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Abstract

We present several existence and nonexistence results for permutation binomials of the form xr(xq−1+

a), where e ≥ 2 and a ∈ F∗qe . As a consequence, we obtain a complete characterization of such

permutation binomials over Fq2 , Fq3 , Fq4 , Fp5 , and Fp6 , where p is an odd prime.
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1. Introduction

Let q be a prime power and Fq denote the finite field of order q. Any function from Fq to Fq

is uniquely represented by a polynomial of degree less than q via the modular reduction xq − x. A

polynomial in Fq[x] is a permutation polynomial over Fq if it induces a bijection in Fq.

The study of permutation polynomials over finite fields dates back to the 1800s with the work of

Hermite [1]. Since then, many researchers have investigated them, not only because they are inter-

esting on their own, but also due to their applications in areas such as coding theory, cryptography,

and finite geometry. Permutation monomials have been completely characterized as xr permutes

Fq if and only if gcd(r, q− 1) = 1. In the absence of a general and simple permutation criterion for

binomials, permutation binomials have been the focus of many studies. As a matter of fact, the

majority of the results on permutation polynomials concern permutation binomials as they already

impose many challenges, despite their simple form. Given xm + axn in Fq[x], it is desirable to find

simple relationships between m, n, a, and q that make the binomial permute Fq. This is usually
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achieved by specializing these parameters to particular forms. We refer the interested readers to

the surveys [2, 3, 4] for an excellent overview of the area.

Besides the number of terms of the polynomial, there are other parameters such as the degree,

the Carlitz rank, and the index that are relevant in many problems involving polynomials over finite

fields. The concept of index was introduced by Akbary, Ghioca, and Wang [5] in 2009; we postpone

the precise definition to Section 2. It turns out that any nonconstant polynomial of index ` and

degree at most q − 1 in Fq[x] can be uniquely expressed as αxrh
(
x(q−1)/`

)
+ β. Wang [6] wrote

a survey on permutation polynomials classified by their indices, indicating that this might be a

promising way of organizing the many existing results. For instance, a result by Masuda and Zieve

in [7] can be stated as: the index of any permutation binomial over the prime field Fp is always less

than
√
p− 1.

Wang also suggested a list of open problems in his survey. Problem 7 is “Construct and classify

permutation polynomials of Fqe with intermediate indices such as qe−1+· · ·+q+1, c(qe−1+· · ·+q+1),

or (qe−1 + · · · + q + 1)/d, where c is a positive factor of q − 1, and d is a positive factor of

qe−1 + · · ·+ q + 1.” Not only there are not many results in this direction, the ones listed in [6] for

e ≥ 3 involve polynomials with more than two terms.

We now turn our attention to permutation binomials of a special type. Let S be the collection

of all (qe, r, t, a) ∈ N3×F∗qe , e ≥ 2, such that xr(xt(q−1)+a) permutes Fqe . Most of the results in the

literature deal with e = 2 for which the index is (q+ 1)/ gcd(q+ 1, t) from Problem 7. In this case,

under the assumptions that gcd(rp, t(q − 1)) = 1, where p = char Fq and (−a)(q+1)/ gcd(q+1,t) 6= 1,

Hou [8] grouped several results that appear in [2, 9, 10, 11, 12, 13] into the following four families:

(i) (q2, r, t, a), aq+1 = 1, gcd(r − t, q + 1) = 1

(ii) (q2, r, 1, a), r ≡ 1 (mod q + 1)

(iii) (q2, 1, 2, a), (−a)(q+1)/2 = 3

(iv) (q2, 3, 2, a), (−a)(q+1)/2 = 1/3

and conjectured that these are the only infinite ones in S with e = 2.

In this paper we investigate conditions for (qe, r, 1, a) to belong to S. In other words, we consider

binomials of the form f(x) = xr
(
xq−1 + a

)
over Fqe for e ≥ 2. When r ≤ qe − q, the index of f(x)

is ` = qe−1 + · · · + q + 1, so our results contribute to the solution of Problem 7. An immediate

necessary condition is that (−a)` 6= 1, since otherwise f(x) would have more than one root. Hou’s
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second family concerns the case e = 2, and Liu studied the case e = 3. We state their results as

follows.

Proposition 1.1. Let f(x) = xr(xq−1 + a) ∈ Fqe [x] with e ∈ {2, 3} and a 6= 0, and let ` =

qe−1 + · · ·+ q + 1.

(i) [8, Theorem 4.2] For r ≥ 1, f(x) permutes Fq2 if and only if a` 6= 1, gcd(r, q − 1) = 1, and

r ≡ 1 (mod `).

(ii) [14, Theorem 1] For q odd and 1 ≤ r ≤ `, f(x) permutes Fq3 if and only if (−a)` 6= 1 and

r = 1.

Li et al. [15, Theorem 3.1] showed a weaker version of Proposition 1.1(i) by considering 1 ≤ r ≤ `,

which is the same restriction that appears in (ii). In both cases, the authors restricted r to such

values due to the following result.

Proposition 1.2. [15, Lemma 2.2] Let f(x) = xr(x(q
e−1)/` +a) ∈ Fqe [x] with a 6= 0 and ` | qe− 1.

If f(x) permutes Fqe and gcd(r + `, (qe − 1)/`) = 1, then xr+`(x(q
e−1)/` + a) also permutes Fqe .

We observe that Proposition 1.1(ii) together with Proposition 1.2 may not produce all permu-

tation binomials xr(xq−1 +a) over Fq3 . For instance, the permutation binomials of degree less than

26 over F27 are x(x2 + a) and x23(x2 + a), with (−a)13 6= 1. While the former one is the only

permutation binomial given by Proposition 1.1(ii), the latter one is not given by Proposition 1.2.

In fact, Proposition 1.2 cannot be applied to x(x2 +a) since gcd(r+ `, (qe−1)/`) = gcd(14, 2) = 2.

Moreover, we observe that, in order to obtain x23(x2 + a) from Proposition 1.2, we would need

x10(x2 + a) to permute F27, which is clearly not true. In particular, this shows that the converse

of Proposition 1.2 does not hold. One of our goals in this paper is to extend Proposition 1.1(ii) to

include the values of r such that r > `.

We show several existence and nonexistence results of permutation binomials of the form

xr(xq−1 + a) over Fqe for e ≥ 2. As a consequence, we completely characterize such permuta-

tion binomials over Fq2 ,Fq3 ,Fq4 , Fp5 , and Fp6 , where p is an odd prime. In particular, we ex-

tend Proposition 1.1. Even though the case Fq2 has been resolved by Hou, we include it in our

characterization, since we state our result in terms of `, which allows us to have a statement similar

to Proposition 1.1(i) that holds for other values of e. Below we summarize the results. We denote

the (nonnegative) reduction of r modulo ` by r (mod `).
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Theorem 1.3. Let f(x) = xr(xq−1 + a) ∈ Fqe [x] with 2 ≤ e ≤ 6 and a 6= 0, and let ` =

qe−1 + · · ·+ q + 1.

(i) When e = 2, 3, 4, f(x) permutes Fqe if and only if (−a)` 6= 1, gcd(r, q − 1) = 1, and r

(mod `) ∈ {1, `− q}.

(ii) When e = 5 and q is an odd prime, f(x) permutes Fq5 if and only if (−a)` 6= 1, gcd(r, q−1) =

1, and r (mod `) ∈ {1, `− q, q3 + 1, q4 + q2 + 1}.

(iii) When e = 6 and q is an odd prime, f(x) permutes Fq6 if and only if (−a)` 6= 1, gcd(r, q−1) =

1, and r (mod `) ∈ {1, `− q}.

In the next result we construct permutation binomials f(x) for arbitrary e.

Theorem 1.4. Let f(x) = xr(xq−1+a) ∈ Fqe [x] with e ≥ 2 and a 6= 0, and let ` = qe−1+· · ·+q+1.

Then f(x) permutes Fqe and is the composition of a linearized binomial and a monomial if and only

if (−a)` 6= 1 and r = s` +
∑k−1

i=0 q
hi (mod qe − 1), where gcd(h, e) = 1, k (mod e) = h−1, s is a

positive integer, and gcd(r, q − 1) = 1.

Theorem 1.4 shows that, for any qe with e ≥ 2, there is always a 4-tuple (qe, r, 1, a) in S. So

this yields an infinite family in S that extends Hou’s second family described in Proposition 1.1(i).

Moreover, we have run a computer search for qe < 108 that leads us to conjecture that our family

is the only one in S for which t = 1.

Conjecture 1.5. Let f(x) = xr(xq−1 + a) ∈ Fqe [x] with e ≥ 2 and a 6= 0, and let ` = qe−1 +

· · · + q + 1. Then f(x) permutes Fqe if and only if f(x) is congruent to the composition of a

linearized binomial L(x) = xq
h

+ ax and the monomial xr modulo xq
e − x, where (−a)

` 6= 1 and

gcd(r, q − 1) = 1.

Theorems 1.3 and 1.4 show that this conjecture is true when e ∈ {2, 3, 4} for any q, and when

e ∈ {5, 6} for any odd prime q. One direction of Theorem 1.3 is obtained through a series of

nonexistence results. In addition, these results collectively restrict the possible values of r for the

remaining values of qe.

We organize this paper as follows. In Section 2 we present some tools that we use in Section 4,

including a permutation criterion and some technical results involving binomial coefficients. The

goal of Section 3 is to show Theorem 1.4. In Section 4 we present several nonexistence results.

Finally, in Section 5 we apply some results from Sections 3 and 4 to show Theorem 1.3 as a

combination of Propositions 5.1 to 5.3. We end the paper with a discussion on Conjecture 1.5.
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2. Preliminaries

We start this section by defining the index of a polynomial f(x) ∈ Fqe [x] of degree at most

qe − 1. Write

f(x) = α(xd + ad−i1x
d−i1 + · · ·+ ad−ikx

d−ik) + β,

where α, ad−ij 6= 0 for j = 1, . . . , k. We suppose that k ≥ 1 and d− ik = r. The integer

` =
qe − 1

gcd(d− r, d− r − i1, . . . , d− r − ik−1, qe − 1)

is called the index of f(x). We note that when r ≤ qe−q the index of f(x) = xr
(
xq−1 + a

)
∈ Fqe [x]

is ` = qe−1 + · · ·+ q + 1.

Our results rely on a variation of Hermite’s criterion obtained by Masuda, Panario, and Wang,

namely Theorem 1 in [16]. The authors specialized their criterion for polynomials to binomials.

The result is immediate, and it appears as Corollary 2 without a proof. In both cases, they require

the degree of the polynomial in Fqe [x] to be less than qe − 1. We examined the proof of Theorem

1, and checked that this condition is not needed. Below we state their criterion for permutation

binomials without the degree requirement.

Proposition 2.1. [16, Corollary 2] Let f(x) = xr(xs+a) ∈ Fqe [x] with qe ≥ 3, a 6= 0, and r, s ≥ 1.

Then f(x) permutes Fqe if and only if

∑
A∈SN

(
N

A

)
aN−A =

0 if N = 1, . . . , qe − 2

1 if N = qe − 1,

(1)

where

SN =

{
A ∈ Z : A =

j(qe − 1)− rN
s

, where j ∈ Z and 0 ≤ A ≤ N
}
.

For convenience, we may write SN,r, Aj or Aj,r to emphasize the parameters involved. For

binomials f(x) = xr(xq−1 + a) ∈ Fqe [x] and ` = qe−1 + · · ·+ q + 1, we have

SN =

{
Aj ∈ Z : Aj = j`− rN

q − 1
, where j ∈ Z and 0 ≤ Aj ≤ N

}
. (2)

The next lemma provides the only two possible values for |SN | when rN/(q− 1) is an integer. The

proof gives the exact conditions for each value to occur. Since we do not use these conditions, for

simplicity, we opt to state the result without them.
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Lemma 2.2. Let f(x) = xr(xq−1 +a) ∈ Fqe [x] with e ≥ 2 and a 6= 0, and let ` = qe−1 + · · ·+ q+ 1.

If q − 1 | rN for some N ∈ {1, . . . , qe − 1}, then |SN | = bN/`c or bN/`c+ 1.

Proof. By (2), we have

|SN | =
∣∣∣∣{j ∈ Z : 0 ≤ j`− rN

q − 1
≤ N

}∣∣∣∣
=

∣∣∣∣{j ∈ Z :

⌈
rN

`(q − 1)

⌉
≤ j ≤

⌊
rN

`(q − 1)
+
N

`

⌋}∣∣∣∣ .
The result follows from the fact that for u, v ≥ 0 we have

|[due, bu+ vc] ∩ Z| =


|[u, u+ bvc] ∩ Z| = bvc+ 1 if u ∈ Z

|[buc+ 1, buc+ bvc] ∩ Z| = bvc if u 6∈ Z, u− buc+ v − bvc < 1

|[buc+ 1, buc+ bvc+ 1] ∩ Z| = bvc+ 1 if u 6∈ Z, u− buc+ v − bvc ≥ 1.

Following the idea underlying Proposition 1.2 with regard to reducing the possible values of r,

we show that it suffices to consider r ∈ {1, . . . , `} to show the nonexistence of permutation binomials

in a special circumstance. This result will play an important role in our proofs in Section 4.

Lemma 2.3. Let e ≥ 2, a ∈ F∗qe , and ` = qe−1 + · · ·+ q + 1. Let r and s be positive integers such

that r ≡ s (mod `). Suppose that xs(xq−1 +a) does not permute Fqe . If
∑

A∈SN,s

(
N
A

)
aN−A 6= 0 for

some N ∈ {1, . . . , qe − 2} such that q − 1 | N , then xr(xq−1 + a) does not permute Fqe .

Proof. Let Aj,r ∈ SN,r. Write r = s+ k`, where k is an integer, and set j′ = j − kN/(q− 1). Then

Aj,r = j`− r N

q − 1
=

(
j′ + k

N

q − 1

)
`− (s+ k`)

N

q − 1
= j′`− s N

q − 1
= Aj′,s ∈ SN,s,

so SN,r ⊆ SN,s. This also shows that SN,s ⊆ SN,r. Therefore SN,r = SN,s. By Proposition 2.1, we

conclude that xr(xq−1 + a) does not permute Fqe .

The next two results concern identities with binomial coefficients. Our convention is that
(
n
k

)
= 0

if n < k.

Proposition 2.4 (Lucas’ Theorem). Let n ≥ k be positive integers and p be a prime. If n =

nmp
m + nm−1p

m−1 + · · ·+ n0 and k = kmp
m + km−1p

m−1 + · · ·+ k0 are the p-adic expansions of

n and k, then (
n

k

)
≡
(
nm
km

)
· · ·
(
n0
k0

)
(mod p). (3)
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When q is a power of p, the identity (3) also holds with the q-adic expansions of n and k, namely,

n = nmq
m + nm−1q

m−1 + · · ·+ n0 and k = kmq
m + km−1q

m−1 + · · ·+ k0.

Lemma 2.5. Let q = pm, where p is prime, and let k be an integer such that 0 ≤ k ≤ q− 1. Then

(i)
(
q−1
k

)
6≡ 0 (mod p),

(ii)
(
q−2
k

)
≡ 0 (mod p) if and only if k ≡ p− 1 (mod p).

Proof. Let k = km−1p
m−1 + · · ·+ k0 be the p-adic expansion of k.

(i) Write q − 1 = (p − 1)pm−1 + · · · + (p − 1)p + (p − 1). By Lucas’ Theorem,
(
q−1
k

)
≡(

p−1
km−1

)
· · ·
(
p−1
k0

)
6≡ 0 (mod p), since 0 ≤ ki < p.

(ii) Write q − 2 = (p − 1)pm−1 + · · · + (p − 1)p + (p − 2). By Lucas’ Theorem,
(
q−2
k

)
≡(

p−1
km−1

)
· · ·
(
p−1
k1

)(
p−2
k0

)
(mod p). Since

(
p−1
ki

)
6≡ 0 (mod p) for each i, we have

(
q−2
k

)
≡ 0

(mod p) if and only if
(
p−2
k0

)
≡ 0 (mod p), which holds if and only if k0 = p− 1.

3. Existence results

In this section we construct permutation binomials of the form f(x) = xr(xq−1 + a) over Fqe .

Two immediate necessary conditions are that gcd(r, q − 1) = 1 and (−a)` 6= 1, where ` = qe−1 +

· · ·+ q+ 1. The former condition prevents us from writing f(x) as a composition of a binomial and

a permutation monomial xn, where n = gcd(r, q − 1). Next we consider a more general version of

the latter condition, and show that it is equivalent to having a family of linearized binomials that

permute Fqe . The result is not new, but we include a proof for completeness.

Lemma 3.1. Let e ≥ 2 and a ∈ F∗qe . Then L(x) = xq
h

+ ax permutes Fqe if and only if

(−a)(q
e−1)/(qd−1) 6= 1, where d = gcd(e, h).

Proof. The linearized binomial L(x) permutes Fqe if and only if zero is its only root in Fqe . Let ξ

be a primitive element of Fqe . Suppose that L(ξk) = 0 for some integer k, so −a = ξk(q
h−1). Then

(−a)(q
e−1)/(qd−1) =

(
ξq

e−1)k(qh−1)/(qd−1) = 1. Conversely, if (−a)(q
e−1)/(qd−1) = 1, then −a =

ξr(q
d−1) for some integer r. Since gcd(qe−1, qh−1) = qd−1, we write qd−1 = b(qe−1)+ c(qh−1)

for some integers b and c. Then L(ξrc) = ξrc
(
ξrc(q

h−1) + a
)

= ξrc
(
ξr(q

d−1)−rb(qe−1) + a
)

= 0.
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Next we show that any binomial f(x) = xr(xq−1 +a) ∈ Fqe [x] that is congruent to the composi-

tion of a linearized binomial and a monomial modulo xq
e −x satisfies f(x) ≡ L(xr) (mod xq

e −x).

Lemma 3.2. Let f(x) = xr(xq−1 + a) ∈ Fqe [x] with e ≥ 2 and a 6= 0. Then f(x) ≡ L̄(xs)

(mod xq
e − x), where L̄(x) = bxq

m

+ cxq
n

for positive integers s, m, and n with n < m < e if and

only if f(x) ≡ L(xr) (mod xq
e − x), where L(x) = xq

h

+ ax for some positive integer h.

Proof. We have f(x) ≡ L̄(xs) (mod xq
e −x), that is, xr+q−1 +axr ≡ bxsqm + cxsq

n

(mod xq
e −x),

which holds in one of the following situations:

(1) b = 1, a = c, r + q − 1 ≡ sqm (mod qe − 1), and r ≡ sqn (mod qe − 1), or

(2) c = 1, a = b, r + q − 1 ≡ sqn (mod qe − 1), and r ≡ sqm (mod qe − 1).

We want to show that there exists a positive integer h such that rqh ≡ r + q − 1 (mod qe − 1). It

suffices to choose h = m− n in Case (1), and h = e+ n−m in Case (2). This concludes the proof

as the converse follows immediately.

In order to find all binomials f(x) = xr(xq−1 +a) that are congruent to compositions of L(x) =

xq
h

+ ax and xr modulo xq
e − x, we need to solve r(qh − 1)− q + 1 ≡ 0 (mod qe − 1) for h and r.

Lemma 3.3. Let e ≥ 2 and ` = qe−1 + · · ·+ q+ 1. Then r(qh− 1)− q+ 1 ≡ 0 (mod qe− 1) if and

only if gcd(h, e) = 1 and r ≡ s` +
∑k−1

i=0 q
hi (mod qe − 1), where k (mod e) = h−1 and s is any

integer.

Proof. We first observe that r ≡ s`+
∑k−1

i=0 q
hi (mod qe − 1) satisfies

r(qh − 1)− q + 1 ≡s`(qh − 1) +

k∑
i=1

qhi −
k−1∑
i=0

qhi − q + 1

≡qhk − q ≡ 0 (mod qe − 1).

Conversely, suppose that r(qh − 1)− q+ 1 ≡ 0 (mod qe − 1). So r
(

qh−1
q−1

)
≡ 1 (mod qe−1

q−1 ) implies

that gcd
(

qh−1
q−1 ,

qe−1
q−1

)
= 1, that is, gcd(h, e) = 1. Let r̄ =

∑k−1
i=0 q

hi (mod qe − 1). Then, similarly

to the calculations above, r̄(qh−1)− q+ 1 ≡ 0 (mod qe−1), so r̄ is also an inverse of qh−1
q−1 modulo

`. Thus r ≡ r̄ (mod `), i.e., r ≡ s`+
∑k−1

i=0 q
hi (mod qe − 1) for any integer s.
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Theorem 3.4 is our main tool to construct permutation binomials of the form xr(xq−1 + a) over

Fqe . We find all r’s that give permutation binomials that are compositions of a linearized binomial

and a monomial. For these values of r, we require r to be coprime to q − 1 as we can show that

this implies that r is coprime to qe − 1.

Theorem 3.4. Let f(x) = xr(xq−1+a) ∈ Fqe [x] with e ≥ 2 and a 6= 0, and let ` = qe−1+· · ·+q+1.

Then f(x) permutes Fqe and is the composition of a linearized binomial and a monomial if and only

if (−a)` 6= 1 and r = s` +
∑k−1

i=0 q
hi (mod qe − 1), where gcd(h, e) = 1, k (mod e) = h−1, s is a

positive integer, and gcd(r, q − 1) = 1.

Proof. The combination of the three previous lemmas implies that we only need to show that

gcd(r, qe − 1) = 1 to complete the ‘if’ direction. By Lemma 3.3, we have r(qh − 1) − q + 1 ≡ 0

(mod qe − 1). By writing r(qh − 1)− q + 1 = (qe − 1)t for an integer t and dividing both sides by

q − 1, we obtain that r
∑h−1

i=0 q
i − t` = 1, so gcd(r, `) = 1, which means that gcd(r, qe − 1) = 1.

Table 1 displays the values of r given by Theorem 3.4, for 2 ≤ e ≤ 8. We also list their

corresponding reductions modulo ` to illustrate that they are the same values that appear in The-

orem 1.3, for 2 ≤ e ≤ 6, showing one direction of our characterization. This direction can be also

obtained from the next result that is more general. The other direction is proved in Section 5.

Corollary 3.5. Let f(x) = xr(xq−1+a) ∈ Fqe [x] with e ≥ 2 and a 6= 0, and let ` = qe−1+· · ·+q+1.

Suppose that (−a)` 6= 1 and gcd(r, q − 1) = 1.

(i) If r (mod `) ∈ {1, `− q}, then f(x) permutes Fqe .

(ii) If e is odd and r (mod `) ∈ {q(e+1)/2 + 1, `− q(e+1)/2 − q}, then f(x) permutes Fqe .

Proof. (i) Apply Theorem 3.4 with h = 1 and h = e− 1

(ii) Apply Theorem 3.4 with h = (e+ 1)/2 and h = (e− 1)/2.

When e = 3, the two sets provided by Corollary 3.5 are the same, i.e., {1, `− q} = {q(e+1)/2 +

1, `− q(e+1)/2 − q}.
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e ` h k r r (mod `)

2 q + 1 1 1 s`+ 1 1

3 q2 +q+1
1 1 s`+ 1 1

2 2 s`+ q2 + 1 `− q

4
q3 + q2 +

q + 1

1 1 s`+ 1 1

3 3 s`+ q6 + q3 + 1

≡ s`+ q3 + q2 + 1 (mod q4 − 1) `− q

5 q4 + q3 +

q2 +q+1

1 1 s`+ 1 1

2 3 s`+ q4 + q2 + 1 q4 + q2 + 1

3 2 s`+ q3 + 1 q3 + 1

4 4 s`+ q12 + q8 + q4 + 1

≡ s`+ q4 + q3 + q2 + 1 (mod q5 − 1) `− q

6 q5 + q4 +

q3 + q2 +

q + 1

1 1 s`+ 1 1

5 5 s`+ q20 + q15 + q10 + q5 + 1

≡ s`+ q5 + q4 + q3 + q2 + 1 (mod q6 − 1) `− q

7

q6 + q5 +

q4 + q3 +

q2 +q+1

1 1 s`+ 1 1

2 4 s`+ q6 + q4 + q2 + 1 q6 + q4 + q2 + 1

3 5 s`+ q12 + q9 + q6 + q3 + 1

≡ s`+ q6 + q5 + q3 + q2 + 1 (mod q7 − 1) `− q4 − q

4 2 s`+ q4 + 1 q4 + 1

5 3 s`+ q10 + q5 + 1

≡ s`+ q5 + q3 + 1 (mod q7 − 1) q5 + q3 + 1

6 6 s`+ q30 + q24 + q18 + q12 + q6 + 1

≡ s`+ q6 + q5 + q4 + q3 + q2 + 1 (mod q7 − 1) `− q

8

q7 + q6 +

q5 + q4 +

q3 + q2 +

q + 1

1 1 s`+ 1 1

3 3 s`+ q6 + q3 + 1 q6 + q3 + 1

5 5 s`+ q20 + q15 + q10 + q5 + 1

≡ s`+ q7 + q5 + q4 + q2 + 1 (mod q8 − 1) `− q6 − q3 − q

7 7 s`+ q42 + q35 + q28 + q21 + q14 + q7 + 1

≡ s`+ q7 + q6 + q5 + q4 + q3 + q2 + 1 `− q

(mod q8 − 1)

Table 1: Values of r given by Theorem 3.4 and their reductions modulo `, for 2 ≤ e ≤ 8.
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4. Nonexistence results

In this section we use Proposition 2.1 to show the nonexistence of permutation binomials of the

form f(x) = xr(xq−1 + a) over Fqe for e ≥ 2 and q 6= 2. When q = 2, the binomial takes the form

f(x) = xr(x+a), so it does not permute F2e if a 6= 0. To calculate the sum (1) with Aj running over

SN (2), we apply Lucas’ Theorem using q-adic expansions. Our first nonexistence result narrows

down the possibilities for f(x) to those with r (mod `) = hq + 1 for some integer h.

Proposition 4.1. Let f(x) = xr(xq−1 + a) ∈ Fqe [x] with e ≥ 2 and a 6= 0, and let ` = qe−1 + · · ·+

q + 1. If r (mod `) 6= hq + 1 for any integer h, then f(x) does not permute Fqe .

Proof. First, assume that 1 ≤ r < ` and r 6= hq + 1 for 0 ≤ h <
∑e−2

i=0 q
i. Then r 6= 1, q + 1, 2q +

1, . . . ,
(∑e−2

i=0 q
i
)
q + 1. In other words, h0q + 2 ≤ r ≤ (h0 + 1)q for some 0 ≤ h0 ≤

∑e−2
i=1 q

i. We

claim that SN = {Ah0+1} for N = qe−1− 1. By Lemma 2.2, since N/` = (qe−1− 1)/(
∑e−1

i=0 q
i) < 1,

it follows that |SN | ≤ 1. We have

Ah0+1 = (h0 + 1)

e−1∑
i=0

qi − r
e−2∑
i=0

qi.

Since r ≤ (h0 + 1)q,

Ah0+1 ≥ (h0 + 1)

e−1∑
i=0

qi − (h0 + 1)

e−1∑
i=1

qi = h0 + 1 > 0.

Also, the conditions r ≥ h0q + 2 and h0 ≤
∑e−2

i=1 q
i imply that

Ah0+1 ≤ (h0 + 1)

e−1∑
i=0

qi − (h0q + 2)

e−2∑
i=0

qi = h0 + qe−1 −
e−2∑
i=0

qi ≤ qe−1 − 1 = N.

Hence SN = {Ah0+1}. Write N = (q − 1)qe−2 + · · · + (q − 1)q + q − 1. By Lucas’ Theorem

and Lemma 2.5(i), we obtain that∑
A∈SN

(
N

A

)
aN−A =

(
N

Ah0+1

)
aN−Ah0+1 6= 0.

Therefore f(x) does not permute Fqe for 1 ≤ r < `.

For r = `, let j = N/(q − 1). Then Aj = 0, SN = {0},
∑

A∈SN

(
N
A

)
aN−A =

(
N
0

)
aN 6= 0, and

f(x) does not permute Fqe . Since q− 1 | N , by Lemma 2.3 f(x) does not permute Fqe when r > `.

This completes the proof.
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The next two propositions give more precise descriptions of r (mod `) = hq + 1 for which

f(x) = xr(xq−1 + a) is a permutation binomial by providing conditions on the divisibility of h. We

begin by showing that for e even we must have q + 1 | h.

Proposition 4.2. Let f(x) = xr(xq−1 + a) ∈ Fqe [x] with e even and a 6= 0, and let ` = qe−1 +

· · ·+ q + 1. If r (mod `) = hq + 1 with q + 1 - h, then f(x) does not permute Fqe .

Proof. We assume that 1 ≤ r < ` and r = hq + 1, where h = k(q + 1) + h0 with positive integers k

and h0, and 1 ≤ h0 ≤ q. Let N = (q − 1)
∑(e−2)/2

i=0 q2i. Since N < `, Lemma 2.2 implies that SN

has at most one element. We compute Akq+h0

= (kq + h0)

e−1∑
i=0

qi − [(k(q + 1) + h0) q + 1]

(e−2)/2∑
i=0

q2i

=kq

e−1∑
i=0

qi + h0

e−1∑
i=0

qi − kq2
(e−2)/2∑

i=0

q2i − kq
(e−2)/2∑

i=0

q2i

− h0q
(e−2)/2∑

i=0

q2i −
(e−2)/2∑

i=0

q2i

=k

 e∑
i=1

qi −
e/2∑
i=1

q2i −
(e−2)/2∑

i=0

q2i+1

+ h0

e−1∑
i=0

qi −
(e−2)/2∑

i=0

q2i+1

− (e−2)/2∑
i=0

q2i

=(h0 − 1)

(e−2)/2∑
i=0

q2i,

so 0 ≤ Ahq+h0
≤ N , and thus SN = {Akq+h0

}. By Lucas’ Theorem and Lemma 2.5(i), we conclude

that ∑
A∈SN

(
N

A

)
aN−A =

(
N

Akq+h0

)
aN−Akq+h0 6= 0.

Therefore f(x) does not permute Fqe . Since q − 1 | N , we use Lemma 2.3 to obtain the desired

result when r ≥ `.

We now show that if q is a power of an odd prime p and f(x) permutes Fqe , then p | h.

Proposition 4.3. Let f(x) = xr(xq−1 + a) ∈ Fqe [x] with e ≥ 2, q a power of an odd prime p, and

a 6= 0, and let ` = qe−1 + · · ·+ q + 1. If r (mod `) = hq + 1 and p - h, then f(x) does not permute

Fqe .

12



Proof. We start by assuming that r < ` and r = hq + 1, where 0 ≤ h <
∑e−2

i=0 q
i and p - h. Let

N = 2qe−1 − 2. By Lemma 2.2, since N/` = 2(qe−1 − 1)/(
∑e−1

i=0 q
i) < 2, we have |SN | ≤ 2. We

claim that A2h+1 is the only element in SN . To show this, we compute

A2h+1 = (2h+ 1)

e−1∑
i=0

qi − 2(hq + 1)

e−2∑
i=0

qi = qe−1 −
e−2∑
i=0

qi + 2h.

Since h ≥ 0, we obtain that

A2h+1 ≥ qe−1 −
e−2∑
i=0

qi = qe−1 − qe−1 − 1

q − 1
> 0.

On the other hand, the condition h ≤
∑e−2

i=0 q
i − 1 implies that

A2h+1 ≤ qe−1 −
e−2∑
i=0

qi + 2

(
e−2∑
i=0

qi − 1

)
= qe−1 +

e−2∑
i=0

qi − 2 < qe−1 + qe−1 − 2 = N.

Hence A2h+1 ∈ SN . We observe that Aj+k = Aj + k` for any integers j and k, so it remains to

show that A2h and A2h+2 are not in [0, N ]. In fact, A2h = A2h+1 − `

= qe−1 −
e−2∑
i=0

qi + 2h−
e−1∑
i=0

qi < qe−1 −
e−2∑
i=0

qi + 2

(
e−2∑
i=0

qi − 1

)
−

e−1∑
i=0

qi = −2

and

A2h+2 = A2h+1 + ` = qe−1 −
e−2∑
i=0

qi + 2h+

e−1∑
i=0

qi = 2qe−1 + 2h > N.

Therefore SN = {A2h+1}.

Write N = qe−1 + (q − 1)qe−2 + · · ·+ (q − 1)q + (q − 2) and A2h+1 = ae−1q
e−1 + · · ·+ a1q + a0

in base q. Since p is an odd prime and p - h, it follows that A2h+1 ≡ 2h − 1 6≡ p − 1 (mod p) so

that
(
q−2
a0

)
6≡ 0 (mod p). By Lucas’ Theorem and Lemma 2.5, we get∑

A∈SN

(
N

A

)
aN−A =

(
N

A2h+1

)
aN−A2h+1

=

(
1

ae−1

)(
q − 1

ae−2

)
· · ·
(
q − 1

a1

)(
q − 2

a0

)
aN−A2h+1 6= 0.

Therefore, if r < `, the polynomial f(x) does not permute Fqe . Since q−1 | N , we can use Lemma 2.3

in the case r ≥ ` and conclude the proof.

We now consider r =
[
h
(∑e−3

i=0 q
i
)]
q + 1 = h

(∑e−2
i=1 q

i
)

+ 1 for 1 ≤ h ≤ q − 1. In this case,

we obtain a nonexistence result by considering N = 2qe−1− qe−2− 1. The next result provides the

exact elements that belong to SN depending on h.
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Lemma 4.4. Let f(x) = xr(xq−1+a) ∈ Fqe [x] with e, q ≥ 3 and a 6= 0, and let ` = qe−1+· · ·+q+1.

Suppose r = h(` − qe−1 − 1) + 1 for some 1 ≤ h ≤ q − 1. For N = 2qe−1 − qe−2 − 1 and

j = 2hqe−3 + h
∑e−4

i=0 q
i, we have

(i) Aj = (h− 2)qe−2 + (2h− 1)qe−3 + (h− 1)
∑e−4

i=0 q
i,

(ii) Aj+1 = qe−1 + (h− 1)qe−2 + 2hqe−3 + h
∑e−4

i=0 q
i,

(iii) SN =


{Aj+1} if h = 1

{Aj , Aj+1} if 2 ≤ h ≤ q − 2

{Aj} if h = q − 1.

Proof. We start by showing (i) and (ii). By using that N/(q − 1) = 2qe−2 +
∑e−3

i=0 q
i, we compute

Aj =

(
2hqe−3 + h

e−4∑
i=0

qi

)(
e−1∑
i=0

qi

)
−

(
h

(
e−2∑
i=1

qi

)
+ 1

)(
2qe−2 +

e−3∑
i=0

qi

)

=2h

2e−4∑
i=e−3

qi + h

e−4∑
i=0

e−1∑
j=0

qi+j − 2h

2e−4∑
i=e−1

qi − h
e−2∑
i=1

e−3∑
j=0

qi+j − 2qe−2 −
e−3∑
i=0

qi

=2hqe−3 + 2(h− 1)qe−2 −
e−3∑
i=0

qi + h

e−1∑
i=0

qi

+ h

2e−5∑
i=e

qi + h

2e−6∑
i=e−1

qi − h
2e−5∑
i=e−2

qi − h
2e−6∑
i=e−3

qi

=2hqe−3 + 2(h− 1)qe−2 −
e−3∑
i=0

qi + h

e−1∑
i=0

qi − hqe−1 − 2hqe−2 − hqe−3

=(h− 2)qe−2 + hqe−3 + (h− 1)

e−3∑
i=0

qi

=(h− 2)qe−2 + (2h− 1)qe−3 + (h− 1)

e−4∑
i=0

qi.

We also compute

Aj+1 =Aj + ` = Aj +

e−1∑
i=0

qi

=(h− 2)qe−2 + (2h− 1)qe−3 + (h− 1)

e−4∑
i=0

qi +

e−1∑
i=0

qi

=qe−1 + (h− 1)qe−2 + 2hqe−3 + h

e−4∑
i=0

qi.
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We now show (iii). By Lemma 2.2, since ` =
∑e−1

i=0 q
i and N/` = (2qe−1 − qe−2 − 1)/` < 2, we

have |SN | ≤ 2. The elements in SN satisfy Ai±1 = Ai ± `; in particular, Ai < Ak whenever i < k.

Next we describe the elements in SN depending on h.

Case 1: h = 1

Since Aj = −qe−2 + qe−3 is negative, it does not belong to SN . Let us consider Aj+1. We have

Aj+1 = qe−1 + 2qe−3 +
∑e−4

i=0 q
i ≥ 0 and

Aj+1 ≤ 2qe−1 − qe−2 − 1 = N

⇐⇒ 2qe−3 +

e−4∑
i=0

qi ≤ qe−1 − qe−2 − 1

⇐⇒ 2qe−3 +

e−4∑
i=0

qi ≤ (q − 1)

e−2∑
i=0

qi − qe−2

⇐⇒ 2qe−3 +

e−4∑
i=0

qi ≤ (q − 2)qe−2 + (q − 1)

e−3∑
i=0

qi,

which is true, since 2qe−3 ≤ (q−2)qe−2 and
∑e−4

i=0 q
i ≤ (q−1)

∑e−3
i=0 q

i, for q ≥ 3. Hence Aj+1 ∈ SN .

Since

Aj+2 = Aj+1 + ` = 2qe−1 + qe−2 + 3qe−3 + 2

e−4∑
i=0

qi > N,

we conclude that SN = {Aj+1}.

Case 2: 2 ≤ h ≤ q − 2

We have

0 ≤ 3qe−3 +

e−4∑
i=0

qi

≤ Aj < Aj+1

≤ 2qe−1 − qe−2 − 3qe−3 −
e−4∑
i=1

qi − 2

≤ 2qe−1 − qe−2 − 1 = N,

which shows that SN = {Aj , Aj+1}.
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Case 3: h = q − 1

In this case, we have Aj = qe−1 − qe−2 − 2qe−3 −
∑e−4

i=0 q
i − 1. So

Aj−1 = Aj −
e−1∑
i=0

qi = −2qe−2 − 3qe−3 − 2

e−4∑
i=0

qi − 1 < 0,

0 ≤ Aj ≤ 2qe−1 − qe−2 − 1 = N, and

Aj+1 = 2qe−1 − qe−3 − 1 > 2qe−1 − qe−2 − 1 = N.

Hence SN = {Aj}.

Proposition 4.5. Let f(x) = xr(xq−1 + a) ∈ Fqe [x] with e, q ≥ 3, q a power of a prime p, a 6= 0,

and (−a)` 6= 1, and let ` = qe−1 + · · · + q + 1. Suppose that r (mod `) = h
(
`− qe−1 − 1

)
+ 1 for

some 1 ≤ h ≤ q − 1. Then f(x) does not permute Fqe .

Proof. By Proposition 4.3, if q is odd and p - h
(∑e−3

i=0 q
i
)

, then f(x) does not permute Fqe . Hence

p | h, if q is odd. Assume r < `. We consider the following three cases: h = 1, 2 ≤ h ≤ q − 2, and

h = q−1. Let N = 2qe−1−qe−2−1 whose q-expansion is given by qe−1+(q−2)qe−2+(q−1)
∑e−3

i=0 q
i.

Lemma 4.4 provides the exact elements in SN in each case.

Case 1: h = 1

In this case, SN = {Aj+1} and Aj+1 = qe−1 + 2qe−3 +
∑e−4

i=0 q
i is the q-adic expansion of Aj+1.

We compute
∑

A∈SN

(
N
A

)
aN−A

=

(
N

Aj+1

)
aN−Aj+1 =

(
1

1

)(
q − 2

0

)(
q − 1

2

)(
q − 1

1

)e−3

aN−Aj+1 ,

which is not zero by Lemma 2.5(i).

Case 2: 2 ≤ h ≤ q − 2

We have SN = {Aj , Aj+1}.

Subcase 2.1: 2 ≤ h < bq/2c
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In this case,

Aj = (h− 2)qe−2 + (2h− 1)qe−3 + (h− 1)

e−4∑
i=0

qi and

Aj+1 = qe−1 + (h− 1)qe−2 + 2hqe−3 + h

e−4∑
i=0

qi,

so ∑
A∈SN

(
N

A

)
aN−A =

(
N

Aj

)
aN−Aj +

(
N

Aj+1

)
aN−Aj+1

=

(
1

0

)(
q − 2

h− 2

)(
q − 1

2h− 1

)(
q − 1

h− 1

)e−3

aN−Aj

+

(
1

1

)(
q − 2

h− 1

)(
q − 1

2h

)(
q − 1

h

)e−3

aN−Aj+1 .

By Lemma 2.5(ii), when q is even,
(
q−2
k

)
= 0 if and only if k is odd. Also, if q is odd, p | h and

we get
(
q−2
h−1
)
≡ 0 (mod p). Therefore

∑
A∈SN

(
N

A

)
aN−A

=


(
q − 2

h− 1

)(
q − 1

2h

)(
q − 1

h

)e−3

aN−Aj+1 6= 0, if h is odd and q is even(
q − 2

h− 2

)(
q − 1

2h− 1

)(
q − 1

h− 1

)e−3

aN−Aj 6= 0, otherwise.

Subcase 2.2: q is even and h = q/2

In this case, the q-adic expansions of the two elements in SN are

Aj =
(q

2
− 2
)
qe−2 + (q − 1)qe−3 +

(q
2
− 1
) e−4∑

i=0

qi and

Aj+1 = qe−1 +
(q

2

)
qe−2 +

q

2

e−4∑
i=0

qi.
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Consequently, ∑
A∈SN

(
N

A

)
aN−A =

(
N

Aj

)
aN−Aj +

(
N

Aj+1

)
aN−Aj+1

=

(
1

0

)(
q − 2

q/2− 2

)(
q − 1

q − 1

)(
q − 1

q/2− 1

)e−3

aN−Aj+1+`

+

(
1

1

)(
q − 2

q/2

)(
q − 1

0

)(
q − 1

q/2

)e−3

aN−Aj+1

=

(
q − 2

q/2

)(
q − 1

q/2

)e−3

aN−Aj+1
(
a` + 1

)
.

Since ` is odd and (−a)` 6= 1, we have a` + 1 6= 0. We conclude that the sum is not zero by

applying Lemma 2.5(i) and (ii).

Subcase 2.3: bq/2c < h ≤ q − 2

Write h = bq/2c+ h0 with h0 > 0.

If q is even, then h = q/2 + h0, 0 < h0 ≤ (q − 4)/2 and the q-adic expansions of Aj and Aj+1

are

Aj = (h− 1)qe−2 + (2h0 − 1)qe−3 +

e−4∑
k=0

(h− 1)qk and

Aj+1 = qe−1 + hqe−2 + 2h0q
e−3 + h

e−4∑
k=0

qk.

Thus ∑
A∈SN

(
N

A

)
aN−A =

(
N

Aj

)
aN−Aj +

(
N

Aj+1

)
aN−Aj+1

=

(
1

0

)(
q − 2

h− 1

)(
q − 1

2h0 − 1

)(
q − 1

h− 1

)e−3

aN−Aj

+

(
1

1

)(
q − 2

h

)(
q − 1

2h0

)(
q − 1

h

)e−3

aN−Aj+1

=


(
q − 2

h

)(
q − 1

2h0

)(
q − 1

h

)e−3

aN−Aj+1 6= 0, if h even(
q − 2

h− 1

)(
q − 1

2h0 − 1

)(
q − 1

h− 1

)e−3

aN−Aj 6= 0, otherwise.
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If q is odd, then h = (q − 1)/2 + h0 with 0 < h0 ≤ (q − 3)/2, and the q-adic expansions of Aj

and Aj+1 are

Aj = (h− 1)qe−2 + (2h0 − 2)qe−3 + (h− 1)

e−4∑
i=0

qi and

Aj+1 = qe−1 + hqe−2 + (2h0 − 1)qe−3 + h

e−4∑
i=0

qi.

This implies that ∑
A∈SN

(
N

A

)
aN−A =

(
N

Aj

)
aN−Aj +

(
N

Aj+1

)
aN−Aj+1

=

(
1

0

)(
q − 2

h− 1

)(
q − 1

2h0 − 2

)(
q − 1

h− 1

)e−3

aN−Aj

+

(
1

1

)(
q − 2

h

)(
q − 1

2h0 − 1

)(
q − 1

h

)e−3

aN−Aj+1 .

By using Lemma 2.5(i) and (ii), since p | h, we obtain that this sum is(
q − 2

h

)(
q − 1

2h0 − 1

)(
q − 1

h

)e−3

aN−Aj+1 6= 0.

Case 3: h = q − 1

In this case, SN = {Aj} and the q-adic expansion ofAj is (q−2)qe−2+(q−3)qe−3+(q−2)
∑e−4

i=0 q
i.

Then ∑
A∈SN

(
N

A

)
aN−A =

(
N

Aj

)
aN−Aj =

(
1

0

)(
q − 2

q − 2

)(
q − 1

q − 3

)(
q − 1

q − 2

)e−3

aN−Aj ,

which is not zero by Lemma 2.5(i).

Therefore, if r < `, the polynomial f(x) does not permute Fqe . Since N/(q−1) = 2qe−2+
∑e−3

i=1 q
i

is an integer, we use Lemma 2.3 for the case r ≥ ` and conclude the proof.

5. Characterizations

Permutation binomials of the form f(x) = xr(xq−1+a) over Fqe were studied by Hou when e = 2,

and by Liu when e = 3 with q odd and 1 ≤ r ≤ `, where ` = qe−1 + · · ·+ q+ 1; see Proposition 1.1.
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In this section we prove Theorem 1.3 by applying our results from Sections 3 and 4 to present

complete characterizations of these permutation binomials over Fq2 , Fq3 , Fq4 , Fp5 , and Fp6 , where

p is an odd prime, for all values of r. As we mentioned earlier, two necessary conditions are that

(−a)` 6= 1 and gcd(r, q − 1) = 1. We make use of these two facts without any further reference. In

addition, as in Section 4, we show our results for e ∈ {5, 6} by using Proposition 2.1 and Lucas’

Theorem without referring to them.

5.1. Fields Fq2 ,Fq3 , and Fq4

We extend Proposition 1.1 in the following directions: from r ∈ {1, . . . , `} to r ≥ 1, from q odd

and e = 3 to any q and e = 3, and from e ∈ {2, 3} to e ∈ {2, 3, 4}. Therefore our characterization

provides a full description of permutation binomials f(x) = xr(xq−1 + a) over Fqe for e ∈ {2, 3, 4}.

For these values of e, the description of r written in terms of ` turns out to be the same.

Proposition 5.1. Let f(x) = xr(xq−1 + a) ∈ Fqe [x] with e ∈ {2, 3, 4} and a 6= 0, and let ` =

qe−1 + · · · + q + 1. Then f(x) permutes Fqe if and only if (−a)` 6= 1, gcd(r, q − 1) = 1, and r

(mod `) ∈ {1, `− q}.

Proof. By Corollary 3.5, if (−a)` 6= 1, r (mod `) ∈ {1, ` − q}, and gcd(r, q − 1) = 1, then f(x)

permutes Fqe . Conversely, suppose that f(x) permutes Fqe for e ∈ {2, 3, 4}. By Proposition 4.1, r

(mod `) = hq + 1 for some integer h.

When e = 2, since ` = q + 1, we must have r (mod `) = 1.

When e = 3, we have ` = (q + 1)q + 1, so 0 ≤ h ≤ q. Proposition 4.5 implies that h ∈ {0, q}, so

r (mod `) ∈ {1, `− q}.

When e = 4, we have ` = (q2 + q + 1)q + 1. Combining Propositions 4.1 and 4.2 gives that r

(mod `) = k(q + 1)q + 1 with 0 ≤ k ≤ q. Proposition 4.5 implies that k ∈ {0, q}, so r (mod `) ∈

{1, `− q}.

For fields Fq2 , we note that r (mod `) = `− q = 1.

5.2. Fields Fp5 , p an odd prime

In Proposition 5.1 we show that the only values of r (mod `) such that xr(xq−1 + a) permutes

Fqe for e ∈ {2, 3, 4} and a 6= 0 are 1 and ` − q, with gcd(r, q − 1) = 1. In Fp5 [x] there are two

additional values.

20



Proposition 5.2. Let f(x) = xr(xp−1 + a) ∈ Fp5 [x] with p an odd prime and a 6= 0, and let

` = p4 + p3 + p2 + p+ 1. Then f(x) permutes Fp5 if and only if (−a)` 6= 1, gcd(r, p− 1) = 1, and r

(mod `) ∈ {1, p3 + 1, p4 + p2 + 1, `− p}.

Proof. By Corollary 3.5, if (−a)` 6= 1, r (mod `) ∈ {1, p3+1, p4+p2+1, `−p}, and gcd(r, p−1) = 1,

then f(x) permutes Fp5 . Conversely, let f(x) be a permutation binomial over Fp5 . Proposition 4.1

and Proposition 4.3 imply that r (mod `) has the form hp2 + 1 for some 0 ≤ h ≤ p2 + p + 1. We

show that we cannot have the following three cases for h: 1 ≤ h ≤ p − 1, p + 1 ≤ h ≤ p2, and

p2 + 2 ≤ h ≤ p2 + p.

Case 1: 1 ≤ h ≤ p− 1

Consider N = p4 − p2 − p + 1 whose p-adic expansion is (p − 1)p3 + (p − 2)p2 + (p − 1)p + 1.

By Lemma 2.2, since N < `, the set SN has at most one element. We compute

Ahp = hp(p4 + p3 + p2 + p+ 1)− (hp2 + 1)(p4 − p2 − p+ 1)

p− 1

= hp(p4 + p3 + p2 + p+ 1)− (hp2 + 1)(p3 + p2 − 1)

= (h− 1)p3 + (2h− 1)p2 + hp+ 1.

Since 1 ≤ h ≤ p− 1, we have 0 < Ahp ≤ p4 − 2p2 − p+ 1 < N . Hence Ahp is the unique element in

SN .

Subcase 1.1: 1 ≤ h ≤ (p− 1)/2

By using Lucas’ Theorem and Lemma 2.5(i) and (ii), we have∑
A∈SN

(
N

A

)
aN−A =

(
N

Ahp

)
aN−Ahp

=

(
p− 1

h− 1

)(
p− 2

2h− 1

)(
p− 1

h

)(
1

1

)
aN−Ahp 6= 0.

Subcase 1.2: (p− 1)/2 < h ≤ p− 1

Write h = (p− 1)/2 + h0 with 1 ≤ h0 ≤ (p− 1)/2. Then

Ahp = (h− 1)p3 +

(
2

(
p− 1

2
+ h0

)
− 1

)
p2 + hp+ 1

= hp3 + (2h0 − 2)p2 + hp+ 1.

Since 0 ≤ 2h0 − 2 ≤ p− 3, we have
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∑
A∈SN

(
N

A

)
aN−A =

(
N

Ahp

)
aN−Ahp

=

(
p− 1

h

)(
p− 2

2h0 − 2

)(
p− 1

h

)(
1

1

)
aN−Ahp 6= 0.

Case 2: p+ 1 ≤ h ≤ p2

Consider N = p3 − 1 whose p-adic expansion is (p − 1)p2 + (p − 1)p + p − 1. By Lemma 2.2,

since N < `, the set SN has at most one element. We compute

Ah = h(p4 + p3 + p2 + p+ 1)− (hp2 + 1)(p3 − 1)

p− 1

= h(p4 + p3 + p2 + p+ 1)− (hp2 + 1)(p2 + p+ 1)

= hp+ h− p2 − p− 1.

Since p + 1 ≤ h ≤ p2, we have 0 < Ah ≤ p3 − p − 1 < N , so Ah is the unique element in SN . Let

Ah = a2p
2 + a1p + a0 be the p-adic expansion of Ah. Since a0, a1, a2 ≤ p − 1, Lucas’ Theorem

and Lemma 2.5(i) imply that

∑
A∈SN

(
N

A

)
aN−A =

(
N

Ah

)
aN−Ah =

(
p− 1

a2

)(
p− 1

a1

)(
p− 1

a0

)
aN−Ah 6= 0.

Case 3: p2 + 2 ≤ h ≤ p2 + p

As in Case 1, consider N = p4 − p2 − p+ 1 = (p− 1)p3 + (p− 2)p2 + (p− 1)p+ 1. Then SN has

at most one element. We compute

Ahp−p−1 = (hp− p− 1)(p4 + p3 + p2 + p+ 1)− (hp2 + 1)(p4 − p2 − p+ 1)

p− 1

= (hp− p− 1)(p4 + p3 + p2 + p+ 1)− (hp2 + 1)(p3 + p2 − 1)

= −p5 − 2p4 + (h− 3)p3 + (2h− 3)p2 + (h− 2)p.

For p2 + 2 ≤ h ≤ p2 + p, we have 0 < p2 ≤ Ahp−p−1 ≤ p4− 2p2− 2p < N, so Ahp−p−1 is the unique

element in SN . Write h = p2 + 2 + h0 with 0 ≤ h0 ≤ p− 2. Then

Ahp−p−1 = h0p
3 + (2h0 + 1)p2 + h0p.

Subcase 3.1: 0 ≤ h0 ≤ (p− 3)/2
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Since 2h0 + 1 ≤ p− 2, if follows that∑
A∈SN

(
N

A

)
aN−A =

(
N

Ahp−p−1

)
aN−Ahp−p−1

=

(
p− 1

h0

)(
p− 2

2h0 + 1

)(
p− 1

h0

)(
1

0

)
aN−Ahp−p−1 6= 0.

Subcase 3.2: (p− 3)/2 < h0 ≤ p− 2

Write h0 = (p− 3)/2 + h1 with 1 ≤ h1 ≤ (p− 1)/2. Then

Ahp−p−1 = (h0 + 1)p3 + (2h1 − 2)p2 + h0p.

and, since 2h1 − 2 ≤ p− 3, we have

∑
A∈SN

(
N

A

)
aN−A =

(
N

Ahp−p−1

)
aN−Ahp−p−1

=

(
p− 1

h0 + 1

)(
p− 2

2h1 − 2

)(
p− 1

h0

)(
1

0

)
aN−Ahp−p−1 6= 0.

By Proposition 2.1, f(x) cannot permute Fp5 with r (mod `) = hp2 + 1 for 1 ≤ h ≤ p − 1,

p + 1 ≤ h ≤ p2, and p2 + 2 ≤ h ≤ p2 + p, and this contradicts our assumption. The remaining

values of h are 0, p, p2 + 1, p2 + p+ 1, hence necessarily r (mod `) ∈ {1, p3 + 1, p4 + p2 + 1, `− p}.

This completes the proof.

5.3. Fields Fp6 , p an odd prime

The characterization of permutation binomials of the form f(x) = xr(xp−1 + a) over Fp6 is the

same one as for Fq2 , Fq3 , and Fq4 from Proposition 5.1.

Proposition 5.3. Let f(x) = xr(xp−1 + a) ∈ Fp6 [x] with p an odd prime and a 6= 0, and let

` = p5 + p4 + p3 + p2 + p+ 1. Then f(x) permutes Fp6 if and only if (−a)` 6= 1, gcd(r, p− 1) = 1,

and r (mod `) ∈ {1, `− p}.

Proof. By Corollary 3.5, if (−a)` 6= 1, r (mod `) ∈ {1, ` − p}, and gcd(r, p − 1) = 1, then f(x)

permutes Fp6 . Conversely, suppose that f(x) permutes Fp6 . By combining Propositions 4.1-4.3, we

may assume r (mod `) = n(p3 + p2) + 1 with 0 ≤ n ≤ p2 + 1.

We will show that we cannot have 1 ≤ n ≤ p2. Let N = p5 − p3 + p2 − 1 with p-expansion

given by (p− 1)p4 + (p− 1)p3 + (p− 1)p+ p− 1. Then bN/`c = 0. By Lemma 2.2, |SN | ≤ 1. Let
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j = n(p2 + p− 1) + 1. We compute Aj

= [n(p2 + p− 1) + 1)]`− [n(p3 + p2) + 1](p5 − p3 + p2 − 1)

p− 1

= [n(p2 + p− 1) + 1]`− (np3 + np2 + 1)(`− p5 − p2)

= np2`+ np`− n`+ `− np3`+ np8 + np5 − np2`+ np7 + np4 − `+ p5 + p2

= n[p`− `+ p3(−`+ p5 + p4 + p2 + p)] + p5 + p2

= n(−p3 − 1) + p5 + p2

= p5 − np3 + p2 − n.

Since 1 ≤ n ≤ p2, we have 0 ≤ Aj ≤ N, so SN = {Aj}.

Case 1: 1 ≤ n < p2

Write n = n1p+ n0, where 0 ≤ n0, n1 ≤ p− 1. If n0 6= 0, the p-expansion of Aj is

Aj = (p− n1 − 1)p4 + (p− n0)p3 + (p− n1 − 1)p+ (p− n0).

By Lemma 2.5(i), it turns out that∑
A∈SN

(
N

A

)
aN−A =

(
p− 1

p− 1− n1

)(
p− 1

p− n0

)(
p− 1

p− 1− n1

)(
p− 1

p− n0

)
aN−Aj 6= 0.

If n0 = 0, then n1 6= 0 and Aj = (p− n1)p4 + (p− n1)p, where 1 ≤ p− n1 ≤ p− 1. Thus,

∑
A∈SN

(
N

A

)
aN−A =

(
p− 1

p− n1

)(
p− 1

p− n1

)
aN−Aj 6= 0.

Case 2: n = p2

Then Aj = 0 and
∑

A∈SN

(
N
A

)
aN−A =

(
N
0

)
aN 6= 0.

By Proposition 2.1, f(x) cannot permute Fp6 with r (mod `) = n(p3 + p2) + 1, 1 ≤ n ≤ p2, and

this contradicts our assumption. Hence n ∈ {0, p2 + 1} and r (mod `) ∈ {1, `− p}.

5.4. Fields Fqe

We conjecture that all permutations binomials of the form xr
(
xq−1 + a

)
over Fqe are the ones

described in Theorem 3.4. More specifically, we have the following.
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Conjecture 5.4. Let f(x) = xr(xq−1 + a) ∈ Fqe [x] with e ≥ 2 and a 6= 0, and let ` = qe−1 +

· · · + q + 1. Then f(x) permutes Fqe if and only if f(x) is congruent to the composition of a

linearized binomial L(x) = xq
h

+ ax and the monomial xr modulo xq
e − x, where (−a)

` 6= 1 and

gcd(r, q − 1) = 1.

If Conjecture 5.4 holds true, by Theorem 3.4 the only values of r for which f(x) = xr
(
xq−1 + a

)
permutes Fqe satisfy r = s`+

∑k−1
i=0 q

hi (mod qe− 1), where gcd(h, e) = 1, k (mod e) = h−1, and s

is an integer. The results in Sections 5.1 to 5.3 confirm Conjecture 5.4 for fields Fqe , with e = 2, 3, 4,

and Fpe , with e = 5, 6 and an odd prime p. An exhaustive search for all permutation binomials

of the form f(x) for qe < 108 also verified the conjecture. To optimize our search, we used results

from Sections 3 to 5 along with the following.

Proposition 5.5. Let ξ be a primitive element of F∗qe , and fm(x) = xr(xq−1 + ξm) ∈ Fqe [x].

If fj(x) does not permute Fqe for all 0 ≤ j < q − 1, then fm(x) does not permute Fqe for all

0 ≤ m < qe − 1.

Proof. Let 0 ≤ m < qe − 1 and write m = s(q − 1) + j with 0 ≤ j < q − 1. Since fj(x) does not

permute Fqe , there exist integers i0 and i1 such that 0 ≤ i0 < i1 < qe−1 and fj(ξ
i0) = fj(ξ

i1). Thus,

ξrs+s(q−1)fj(ξ
i0) = ξrs+s(q−1)fj(ξ

i1) implies that ξr(i0+s)(ξ(i0+s)(q−1)+ξm) = ξr(i1+s)(ξ(i1+s)(q−1)+

ξm). Therefore, fm(ξi0+s) = fm(ξi1+s) and fm(x) does not permute Fqe .
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