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Abstract

We present several existence and nonexistence results for permutation binomials of the form z” (x9=1+4
a), where e > 2 and a € Fy.. As a consequence, we obtain a complete characterization of such

permutation binomials over Fgz, Fgs, Fpa, Fps, and Fpe, where p is an odd prime.
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1. Introduction

Let g be a prime power and F, denote the finite field of order ¢q. Any function from F, to F,
is uniquely represented by a polynomial of degree less than ¢ via the modular reduction z? — z. A
polynomial in F,[z] is a permutation polynomial over F, if it induces a bijection in F,.

The study of permutation polynomials over finite fields dates back to the 1800s with the work of
Hermite [I]. Since then, many researchers have investigated them, not only because they are inter-
esting on their own, but also due to their applications in areas such as coding theory, cryptography,
and finite geometry. Permutation monomials have been completely characterized as z" permutes
F, if and only if ged(r,¢ — 1) = 1. In the absence of a general and simple permutation criterion for
binomials, permutation binomials have been the focus of many studies. As a matter of fact, the
majority of the results on permutation polynomials concern permutation binomials as they already
impose many challenges, despite their simple form. Given ™ + az™ in F,[z], it is desirable to find

simple relationships between m, n, a, and ¢ that make the binomial permute IF,. This is usually
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achieved by specializing these parameters to particular forms. We refer the interested readers to
the surveys [2], 3] 4] for an excellent overview of the area.

Besides the number of terms of the polynomial, there are other parameters such as the degree,
the Carlitz rank, and the index that are relevant in many problems involving polynomials over finite
fields. The concept of index was introduced by Akbary, Ghioca, and Wang [5] in 2009; we postpone
the precise definition to It turns out that any nonconstant polynomial of index ¢ and
degree at most ¢ — 1 in F,[z] can be uniquely expressed as az"h (:E(q’l)/e) + (. Wang [6] wrote
a survey on permutation polynomials classified by their indices, indicating that this might be a
promising way of organizing the many existing results. For instance, a result by Masuda and Zieve
n [7] can be stated as: the index of any permutation binomial over the prime field I, is always less
than \/p — 1.

Wang also suggested a list of open problems in his survey. Problem 7 is “Construct and classify
permutation polynomials of Fye with intermediate indices such as ¢°~ +- - -+q+1, c(¢° 1+ - -+q+1),
or (¢ 1 + -+ 4+ q+ 1)/d, where ¢ is a positive factor of ¢ — 1, and d is a positive factor of
@'+ .-+ g+ 1.” Not only there are not many results in this direction, the ones listed in [6] for
e > 3 involve polynomials with more than two terms.

We now turn our attention to permutation binomials of a special type. Let S be the collection
of all (¢%,7,t,a) € N®x Fje, e > 2, such that 2" (291 + ) permutes Fqe. Most of the results in the
literature deal with e = 2 for which the index is (¢ + 1)/ ged(¢ + 1,t) from Problem 7. In this case,
under the assumptions that ged(rp,t(¢ — 1)) = 1, where p = char F, and (—a)(at1)/ged(a+1.t) £ 1,

Hou [8] grouped several results that appear in [2, 9] [10] [T, 12| T3] into the following four families:

(i)
(i)
)
)

¢, ta), altt =1, ged(r —t,g+1) =1
¢,rla),r=1 (mod g+1)

?,1,2,a), (—a)latd)/
) (=

(
(
(
(*

¢?,3,2,a), (—a)atV/2 = 1/3

and conjectured that these are the only infinite ones in S with e = 2.

In this paper we investigate conditions for (¢¢,r,1,a) to belong to S. In other words, we consider
binomials of the form f(z) = 2" (297! + a) over Fye for e > 2. When r < ¢° — ¢, the index of f()
is £ = ¢*" !+ .-+ ¢+ 1, so our results contribute to the solution of Problem 7. An immediate

necessary condition is that (—a)? # 1, since otherwise f(x) would have more than one root. Hou’s



second family concerns the case e = 2, and Liu studied the case e = 3. We state their results as

follows.

Proposition 1.1. Let f(z) = 2" (277! + a) € Fye[x] with e € {2,3} and a # 0, and let ¢ =
¢+ g+

(i) [8, Theorem 4.2] For r > 1, f(x) permutes F,2 if and only if a* # 1, ged(r,q — 1) = 1, and
r=1 (mod ¢).
(ii) [I4, Theorem 1] For q odd and 1 < r < £, f(x) permutes Fys if and only if (—a)® # 1 and

r=1.

Li et al. [I5] Theorem 3.1] showed a weaker version of[Proposition 1.1{i) by considering 1 < r < ¢,

which is the same restriction that appears in (ii). In both cases, the authors restricted r to such

values due to the following result.

Proposition 1.2. [15, Lemma 2.2] Let f(x) = 2" (27" ~V/ 4 a) € Fye[z] witha # 0 and € | ¢¢ — 1.
If f(x) permutes Fye and ged(r + ¢, (¢¢ — 1)/€) = 1, then 2"+ (24" =D/* + a) also permutes Fye.

We observe that [Proposition 1.1{(ii) together with [Proposition 1.2| may not produce all permu-

tation binomials 2" (297! +a) over Fs. For instance, the permutation binomials of degree less than

26 over Fa7 are x(z? + a) and 2?3(2? + a), with (—a)'® # 1. While the former one is the only

permutation binomial given by (ii), the latter one is not given by
In fact, cannot be applied to (22 +a) since ged(r + ¢, (¢¢ —1)/¢) = ged(14,2) = 2.
Moreover, we observe that, in order to obtain z%*(z% + a) from we would need
21%(2% 4 a) to permute Fay, which is clearly not true. In particular, this shows that the converse
of does not hold. One of our goals in this paper is to extend ii) to
include the values of r such that r > £.

We show several existence and nonexistence results of permutation binomials of the form
2" (2971 + a) over Fse for e > 2. As a consequence, we completely characterize such permuta-
tion binomials over Fy2,Fys,Fga, Fps, and Fpe,

tend [Proposition 1.1l Even though the case F,» has been resolved by Hou, we include it in our

characterization, since we state our result in terms of ¢, which allows us to have a statement similar
to [Proposition 1.1[i) that holds for other values of e. Below we summarize the results. We denote

the (nonnegative) reduction of  modulo ¢ by r (mod £).

where p is an odd prime. In particular, we ex-



Theorem 1.3. Let f(z) = a"(297 ! + a) € Fye[z] with 2 < e < 6 and a # 0, and let £ =
¢t gt
(i) When e = 2,3,4, f(z) permutes Fye if and only if (—a)® # 1, ged(r,q — 1) = 1, and r
(mod ¢) € {1,¢ —q}.
(ii) When e =5 and q is an odd prime, f(x) permutes Fys if and only if (—a)* #1, ged(r,q—1) =
1, and v (mod ¢) € {1,0 —q,¢®> + 1,¢* + ¢* + 1}.
(iii) When e =6 and g is an odd prime, f(z) permutes Fe if and only if (—a)® # 1, ged(r,q—1) =
1, and r (mod ¢) € {1,¢ — q}.

In the next result we construct permutation binomials f(z) for arbitrary e.

Theorem 1.4. Let f(z) = 2" (297 ' +a) € Fye[z] withe > 2 anda # 0, and let { = ¢°~ 1 +-- - +q+1.
Then f(x) permutes Fge and is the composition of a linearized binomial and a monomial if and only
if (—a)t #1 and r = s + Zf;ol q" (mod ¢° — 1), where gcd(h,e) =1, k (mod e) = h™!, s is a
positive integer, and ged(r,q — 1) = 1.

Theorem 1.4] shows that, for any ¢¢ with e > 2, there is always a 4-tuple (¢°,7,1,a) in S. So
this yields an infinite family in S that extends Hou’s second family described in [Proposition 1.1{i).

Moreover, we have run a computer search for ¢° < 10® that leads us to conjecture that our family

is the only one in S for which ¢ = 1.

Conjecture 1.5. Let f(x) = 2" (297! + a) € Fye[x] with e > 2 and a # 0, and let { = ¢°~ ! +
-+ q+ 1. Then f(x) permutes Fye if and only if f(z) is congruent to the composition of a
linearized binomial L(x) = 29" + ax and the monomial " modulo x7° — x, where (—a)" # 1 and

ged(r,g—1) =1.

'Theorems 1.3| and show that this conjecture is true when e € {2,3,4} for any ¢, and when
e € {5,6} for any odd prime ¢g. One direction of [Theorem 1.3|is obtained through a series of

nonexistence results. In addition, these results collectively restrict the possible values of r for the
remaining values of ¢°.

We organize this paper as follows. In we present some tools that we use in
including a permutation criterion and some technical results involving binomial coefficients. The
goal of is to show [T'heorem 1.41 In [Section 4] we present several nonexistence results.
Finally, in we apply some results from and [4 to show as a
combination of Propositions [5.1]to[5.3] We end the paper with a discussion on




2. Preliminaries

We start this section by defining the index of a polynomial f(z) € Fge[x] of degree at most
q¢ — 1. Write
f(x) = alz? +ag_s 2z + - 4 ag_ix¥T) + B,

where a,aq—;; # 0 for j =1,..., k. We suppose that k¥ > 1 and d — iy = r. The integer

0= —
gcd(d_r,d—r—’L'l,...7d—7“_7;k71aqe_1)

is called the indez of f(z). We note that when r < ¢° —q the index of f(z) = 2" (#77! + a) € Fye ]
isl=q¢ 1+ +qg+1

Our results rely on a variation of Hermite’s criterion obtained by Masuda, Panario, and Wang,
namely Theorem 1 in [I6]. The authors specialized their criterion for polynomials to binomials.
The result is immediate, and it appears as Corollary 2 without a proof. In both cases, they require
the degree of the polynomial in Fge[z] to be less than ¢° — 1. We examined the proof of Theorem
1, and checked that this condition is not needed. Below we state their criterion for permutation

binomials without the degree requirement.

Proposition 2.1. [16, Corollary 2] Let f(z) = " (2°+a) € Fye[z] with¢® > 3, a # 0, andr, s > 1.

Then f(xz) permutes Fge if and only if

> (JDC‘N_A: 0 fN=1,...,¢2 0

A€eSn 1 if N=g¢g°—1,

where

(¢¢—1)—rN

SN{AEZ:AJ ,wherejGZandOSASN}.
s

For convenience, we may write Sy, A; or A;, to emphasize the parameters involved. For

binomials f(z) = 2" (297! 4+ a) € Fye[z] and £ = ¢! + -+ + ¢ + 1, we have
N
SN—{AjGZ:Aj—jK—Tl,wherejGZand()gAjgN}. (2)
q—

The next lemma provides the only two possible values for |Sy| when rN/(q — 1) is an integer. The
proof gives the exact conditions for each value to occur. Since we do not use these conditions, for

simplicity, we opt to state the result without them.



Lemma 2.2. Let f(z) = 2" (29 ' +a) € Fye[z] withe > 2 anda # 0, and let £ = ¢° 1 +-- -+ q+1.
If q—1|rN for some N € {1,...,q° — 1}, then |Sy| = |N/£]| or [N/¢] + 1.

Proof. By , we have

N
|SN|:H]'€Z:O§]'Z—T1§NH
-

e mn == [wS  E )

The result follows from the fact that for u,v > 0 we have

[[u,u+ [v]]NZ] = |v]+1 ifuez
[Tul, lu+v]]NZ[ = |[lu] + 1, |u] + [v]]NZ| = |v] fugZu—|ul+v—|v] <1
v +1,lu]+v]+1NZ|=|v]+1 fugZ,u—|u]+v—|v]>1.
O
Following the idea underlying with regard to reducing the possible values of r,

we show that it suffices to consider r € {1, ..., £} to show the nonexistence of permutation binomials

in a special circumstance. This result will play an important role in our proofs in

Lemma 2.3. Lete > 2, a € Fy., and { = ¢ '+ -+ q+1. Let r and s be positive integers such
that r = s (mod (). Suppose that z*(x7~' 4 a) does not permute Foe. If Y- 4cq. (IX) aVN=A #£0 for
some N € {1,...,q° — 2} such that ¢ — 1| N, then 2" (297! + a) does not permute F .

Proof. Let A;, € Sn,,. Write r = s+ k{, where k is an integer, and set j' = j — kN/(¢ —1). Then

N N N N
A, =jl— =(j+k——)t- kl)— =40 — =Aj s €SN,
jr =3t <J+ q_1> (s+ )q_1 Jl—s 7 = Ay €SN,
so Sn,» € Sn,s. This also shows that Sy s € Sn,». Therefore Sy, = Sn,s. By we
conclude that 2" (297! 4 a) does not permute Fe. O

The next two results concern identities with binomial coefficients. Our convention is that (Z) =0

ifn<k.

Proposition 2.4 (Lucas’ Theorem). Let n > k be positive integers and p be a prime. If n =

NnD™ + N 1™ L4 -+ ng and k = kpp™ + km_1p™ Lt + -+ + ko are the p-adic expansions of

(-6 (2) wen

n and k, then



When q is a power of p, the identity also holds with the g-adic expansions of n and k, namely,
n=nmq™ + Nm_1¢™ "+ -+ ng and k = kg™ + k1™ + -+ k.

Lemma 2.5. Let ¢ = p™, where p is prime, and let k be an integer such that 0 < k < q—1. Then

k) Z0 (mod p),
0

q—1
(ii) (qEZ) =0 (mod p) if and only if k=p —1 (mod p).

Proof. Let k = ky,_1p™ ! + -+ + ko be the p-adic expansion of k.

i i m— ) -1\ _—

(i) Write ¢ =1 = (p — )p™ '+ -+ (p — 1)p+ (p — 1). By Lucas’ Theorem, (,') =

(p_1)~~~(pk_ol)§é0(modp),sinceOﬁki<p.
2

km—1

(i) Write ¢ — 2 = (p— D)p™ 1+ -+ (p— 1)p + (p — 2). By Lucas’ Theorem, (q;2)
(Z71) - (ah (52) (mod p). Since (P1) # 0 (mod p) for each i, we have (%%) = 0
(mod p) if and only if (p];f) =0 (mod p), which holds if and only if kg = p — 1.

3. Existence results

In this section we construct permutation binomials of the form f(z) = 2" (277! + a) over Fe.
Two immediate necessary conditions are that ged(r,q — 1) = 1 and (—a)® # 1, where £ = ¢°~! +
-+ g+ 1. The former condition prevents us from writing f(x) as a composition of a binomial and
a permutation monomial ", where n = ged(r,q — 1). Next we consider a more general version of
the latter condition, and show that it is equivalent to having a family of linearized binomials that

permute Fse. The result is not new, but we include a proof for completeness.

Lemma 3.1. Let e > 2 and a € Fi.. Then L(z) = 27" + ax permutes Fge if and only if
(—a)(qe_l)/(qd_l) # 1, where d = ged(e, h).

Proof. The linearized binomial L(z) permutes Fge if and only if zero is its only root in Fge. Let &
be a primitive element of Fye. Suppose that L(¢F) = 0 for some integer k, so —a = g’ﬂ@"*l). Then
(—a)(qc’l)/(qd’l) = (ch’l)k(qh_l)/(qd_l) = 1. Conversely, if (—a)(qﬁ’l)/(qd’l) = 1, then —a =
E’"(qd_l) for some integer r. Since ged(q® —1,¢" —1) = ¢% — 1, we write ¢ —1 = b(g* — 1) +c(¢" — 1)
for some integers b and c. Then L(£7¢) = £7¢ (ém(qh_l) - a) =¢re (ér(qd_l)_’”b(qe_l) + a) =0. O



Next we show that any binomial f(z) = 2" (297! +a) € F[z] that is congruent to the composi-

tion of a linearized binomial and a monomial modulo z¢° — x satisfies f(z) = L(z") (mod z¢" — ).

Lemma 3.2. Let f(z) = 2" (29! + a) € Fye[z] with e > 2 and a # 0. Then f(z) = L(2°)
(mod x9° — ), where L(x) = bx?" + cx?" for positive integers s, m, and n with n < m < e if and

only if f(z) = L(z") (mod 2" — ), where L(z) = 29" + ax for some positive integer h.
Proof. We have f(z) = L(z°) (mod 29" —x), that is, "+ +az” = bx*?" +cx*?" (mod 27" — ),
which holds in one of the following situations:

(1) b=1,a=c¢,r+q—1=5¢™ (mod ¢¢ — 1), and r = s¢™ (mod ¢° — 1), or

(2) e=1,a=br+q—1=sq¢" (mod ¢°— 1), and r = s¢™ (mod ¢° — 1).

We want to show that there exists a positive integer h such that r¢" =r + ¢ —1 (mod ¢¢ — 1). Tt
suffices to choose h = m — n in Case (1), and h = e +n — m in Case (2). This concludes the proof

as the converse follows immediately. O

In order to find all binomials f(z) = z" (297! +a) that are congruent to compositions of L(x) =

29" 4 az and 2" modulo z¢° — z, we need to solve r(¢" —1) —q+1=0 (mod ¢° — 1) for h and r.

Lemma 3.3. Lete >2 and £ =q* ' +---+q+1. Thenr(¢" —1)—q+1=0 (mod ¢° — 1) if and
only if ged(h,e) =1 and r = sl + Zf;ol q" (mod ¢° — 1), where k (mod €) = h™! and s is any

nteger.

Proof. We first observe that r = sf + Zi:ol ¢"" (mod ¢ — 1) satisfies

k k—1
r(" =1 —q+1=sl(g" =)+ " =) ¢"—q+1
i=1 i=0
=" —¢=0 (mod ¢°—1).

Conversely, suppose that r(¢" —1) —¢+1=0 (mod ¢°* —1). Sor (%) =1 (mod %) implies
that ged (qqh:ll, q;:11) =1, that is, ged(h,e) = 1. Let ¥ = Zi:ol q" (mod ¢° — 1). Then, similarly
to the calculations above, 7(¢" —1) —g¢+1 =0 (mod ¢°— 1), so 7 is also an inverse of q::ll modulo
£. Thus r =7 (mod ¢), i.e., r=sl+ Zf;ol ¢" (mod ¢¢ — 1) for any integer s. O



Theorem 3.4|is our main tool to construct permutation binomials of the form " (x9~! + a) over
Fge. We find all r’s that give permutation binomials that are compositions of a linearized binomial
and a monomial. For these values of r, we require r to be coprime to ¢ — 1 as we can show that

this implies that r is coprime to ¢ — 1.

Theorem 3.4. Let f(z) = 2" (27 ' +a) € Fye[z] withe > 2 and a # 0, and let £ = ¢°~ '+ +q+1.
Then f(x) permutes Fge and is the composition of a linearized binomial and a monomial if and only
if (—a)t #1 and r = s + Zf;ol ¢" (mod ¢¢ — 1), where gcd(h,e) =1, k (mod e) = h™!, s is a
positive integer, and ged(r,q — 1) = 1.

Proof. The combination of the three previous lemmas implies that we only need to show that

ged(r,¢° — 1) = 1 to complete the ‘if” direction. By we have r(g" — 1) —q¢+1=0

(mod ¢¢ — 1). By writing 7(¢" — 1) — g+ 1 = (¢° — 1)t for an integer ¢ and dividing both sides by

q — 1, we obtain that r Z?;()l q' —tf =1, so ged(r, £) = 1, which means that ged(r,¢¢ — 1) =1. O

displays the values of r given by [Theorem 3.4] for 2 < e < 8 We also list their
corresponding reductions modulo £ to illustrate that they are the same values that appear in

for 2 < e < 6, showing one direction of our characterization. This direction can be also
obtained from the next result that is more general. The other direction is proved in

Corollary 3.5. Let f(x) = 2" (29 1 +a) € Fye[x] withe > 2 anda # 0, and let £ = ¢°~ '+ -+q+1.
Suppose that (—a)* # 1 and ged(r,q — 1) = 1.

(1) If r (mod £) € {1,£ — ¢}, then f(x) permutes Fge.

(ii) If e is odd and r (mod ¢) € {1/ 41,0 — ¢(¢+V/2 — ¢} then f(z) permutes F ..
Proof. (i) Apply [Theorem 3.4|with h=1and h=e¢—1

(ii) Apply [Theorem 3.4 with h = (e +1)/2 and h = (e — 1)/2.

O

When e = 3, the two sets provided by |Corollary 3.5 are the same, i.e., {1,£ — ¢} = {g{¢t1)/2 +
10— gtz gy,



! ho ko r (mod £)
q+1 1 1 sl+1 ;
1 1 st+1 1
*+q+1
2 2 sl+¢*+1 ‘4
1 1 st+1 1
¢ +q*+
3 3 sl+¢+¢2+1
q+1 L )
=sl+q¢+¢*+1 (mod ¢* — 1) {—gq
1 1 st+1 1
448y 2 3 sltqg'+g*+1 4@ +1
7' +q ( [
3 2 S£+q3+1 q3+1
¢*+q+1
4 4 sl+q®+¢+q'+1
ES£+q4+q3+q2+1(mOdq5_1) g_q
1 1 st+1 1
CHat+ 5 5 s+ + ¢+ ¢+ +1
¢ =sl+q¢°+q"+¢°+¢*+1 (mod ¢° — 1) l—q
q+1
1 1 st+1 1
2 4 sl+q+q'++1 ¢ +q'+q®+1
35 sl+q?+¢"+¢"+¢*+1
R =50+ +¢"+ ¢’ +¢*+1 (mod ¢’ — 1) (—q'—q
P+ 42 slgtri A1
P+q+l 5 3 sl+q0+¢+1
=sl+¢°+¢*+1 (mod ¢" — 1) Pl
6 6 s+ +¢*+¢®+¢2+¢+1
=sl+ "+ P+ + P+ +1 (mod " —1) £—¢q
1 1 st+1 1
7, .6 3 3 sl+¢"+q°+1 4+ +1
q+q+ 20 15 10 5
5.4, 905 s+ a0+ ¢+
¢ +q+ e . o
324 =sl+q" +¢ +q¢" +q¢*+1 (mod ¢° 1) (—¢5—¢®—q
7 +q
1 7T sl P+ g T+
q
=sl+q" +¢*+° +q'+ ¢ +¢* +1 l—q

(mod ¢® — 1) 10

Table 1: Values of r given by and their reductions modulo £, for 2 < e < 8.



4. Nonexistence results

In this section we use to show the nonexistence of permutation binomials of the
form f(z) = 2"(z97! + a) over Fye for e > 2 and ¢ # 2. When ¢ = 2, the binomial takes the form
f(z) = 2" (z+a), so it does not permute Fa. if a # 0. To calculate the sum (1) with A; running over
SN , we apply Lucas’ Theorem using ¢-adic expansions. Our first nonexistence result narrows

down the possibilities for f(x) to those with r (mod ¢) = hq + 1 for some integer h.

Proposition 4.1. Let f(z) = 2" (27! +a) € Fye[z] withe > 2 and a #0, and let £ = ¢~ + -+
g+ 1. Ifr (mod ¢) # hq+ 1 for any integer h, then f(x) does not permute Fe.

Proof. First, assume that 1 <r < /fand r # hqg+1for 0 < h < Zf;2 q'. Then r # 1,q+1,2q +

1,..., (Zf;g qi) q+ 1. In other words, hog +2 < r < (hg + 1)q for some 0 < hy < 25;12 q'. We
claim that Sy = {Ap, 41} for N =¢°~! —1. By since N/{ = (¢°~! — 1)/(2:01 q") <1,

it follows that |[Sn| < 1. We have

e—1 e—2
Apgs1 = (ho +1) Zqz — qui.
i=0 i=0

Since r < (hg + 1)q,

e—1 e—1
Ah0+1 > (ho +1)qu — (ho-l—l)zqi =hy+1>0.
=0 =1

Also, the conditions 7 > hog + 2 and hy < Zf;f ¢" imply that

e—1 e—2 e—2
A1 < (ho+1)D ¢ = (hog+2)Y ¢ =ho+q" ' =) ¢ <¢" ' —1=N.
=0 =0 =0

Hence Sy = {Apy41}. Write N = (¢ — 1)¢* 2+ -+ (¢ — 1)¢g + ¢ — 1. By Lucas’ Theorem
and i), we obtain that

(- (e

A
AeSn ho+1

Therefore f(z) does not permute Fge for 1 <r < £.
For r = (, let j = N/(q —1). Then A; =0, Sy = {0}, £ 45, ()a¥ 4 = (§)a" # 0, and

f(x) does not permute Fge. Since ¢ —1 | N, by f(z) does not permute Fye when r > £.
This completes the proof. O

11



The next two propositions give more precise descriptions of r (mod ¢) = hq + 1 for which
f(x) = 2" (297! 4 a) is a permutation binomial by providing conditions on the divisibility of h. We
begin by showing that for e even we must have ¢ + 1 | h.

Proposition 4.2. Let f(z) = 2" (27! + a) € Fe[z] with e even and a # 0, and let £ = ¢*~* +
4 q+1. Ifr (mod £) = hg+ 1 with g+ 11 h, then f(z) does not permute Fge

Proof. We assume that 1 <r < ¢ and r = hq + 1, where h = k(g + 1) + ho with positive integers k

and hg, and 1 < hg < q. Let N = (¢ — 1) Z(e D/2 2 Since N < £, implies that Sy

has at most one element. We compute Agqyp,

(e 2)/2
=(kqg+ho)Y ¢ —[(k(g+1)+ho)g+1] Y ¢
=0 =0
(e~2)/2 (e-2)/2
—quq +hqu — kq¢? Z 7' — kq ¢*
=0
(e—2)/2 (e—2)/2 _
— hog Z = >
1=0
e/2 (e—2)/2 . el (e—2)/2 ' (e—2)/2 _
—k Zq _ th _ Z q21+1 + hO Zqz _ Z q22+1 _ Z q21
1=0 1=0 1=0 =0
(e—2)/2 4
—ho-1) S %,
=0

50 0 < Apgtn, < N, and thus Sy = {Akgth, }- By Lucas’ Theorem and i), we conclude

that
N N
2 (A)aN_A B ( )“N_A"MO # 0.

A
AeSN ka+ho

Therefore f(z) does not permute Fse. Since ¢ — 1 | N, we use to obtain the desired

result when r > /. O
We now show that if ¢ is a power of an odd prime p and f(z) permutes Fge, then p | h.

Proposition 4.3. Let f(z) = 2"(297! + a) € Fye[x] with e > 2, q a power of an odd prime p, and
a#0,andlet{ =q 1+ +q+1. Ifr (mod ¥) =hq+1 and pth, then f(z) does not permute
qu .

12



Proof. We start by assuming that » < £ and r = hqg + 1, where 0 < h < ZZ o ¢ and pt h. Let
N = 2¢°~! — 2. By |Lemma 2.2} since N/¢ = 2(¢°~* — 1)/(X{Z0 ¢') < 2, we have |Sy| < 2. We

claim that Aspyq is the only element in Sy. To show this, we compute

e—1 e—2 e—2
Agnyr = (2h+1) D q' = 2(hg+1) Y ¢' =" =) q' +2h.
=0 i=0 =0

Since h > 0, we obtain that

el N~ i e ¢ -1
Aony1 > ¢ —ZCI—(] —ﬁ>0-
i=0

On the other hand, the condition h < Y 5~ g ¢* — 1 implies that

e—2 e—2 e—2
Appir <1 =) ' +2 (Zqi — 1) =¢ ) ¢ -2<q T+ —2=N.
i=0 i=0 i=0
Hence Asp41 € Sy. We observe that A, = A; + k¢ for any integers j and k, so it remains to

show that Asp and Agpyo are not in [0, N]. In fact, Asp = Aopypq — £

e—2 e—1 e—2 e—2 e—1
_Zqi+2h_zqi<qe—1_zqz‘+2<zqz‘_1) _Zqz‘:_
i=0 =0 i=0 i=0 =0

and
e—2 e—1
Agnyo = Aopy +0=¢"" =D q +2h+ ) q =201 + 20> N.
=0 =0

Therefore Sy = {Aap+1}-

Write N =¢* 1+ (q—1)¢* 2+ +(q—1)g+ (g —2) and Agpy1 = ae_1¢°"* + - +a1q+ ag
in base ¢. Since p is an odd prime and p 1 h, it follows that Asp41 =2h — 1 # p— 1 (mod p) so
that (qa_f) # 0 (mod p). By Lucas’ Theorem and we get
(- (

A \A Aspt1
_(1! ¢—1\  (e-1\(9-2 aN—A2ne1 £,
Ae—1 Ae—2 ay ao
Therefore, if r < ¢, the polynomial f(x) does not permute Fge. Since ¢g—1 | N, we can use

in the case r > ¢ and conclude the proof. O

We now consider r = [h (Z:g’ qi” g+1=nh (Zl 14 ) +1for1 <h<gq-—1. In this case,

e—1 e—2

we obtain a nonexistence result by considering N = 2¢°~" — ¢°~% — 1. The next result provides the

exact elements that belong to Sy depending on h.
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Lemma 4.4. Let f(z) = 2" (29 ' +a) € Fye[z] withe,q >3 anda # 0, and let { = ¢° 1+ -4q+1.
Suppose 1 = h({ — ¢t — 1)+ 1 for some 1 < h < g—1. For N = 2¢°° ! —¢*=2 — 1 and
j=2hq° 3 + hzs;g q*, we have

(i) A= (h=2)¢" 2+ (2h— )" + (h = 1) X{ ) ',

(ll) AjJrl:qe_l—"_(h ) €~ 2+2hqe 3+h’27, Oq',

{Ajn}  ifh=1
(i) Sy =9 {A;, 4,1} f2<h<q—2
{A;} ifh=q—1.

Proof. We start by showing (i) and (ii). By using that N/(q — 1) = 2¢°~2 + Zf;g q*, we compute

4 - <2hqe3 N hZ:q> (Z: qi> - (h (Zj qi> + 1) <2qe2 + 2(1’)

2e—4 e—4e—1 2e—4 e—2e—3 e—3
=2h Z ¢ —&—hZZqu —2h Z ¢ — hZZq“‘j —2¢°72% — Zqi
i=e—3 =0 j=0 i=e—1 i=1 j=0 =0
e—3 e—1
=2hq* 3 +2(h —1)¢° % — Z qt+ hz q
2e—5 2e—6 1:026 5 i 2e—6
+th+th—th—th
1=e—1 i=e—2 i=e—3
=2hq°3 + 2(h Z ¢+ hz ¢' — hg® ' — 2ng"% — hgt?
1=0
e—3
=(h=2)¢"* +hg"? +(h-1) ) ¢
=0

i

e—

=(h=2)¢" 7+ 2h = 1)+ (h=1) ) 4"

=0
We also compute
e—1 ‘
Aj+1 :Aj +€:Aj +qu
i=0
e—4 ) e—1 ,
—(h=2)¢" 2+ 2h =1+ (=1 ¢ +> ¢
i=0 i=0

=¢*' + (h=1)g" 2 +2hg" >+ hY ¢

=0

14



We now show (iii). By since ¢ = Z:Ol q¢"and N/l = (2¢°71 — ¢ 2 — 1)/l < 2, we

have |Sy| < 2. The elements in Sy satisfy A;41 = A; £ ¢; in particular, A; < A whenever i < k.

Next we describe the elements in Sy depending on h.

Casel: h=1
Since 4; = —¢°7% + ¢°~3 is negative, it does not belong to Sy. Let us consider 4;,1. We have

Ajiy = 423+ 357 ¢ > 0 and

Ajp1 <2¢° =g —-1=N

e—4
2q6734’jz:qif;qejl"q672"1
1=0

e—4 e—2
=270+ < (g-1)) ¢ —¢ 7
1=0 i=0

w

e—

e—4
=20+ < (g2 P+ (g1 d,
1=0 L

s
Il
=}

which is true, since 2¢°~3 < (¢—2)¢°~2 and Zf:_g ¢ < (q—1) Ef:_g’ q', for ¢ > 3. Hence A1 € Si.
Since
e—4

Ajpo = A +0=20""+¢2+3¢+2) ¢ >N,
1=0

we conclude that Sy = {A;41}.

Case 2: 2<h<qg—2
‘We have

which shows that Sy = {4;, Aj41}.
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Case 3: h=q—1
In this case, we have A; = ¢°~1 — ¢®72 — 2¢°73 — Z:;g ¢ —1. So

e—1 e—4
Aj_1 =4 qul = —2¢°2 3qe*3722qi71 <0,
i=0 i=0

Hence Sy = {A,}. O

Proposition 4.5. Let f(z) = 2"(x97" + a) € Fye[z] with e,q > 3, q a power of a prime p, a # 0,
and (—a)* # 1, and let £ = ¢ 4+ --- + q+ 1. Suppose that r (mod £) = h (E A 1) +1 for
some 1 < h <qg—1. Then f(x) does not permute Fge.

Proof. By [Proposition 4.3} if g is odd and p 1 h (Zf;g qi>, then f(z) does not permute Fge. Hence

p | h, if ¢ is odd. Assume r < £. We consider the following three cases: h=1,2 < h < ¢ —2, and

e—3

h =q—1. Let N = 2¢°~'—¢°"?—1 whose g-expansion is given by ¢*~'+(¢—2)¢* 2+ (¢—1) > i_, ¢"
emma 4.4] provides the exact elements in Sy in each case.
p

Casel: h=1

In this case, Sy = {Aj41} and Aj11 = ¢° 1 +2¢° 3 + Z;:g q* is the g-adic expansion of A;.

We compute ) ¢, (]X)aN_A

= N aN—Ai+ — N\ (fa=2\(q—1\(q—-1 6_3aN—AjJrl
Aj 1 0 2 1 ’

which is not zero by i).
Case2: 2<h<qg—2
We have Sy = {A;, 411}

Subcase 2.1: 2 < h < |¢/2]
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In this case,

Aj=(h—=2)¢" 2+ 2h—1)¢* >+ (h—1)) ¢ and

e—4
Aj+1 — qe—l + (h _ 1)qe—2 + the—S + thi,
=0

(- (e
A \A 4; Aj
_(N\(a-2\(a-1)\ (a1 ef?’azvaj
0o)\n—2)\en—1)\n-1
(a2 (a1 (a1 673aN_Aj+1
1)\n=1)\ 2n h '

By ii), when ¢ is even, (‘?2) =0 if and only if k is odd. Also, if ¢ is odd, p | h and

we get (¢-2) =0 (mod p). Therefore
N
3 (A) SN-A

AeSN

e—3
-2 —1 —1
(Z B 1) (q2h ) (q L ) aVTA+1 £0,  if his odd and ¢ is even

g—2\[q—1\[qg-1\"" NeA .
h—2)\2h—1)\h -1 a9 #0, otherwise.

Subcase 2.2: ¢ is even and h = ¢q/2

SO

In this case, the g-adic expansions of the two elements in Sy are

A= (g - 2) 24 (g — 1) 3 + (g - 1) > ¢ and

2
O e



Consequently,

B O e (e
<1> (;2— 2) (Z _ 1) ( q32_11> NAg e

00
:(qq722) (qq;;)e 3aN_Aj+1 (af+1).

Since ¢ is odd and (—a)’ # 1, we have a’* +1 % 0. We conclude that the sum is not zero by

applying i) and (ii).
Subcase 2.3: |g/2| <h < q—2

Write h = |q/2] + ho with hg > 0.
If g is even, then h = ¢/2+ hg, 0 < hg < (¢ — 4)/2 and the g-adic expansions of A; and A;41

are
e—4
Aj=(h =12+ (2ho — 1)¢"* + > (h—1)¢" and
k=0
e—4
Ajp1=q"" +hg" >+ 2hoq" P + h Z q".
k=0
Thus

Do)
() GGG
olewien]oy

{qf) L

a2 -1 ¢—1\"" N—A; .
h 2h —1/\h -1 a i #0, otherwise.
O — J—

—A4;

aN—Ai+

).
|
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If ¢ is odd, then h = (¢ — 1)/2 4+ ho with 0 < hg < (¢ — 3)/2, and the g-adic expansions of A;

and Aj,, are
e—4 )

Aj=(h=1)¢" 2+ (2h = 2)¢"* + (h—1)) ¢' and

i=0

e—4
A = ¢+ hg" 7+ (2ho = 1)g" P+ Ry g
i=0

This implies that

N\ noa_ (N n-oa, N\ Noan
Z (A)a B (Aj>a Aj ¢

AeSn

(Y (e-2\ (a1 (11T N4,
N0/ \h—1)\2ho—2)\h -1
e—3
n WN(qg—2\(qg—1\(qg—-1 aN-Asi1
1 h 2hy — 1 h
By using [Lemma 2.5(i) and (ii), since p | h, we obtain that this sum is

=2\ (a1 \(a-1\" x a.,
()G ) () e

Case 3: h=q—1

In this case, Sy = {4;} and the g-adic expansion of 4; is (4—2)¢°2+(¢—3)¢°*3+(¢—2) Zf;g qt.

Then
o O L[ e[ o B

AeSn

which is not zero by i).

Therefore, if r < ¢, the polynomial f(x) does not permute Fge. Since N/(¢g—1) = 2qe_2+22:3 q'
is an integer, we use for the case r > ¢ and conclude the proof. O

5. Characterizations

Permutation binomials of the form f(z) = z" (277! +a) over F,e were studied by Hou when e = 2,

and by Liu when e = 3 with g odd and 1 < r < ¢, where £ = ¢°~ ! +--- 4+ ¢+ 1; see[Proposition 1.1
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In this section we prove by applying our results from and [4 to present

complete characterizations of these permutation binomials over Fy2, Fys, Fga, F,5, and Fpe, where
p is an odd prime, for all values of r. As we mentioned earlier, two necessary conditions are that
(—a)® # 1 and ged(r,q — 1) = 1. We make use of these two facts without any further reference. In

addition, as in we show our results for e € {5,6} by using [Proposition 2.1l and Lucas’

Theorem without referring to them.

5.1. Fields Fp2,Fys, and Fga

We extend [Proposition 1.1{in the following directions: from r € {1,...,¢} to r > 1, from ¢ odd
and e = 3 to any ¢ and e = 3, and from e € {2,3} to e € {2,3,4}. Therefore our characterization
provides a full description of permutation binomials f(z) = 2" (297! + a) over Fy for e € {2,3,4}.

For these values of e, the description of r written in terms of ¢ turns out to be the same.

Proposition 5.1. Let f(z) = 2" (277! + a) € Fye[z] with e € {2,3,4} and a # 0, and let £ =
¢ 1+ +q+ 1. Then f(z) permutes Fye if and only if (—a)® # 1, ged(r,q — 1) = 1, and r
(mod ¢) € {1,¢— q}.

Proof. By |Corollary 3.5, if (—a)® # 1, r (mod ¢) € {1,¢ — ¢}, and ged(r,q — 1) = 1, then f(z)
permutes Fge. Conversely, suppose that f(x) permutes F,e for e € {2,3,4}. By [Proposition 4.1}

(mod ¢) = hq + 1 for some integer h.

When e = 2, since £ = ¢+ 1, we must have r (mod £) = 1.

When e =3, we have £ = (¢+ 1)g+ 1,500 < h <gq. implies that h € {0, ¢}, so
r (mod ¢) € {1,¢ — ¢}.

When e = 4, we have ¢ = (¢*> + ¢ + 1)g + 1. Combining Propositions and gives that r
(mod £) = k(¢g+ 1)g+ 1 with 0 < k < gq. implies that & € {0, ¢}, so r (mod ¢) €
{1,¢—q}. O

For fields F,2, we note that r (mod £) =¢ —q = 1.

5.2. Fields Fps, p an odd prime
In [Proposition 5.1 we show that the only values of 7 (mod ¢) such that 2" (x9~! + a) permutes

Fge for e € {2,3,4} and a # 0 are 1 and £ — ¢, with ged(r,¢ — 1) = 1. In Fps[z] there are two

additional values.
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Proposition 5.2. Let f(z) = 2" (2P~ 4+ a) € Fys[z] with p an odd prime and a # 0, and let
(=p*+p>+p? +p+1. Then f(x) permutes Fys if and only if (—a)* # 1, ged(r,p—1) =1, and r
(mod ¢) € {1,p* +1,p"* +p* + 1,0 — p}.

Proof. By|Corollary 3.5| if (—a)* # 1,7 (mod £) € {1,p>+1,p*+p?+1,¢—p}, and ged(r,p—1) = 1,
then f(z) permutes F,s. Conversely, let f(x) be a permutation binomial over Fs. |Proposition 4.1
and imply that r (mod /) has the form hp? + 1 for some 0 < h < p? +p+ 1. We
show that we cannot have the following three cases for h: 1 < h <p—1,p+1 < h < p?, and
pPP+2<h<p?+p.

Case1: 1<h<p-—-1

Consider N = p* — p? — p + 1 whose p-adic expansion is (p — 1)p® + (p — 2)p? + (p — )p + 1.
By since N < /£, the set Sy has at most one element. We compute
(hp® + D (p* —p* —p+1)

p—1

=hp(p" +p* +p* +p+1) — (hp* + H(P* +p* — 1)

App=hp(p* +p* +p* +p+1) —

=(h—1)p*+ (2h — 1)p* + hp + 1.

Since 1 < h <p—1, we have 0 < Ap, < p* —2p? —p+1 < N. Hence Ay, is the unique element in
SN

Subcase 1.1: 1 < h<(p—1)/2

By using Lucas’ Theorem and [Lemma 2.5(i) and (ii), we have

N\ n_a_ (N N—Ap,
= ()= ()

A€eSn

BN

Subcase 1.2: (p—1)/2<h<p-—1
Write h = (p—1)/2 4+ ho with 1 < hg < (p —1)/2. Then

—1
Ahpz(h—l)p3+ (2 (p2 +h0) —1)p2+hp+1
= hp® 4+ (2ho — 2)p* + hp + 1.

Since 0 < 2hg — 2 < p — 3, we have
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N N
(- ()
AcSN hp

:<p h 1) (2];0_—22> (p; 1) G) @ £ 0

Case 2: p+1<h<p’
Consider N = p? — 1 whose p-adic expansion is (p — 1)p?> + (p — 1)p +p — 1. By
since N < ¢, the set Sy has at most one element. We compute
(hp* + D)(p* — 1)
p—1
=h(p" +p° +p° +p+1) — (hp* + )(* +p+ 1)

Ay =h(* +p* +p* +p+1) -

=hp+h—p*—p—1

Since p+1 < h < p?, we have 0 < A, < p? —p—1 < N, so Ay, is the unique element in Sy. Let

A = asp? + a1p + ag be the p-adic expansion of Aj. Since ag,a;,as < p — 1, Lucas’ Theorem

and i) imply that

N\ y_a_ (N A, _ (P=1\(p=1\(pP—1\ N_a4,
Ags;N (A)aN - (Ah>aN _< az )( a >< ag )aN 7

Case 3: p" +2<h<p’+p
As in Case 1, consider N =p* —p?2 —p+1=(p—1)p*>+ (p—2)p* + (p—1)p+ 1. Then Sy has
at most one element. We compute
(hp® + D (p* —p* —p+1)
p—1
(hp —p = 1)(" +p° +p* +p+1) = (hp* + 1)(p* +p* — 1)

Apppr=(hp—p-1)p" +p* +p* +p+1) -

—p® = 2p* + (h — 3)p® + (2h — 3)p* + (h — 2)p.

For p? +2 < h < p?+p, we have 0 < p? < App—p—1 < p* —2p> —2p < N, 50 App—p—1 is the unique
element in Sy. Write h = p® + 2 + hy with 0 < hg < p — 2. Then

App—p—1 = hop® + (2ho + 1)p* + hop.
Subcase 3.1: 0 < hg < (p —3)/2
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Since 2hg + 1 < p — 2, if follows that

N N
E (e[
sy A Anp—p-1

(S IERIENIER

Subcase 3.2: (p—3)/2 < hy <p—2
Write ho = (p — 3)/2+ hy with 1 < h; < (p—1)/2. Then

Ahp—p—l = (h() + 1)p3 + (2h1 — 2)[)2 + hop.

and, since 2h; — 2 < p — 3, we have

T

Anp_p_
AeSN hp=p—1

p—1 p—2 p—1\(1\ N_a, .
= pP—p— 0.
<h0—|—1><2h1—2><h0><0a #
By f(z) cannot permute F,s with r (mod ¢) = hp? + 1 for 1 < h < p—1,

p+1<h<p? and p> +2 < h < p? + p, and this contradicts our assumption. The remaining
values of h are 0,p,p? + 1,p? + p + 1, hence necessarily » (mod ¢) € {1,p> + 1,p* + p> + 1,4 — p}.
This completes the proof. O

5.3. Fields Fps, p an odd prime

The characterization of permutation binomials of the form f(z) = 2" (2P~ + a) over F s is the

same one as for g2, Fys, and Fy« from [Proposition 5.

Proposition 5.3. Let f(z) = 2"(2?~' 4+ a) € Fpe[z| with p an odd prime and a # 0, and let
(=p°+p*+p>+p*+p+1. Then f(x) permutes Fys if and only if (—a)® # 1, ged(r,p—1) = 1,
and r (mod ¢) € {1,¢— p}.

Proof. By [Corollary 3.5] if (—a)’ # 1, r (mod ¢) € {1,£ — p}, and ged(r,p — 1) = 1, then f(z)
permutes F,s. Conversely, suppose that f(x) permutes F,s. By combining Propositions we
may assume 7 (mod £) = n(p3 + p?) + 1 with 0 <n < p? + 1.

We will show that we cannot have 1 < n < p?. Let N = p® — p3 + p? — 1 with p-expansion

given by (p — 1)p* + (p = 1)p* + (p — 1)p+ p — 1. Then [N/¢] = 0. By |Sn| < 1. Let
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j=n(p*+p—1)+1. We compute A;

[n(p® +p°) + 1(p° —p° +p° — 1)
p—1

[n(* +p —1) + 1] = (np® + np® + 1)(¢ = p° - p?)

=[n(* +p—-1) +1)]¢ -

= np?l + npl — nl + £ — np>l + np® + np® — np?l + np” + np* — £+ p° + p?
=n[pl — L+ p*(—L+p° +p* +p* +p)] +0° + 9’
=n(—p>—1)+p° +p°
=p° —np’ +p* —n.
Since 1 < n < p?, we have 0 < 4; < N, so Sy = {4,}.

Case 1: 1 <n < p?

Write n = n1p + no, where 0 < ng,ny < p— 1. If ng # 0, the p-expansion of A; is

Aj=(p—ni—1p*+(p—no)p*+ (p—m1 — Dp+ (p — no).

By |Lemma 2.5(i), it turns out that
N -1 -1 -1 -1
S R R [ERN N (Sh e
A \A p—1=mn1)\p—mno/\p—1=m1/)\p—no

If ng = 0, then ny # 0 and A; = (p — n1)p* + (p — n1)p, where 1 < p —ny < p— 1. Thus,

() (e
AcSy p—m/j\p—m
Case 2: n=1p

Then A; =0 and > g, (MaN=4 = (§)a¥ # 0.

By f(z) cannot permute Fy6 with r (mod ¢) = n(p®+p?)+1, 1 <n < p?, and

this contradicts our assumption. Hence n € {0,p* + 1} and r (mod ¢) € {1, — p}. O

2

5.4. Fields Fge

We conjecture that all permutations binomials of the form z” (mq_l + a) over F,. are the ones

described in More specifically, we have the following.
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Conjecture 5.4. Let f(x) = 2" (297! + a) € Fye[z] with e > 2 and a # 0, and let £ = ¢°~ ! +
-+ q+ 1. Then f(x) permutes Fye if and only if f(x) is congruent to the composition of a
linearized binomial L(x) = 29" + az and the monomial " modulo 27° — x, where (—a)" # 1 and

ged(r,g—1) =1.

If holds true, by [Theorem 3.4|the only values of r for which f(z) = =" (xq_l + a)

permutes Fye satisfy r = sf + Zi:ol q" (mod ¢¢ — 1), where ged(h,e) = 1, k (mod €) = h™!, and s

is an integer. The results in [Sections 5.1] to [5.3] confirm for fields Fye, with e = 2,3, 4,

and Fpe, with e = 5,6 and an odd prime p. An exhaustive search for all permutation binomials

of the form f(z) for ¢¢ < 10® also verified the conjecture. To optimize our search, we used results

from to [B] along with the following.

Proposition 5.5. Let & be a primitive element of Fi., and fm(z) = 2"(x77! + ™) € Fyelz].
If fi(z) does not permute Fye for all 0 < j < g — 1, then fp,(z) does not permute Fye for all

0<m<q—1.

Proof. Let 0 < m < ¢° — 1 and write m = s(¢ — 1) + j with 0 < j < ¢ — 1. Since fj(x) does not
permute F ., there exist integers ig and i1 such that 0 < iy < i1 < ¢°—1and f;(£%) = f;(£). Thus,
grs+s(q71)fj (gio) — grs+s(q71)fj (511) implies that 5r(i0+s) (g(ig+s)(q71)+£m) _ gr(i1+s)(£(i1+s)(q71)+
€™). Therefore, fn,(£07%) = f,,(€11%) and fo,(x) does not permute Fge. O
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