1 fixed points

if and only if the following conditions hold:

-1
1. m= (QT) k—1 (mod g — 1), where

( o(#)-1
qg—1 2 d s
2(7) "‘t,tG{O,a}, lff—]_,

o\ e6)-t d
(q_) —I—t,tG{O—}, if f=2ande=3, or

f— _1
g f:e—l,Q>e—3ord:qT,
and e > 4,
1\ ()1
\(C]W) +t,te{%,%d}, if f=e—1,=c¢—3 and e > 4,

2. a+1=am0"m and a — 1 = o*@=™) for some k; even and ks odd.

Before we close this chapter, we show an example of how to use Theorems 4.64,
4.65 and 4.66 to find involutions of Fyg of the form f(x) = 2™(2* + a), a € F},,

with a prescribed number of fixed points.

Example 4.67. Let ¢ = 41. Then ¢ — 1 = 23 -5, that is, e = 3.

From Theorem 4.65, the only values of d that produce involutions with d + 1
fixed points are d = 2,4 for Condition 2 and d = 4,8 for Condition 1. But
before we construct involutions with Theorem 4.65, first we use Theorem 4.64 to
construct involutions with %l + 1 fixed points. The only values of d for which there

exists at least one a are d =4 and d = 8.
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If d =4, then f =2 and, since e = 3, by Theorem 4.64,

¢(1)-1
(g1 d 3d
k_(zd) . te{4,4}

:(§> +t, te{l,3}

d
1

=1+t

Hence, k = 2 or k = 4. Therefore, since m = (%) k —1 (mod 40), then m = 19
or m = 39.

For m = 19, the a’s that satisfy Conditions 2,3 and 4 from Theorem 4.64 are
a = 17 and a = 24. Similarly, for m = 39, the a’s that satisfy Conditions 2,3 and
4 are also a = 17 and a = 24. Then involutions produced with Theorem 4.64 that

have exactly % + 1 = 3 fixed points are the following:

m | a Number of
fixed points
17 3
19
24
17 3
39
24 3

Table 4.67.1: Involutions of Fy; of the form f(z) = 2™(2* +a), a € F};, produced
with Theorem 4.64 and d = 4.

Now, if d = 8, then f = 3 and, by Theorem 4.64,

o(4)-1
o (a=1\" d

40 ¢(4)_1
= (g) +1t, te {O, 4}

= 2(5) + t.

Hence, k =10 or k = 14. Since m = (£) k — 1 = 5k — 1 (mod 40), then m =9
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or m = 29.

For m = 9, there are no a’s that satisfy Conditions 2,3 and 4 from Theo-
rem 4.64. For m = 29, the a’s that satisfy Conditions 2,3 and 4 are a = 17 and
a = 24. Then involutions produced with Theorem 4.64 that have exactly %—i— 1=5

fixed points are the following:

m | a Number of
fixed points
17 5
29
24 5

Table 4.67.2: Involutions of Fy; of the form f(z) = 2™(2*°+a), a € F};, produced
with Theorem 4.64 and d = 8.

Note that the involutions produced with Theorem 4.64 have exactly g + 1
fixed points where g = ged(m — 1,%1). This is clear from Condition 4 since it
guarantees, by Statement 1 and 2 of Theorem 3.13, that f(x) has either non-zero
square or non-square fixed points. By Statement 3 of Theorem 3.13, we know this
implies that f(z) has g+ 1 fixed points. Similarly, Condition 2 from Theorem 4.65
also generates involutions with g + 1 fixed points.

We used Theorem 4.64 with d = 4 and d = 8 to construct involutions with 3 and
5 fixed points respectively. If we use Condition 2 from Theorem 4.65 with d = 2

and d = 4, then we generate involutions with 3 and 5 fixed points respectively.

The involutions generated in this way are the following:
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Number of
m | a .
fixed points
17 3
19
24
17 3
39
24 3
17 5
29
24 5

Table 4.67.3: Involutions of Fy; of the form f(z) = 2™(2** +a), a € F};, produced
with Theorem 4.65 and d = 2, 4.

We now use Theorem 4.66 to construct involutions with 2d + 1 fixed points.
The only values of d for which there exists at least one a are d = 2 and d = 4.

If d =2, then f =1 and, by Theorem 4.66,

o(4)-1
qg—1 2 d
:2 _— —
k (d> +t, te{o,z}

Hence, k = 2 or k = 3. Therefore, since m = (%) k —1 (mod 40), then m = 39
or m = 19.

For m = 39, the a’s that satisfy Condition 2 from Theorem 4.66 are 3,9 and
22. Similarly, for m = 19, the a’s that satisfy Condition 2 are also 3,9 and 22.
Then involutions produced with Theorem 4.66 that have exactly 2(2)+1 = 5 fixed

points are the following:
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Number of
m | a .
fixed points
3 5
19 2 5
22 5
3 5
3919 5
22 5

Table 4.67.4: Involutions of Fy; of the form f(z) = 2™(2*°+a), a € F},, produced
with Theorem 4.66 and d = 2.

If d =4, then f = 2 and, by Theorem 4.66,

()1

(a1 1 d

k_( Qd) i, te{O,Z}
40\ PM-1

= (g) +1, t¢€ {0,2}

=1+1.

Hence, k =1 or k = 3. Therefore, since m = (%) k—1 (mod 40), then m =9 or
m = 29.

For m = 9, the only a that satisfies Condition 2 from Theorem 4.66 is a = 17.
For m = 29, there are no a’s that satisfy Condition 2. Then involutions produced

with Theorem 4.66 that have exactly 2(4) + 1 = 8 fixed points are the following:

Number of
m | a .

fixed points
9 | 17 9

Table 4.67.5: Involutions of Fy; of the form f(z) = 2™(2*° +a), a € F};, produced
with Theorem 4.66 and d = 4.

Note that the involutions produced with Theorem 4.66 have exactly 2g+1 fixed
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points where g = ged(m — 1, Q;zl) This is because, by Theorem 3.13, Condition
2 of Theorem 4.66 guarantees that f(x) has both non-zero square and non-square
fixed points, that is, f(x) has 2g + 1 fixed points. Similarly, Condition 1 from
Theorem 4.65 also generates involutions with 2g 4+ 1 fixed points.

We use Theorem 4.66 with d = 2 and d = 4. If we use Condition 1 from

Theorem 4.65 with d = 4 and d = 8, the involutions generated are the following;:

m | a Number of
fixed points
3 5
19 | 9 5
22 5
3 5
391 9 5
22 5
9 |17 9

Table 4.67.6: Involutions of Fy; of the form f(x) = 2™(2* +a), a € F%,, produced
with Theorem 4.65 and d = 4, 8.

Note that the involutions generated with Theorem 4.64, shown in Tables 4.67.1
and 4.67.2, are exactly the same as those generated by Condition 2 of Theo-
rem 4.65, shown in Table 4.67.3. Also note that the involutions generated with
Theorem 4.66 are the same as those generated by Condition 1 of Theorem 4.65—we
can corroborate this by revising Tables 4.67.4, 4.67.5, and 4.67.6.

To verify if we generated all of the involutions of Fy; of the form f(z) =

z™(2* + a),a € F};, we implement Algorithm 2 and compare both results.
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d Number of Number of
m | a ) m| a )
fixed points fixed points
17 9 |17 9
19 3
24 24
9 3 3
17 3 3
39 g
24 3 19 | 99 5
3 5 9 5
1919 5 17 3
22 5 24
29 g
17 17
29 > g
4 24 5 24 3
3 5 3 5
39 9 5 39 29 5
22 5 9 5
819 | 17 9 17 3
(a) (b)

Table 4.67.7: Table (a) lists involutions of Fy of the form f(z) = 2™ (2*° + a),
a € F},, produced with Theorem 4.65 for d = 2,4, 8. Table (b) lists all involutions
of Fy; of the form f(x) with more than one fixed point generated by Algorithm 2.
On Table (b), the number of fixed points was calculated using Theorem 3.13.

Simple rearrangement of Table 4.67.7 (a) will show that these are all the invo-
lutions of Fy; of the form f(z) with more than one fixed point.

O

Example 4.67 suggests that Theorem 4.65 produces all of the involutions of I,
of the form f(z) that have more than one fixed point. Computationally, this is

true up to ¢ < 1499.

Conjecture 4.68. Let ¢ — 1 = 2°p7'p5? - - - p&, e > 1, m be a positive integer and
a € F,*. All of the involutions of F, of the form f(z) = xm(x%l + a) that have

more than one fixed point are given by Theorem 4.65.
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The following example gives us an idea of how involutions constructed using
Theorems 4.64 and 4.66 with certain values of d can also be constructed using

Theorem 4.65.

Example 4.69. Let ¢ — 1 = 2%p{'p52 - - - p¢. Note that e = 2. For this example,
we use the m;; notation from Section 4.3.1.

Consider using Theorem 4.66 with f; = 1. This produces mq; and mo; we can
find a’s in F,* that satisfy Condition 2 of Theorem 4.66 to construct involutions
with 2d; 4+ 1 fixed points. Now, consider using Theorem 4.65 with fo = e = 2 and
ds = 2d;. This produces moy; and mos which, by Proposition 4.35, are equivalent to
mq; and my, modulo ¢ — 1, respectively. If we find a’s that satisfy Condition 1(b)
of Theorem 4.65, we construct involutions with dy + 1 = 2d; + 1 fixed points. But
Condition 1(b) of Theorem 4.65 is the same as Condition 2 from Theorem 4.66,
hence, we construct the same involutions with both theorems. This is an example
of how we can write d’s that we can use with Theorem 4.66 as other d’s that we
can use with Theorem 4.65 to construct the same involutions.

Now let us see a similar example using Theorem 4.64. Consider using Theo-
rem 4.64 with f, = e = 2. This produces mg; and mgy. If there exists a € F,”
that satisfies Conditions 2, 3 and 4 from Theorem 4.64, we construct involutions
with %2 + 1 fixed points. Similar to the previous case, using Theorem 4.65 with
fi=1land d; = 612—2, produces my; and mqo. If there exists a € F," that satisfies
Conditions 2(b), 2(c) and 2(d) from Theorem 4.65, we construct involutions with
di+1= d—; + 1 fixed points. By Proposition 4.35, my; = mgy (mod ¢ — 1) and
mia = mgy; (mod ¢ — 1). Since Conditions 2(b), 2(c) and 2(d) from Theorem 4.65
are the same as Conditions 2, 3 and 4 from Theorem 4.64, these values of d produce

the same involutions with both theorems.
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> Summary

At the beginning of Chapter 4, we gave a characterization of involutions of IF, of
the form f(z) = 2™(¢"T + a) with more than one fixed point. In Section 4.2, we
provided formulas for m that were solutions to m? = 1 (mod q;—l), a condition
that is necessary for involutions of I, of the form f(z). In Section 4.3, we showed
that all of the solutions to 22 = 1 (mod qg—l) are generated by the formulas we
provided for m; we did this by counting the distinct m’s generated with the for-
mulas and showing that they are the same as the amount of solutions of 22 = 1
(mod %) Note that Theorem 4.40 gives a refinement of Zheng et al.’s Theorem
(Theorem 4.2) with s = qg—l since we provide explicit formulas that are equivalent
to the first condition of Zheng et al.’s Theorem for polynomial involutions of the
form xmh(xq%l); these formulas are given in terms of a variable d. At the begin-
ning of Section 4.4, we related the variable d with g = ged(m — 1, %) and with
the number of fixed points of involutions of the form f(z). We closed this chapter

by providing a characterization of involutions of F, of the form f(z) that allows

us to construct all such involutions with a prescribed number of fixed points.
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Chapter 5

Conclusions

In this work, we characterize involutions of F, of the form f(z) = xm(x% + a)
with a prescribed number of fixed points, presenting formulas for m related to the
number of fixed points, which is the main contribution of this thesis. By doing
this, we expand the work on monomial involutions of F, done by Castro et al.
to the binomial f(x). We also count the number of m’s that produce distinct
involutions of f(z) and provide explicit formulas for these m’s that are equivalent
to the solutions of m? =1 (mod Q;;) This gives, as a consequence, a refinement
of Zheng et al.’s Theorem for polynomial involutions of F, of the form xmh(:z:q%l)
In Chapter 3, we give a characterization of the fixed points of f(z) that tells us
when and how many fixed points f(x) has, as well as formulas for calculating
them.

The next step to continue the work on involutions of F, of the form f(x) would
be to prove if Conjecture 4.68 holds, that is, if all of the involutions of IF, of the
form f(x) with more than one fixed point are generated by Theorem 4.65. After
this, a possible next step would be to characterize involutions that only have 0 as
a fixed point. Another possible future work would be to find explicit formulas for
a that also depend on the number of fixed points. To find such formulas for a, it

would also be beneficial to be able to count all of the involutions f(z) of F,.
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