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ABSTRACT. In general, the methods to estimate the p-divisibility of exponen-
tial sums or the number of solutions of systems of polynomial equations over
finite fields are non-elementary. In this paper we present the covering method,
an elementary combinatorial method that can be used to compute the exact
p-divisibility of exponential sums over a prime field. The results here allow
us to compute the exact p-divisibility of exponential sums of new families of
polynomials, to unify and improve previously known results, and to construct
families of systems of polynomial equations over finite fields that are solvable.

1. INTRODUCTION

The p-divisibility of exponential sums has been used to determine properties
in coding theory such as the weight distribution, covering radius and minimum
distance; it also can be used to provide families of functions that are balanced
and hence are good candidates for applications to cryptography. Moreover, the
p-divisibility of exponential sums can be used to answer the fundamental question
of whether a system of polynomial equations has solutions over a finite field. If one
can compute the exact p-divisibility of an exponential sum associated to a system of
polynomial equations over a finite field, one guarantees that the system is solvable.

In general, algebraic methods to estimate the p-divisibility of exponential sums
or the number of solutions of systems of polynomial equations over finite fields are
non-elementary. In [11], Moreno-Moreno introduced the covering method, provid-
ing an elementary way to estimate the 2-divisibility of exponential sums over the
binary field. Using this elementary combinatorial method they gave an improve-
ment to Ax’s theorem [2] for the binary case. In [10], Moreno-Castro-Mattson used
the covering method to give an elementary proof to Moreno-Moreno’s result in [9]
for finite fields of characteristic 2. Recently, Castro-Randriam-Rubio-Mattson [6]
presented a method that unifies and sometimes improves previously known results
of Ax-Katz [2, 8], Moreno-Moreno [9], Adolphson-Sperber [1], and Cao-Sun [3].
This method estimates the p-divisibility of exponential sums and generalizes the
covering method to any prime field. Even though the method is elementary and is
based in the covering method for binary fields, it is algebraic and relies on some
technical computations that lose the intuition of the original combinatorial method
of selecting certain set of monomials from the terms in the system of polynomials.

The present paper reformulates the definition of the covering for any prime field
in a way that resembles the original combinatorial definition for binary fields and
provides a more intuitive approach. This approach helps to find sufficient conditions
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to compute exact p-divisibility of exponential sums and hence extend the results
obtained in [5] for Boolean functions to any prime field.

Thus, the paper provides an elementary combinatorial method to compute exact
p-divisibility and an intuitive approach to the construction of systems of polynomial
equations that are guaranteed to be solvable. The computation of the exact p-
divisibility of exponential sums in certain cases improves the results in [6], which
only gave bounds for the p-divisibility. We also present a partial extension of a
result on the number of solutions of polynomial equations obtained by Cao-Sun [3]
to the case of the p-divisibility of exponential sums, and generalize and improve
results presented in [7].

2. PRELIMINARIES

Let p be a prime, F, be the prime field, Fy = {(z1,...,2,) |7z € E,,i =1,...,n}.
Sometimes we use x instead of (z1,...,2y). Let F(X) = a; X7 - X1 4.« 4
an XN X5 ... XN be a polynomial in n variables over F,. Without loss of
generality, we will assume throughout the rest of the paper that F(X) is not a
polynomial in some subset of variables X1,..., X,.

The base p expansion of a non-negative integer k is k = ag+aip+asp?+- - -+a,p",
where 0 < a; < p. The p-weight of k is then defined as o,(k) = ap + a1 + -+ + a,.
The exact p-divisibility of k, v,(k), is the exponent on the highest power of p
dividing k. It is known that

k — op(k)

p—1
2.1. Exponential Sums. Let ¢ be a primitive p-th root of unity over Q and set
0 =1 — . Then the ideal (p) = (§)’~", and this extends the p-adic valuation Up to

the §-adic valuation ve(a) = (p — 1)vp(a), for all @ € Q(¢). The exponential sum of
a polynomial F(X) over F,,q = p/, f > 1, is defined as

S(F) — Z CTTLFQ/JFP(F(X))7

xEFg

(2.1) vy (k1) =

where Trg, p, : Fg — Fp is the trace map. If ¢ = p one can also use other
representations of IF), to evaluate the sum, as we do after Lemma 3.1.

The next theorem [12, Theorem 7] gives an estimate on the p-divisibility of the
exponential sum of a polynomial F(X) over a finite field I, of characteristic p:

Theorem 2.1. Let F(X) = Zf\il a; X' Xemi € FE[X]. Then vy(S(F)) > ﬁ7
where S(F) = erF? ¢Trearey (FCD - — ming, . uy) {Zi\; op(vi) | 0<y < CI}7
and (v1,...,vN) is a solution to the system

envr +eppa+ - +eyvy =0modg—1
(2.2) :

€niV1 + enate + - +e,yvy  =0mod g — 1,

where Zf\il euv; 0, forl=1,...,n.

The proof of this result involved the use of non-elementary theorems such as
Stickelberger’s theorem. The same result, restricted to prime fields IF,, was proven
in [6, Theorem 3.1] using only elementary methods. To obtain the estimate on



EXACT DIVISIBILITY OF EXPONENTIAL SUMS 3

the p-divisibility of the exponential sum by using these theorems one needs to find
minimal solutions to the system of congruences (2.2). Our goal in this paper is to
provide a more intuitive combinatorial way to estimate this p-divisibility and to
provide sufficient conditions on the polynomial that allow us to compute the exact
p-divisibility, v,(S(F)) = p%l (see Corollary 3.8 and Theorem 3.9).

From now on we restrict ourselves to prime fields and only consider polynomials
over F,,. Noticing that (2.2) is constructed using the exponents of the monomials
in the polynomial F'(X) = a1 F1 + -+ +anFn € Fj[X], F; = X7 .- Xpri, and
rewriting the system as

€11 €1N A1
€21 €2N A2

(2.3) ot L v = (p—1),
€nl EnN )‘71

one sees that the solutions that we are looking for are exponents v; for the mono-
mials Fj in F' such that

FUFY ... FYv = Xf\l(pfl) . ,X;zn(p—l)7

for A1,..., A, > 0, and such that v; + --- + vy is as small as possible. This is the
motivation for the definition of the minimal m-covering in Definition 2.5, below.
Note that the solutions do not depend on the coefficients of the polynomial F'.

2.2. Coverings. The approach of estimating the p-divisibility of exponential sums
of polynomials by finding certain solutions (v, ...,vy) to systems like (2.2), was
the one taken in [6] and [12]. The concept of an m-covering was introduced in [6]
but in this paper we reformulate the definition by taking the approach of covering
sets. We then find sufficient conditions on the (p — 1)-coverings of a polynomial F'
that allow us to compute the exact p-divisibility of the exponential sum.
Definition 2.2. Let F(X) = a1 F1+asFo+---+anyFn. AsetC = {F:” e F:”}
of powers of monomials in F' is an m-covering of F' if in the product FZ.V;1 S R
the exponent of each variable is a positive multiple of m. We define the size of the
covering C as the sum >, _, v;,.

Example 2.3. Let F(X) = X2X3+ X2+ X3 € F [X1, Xo]. ThenC; = {(XfXS)G},
Co = {(X%)3 , (Xg’)z} ,C3 = {(X%Xg)z , (Xf)l} are 6-coverings of F'.

Remark 2.4. An m-covering need not use all the F;s. We may use them all if we
allow some exponents v; to be 0. From now on, all the coverings will be written as
C={F",...,F{}, where maybe some v; = 0.

In this work we are interested in (p — 1)-coverings of polynomials in F,[X]. If
one considers 1-coverings of a polynomial F' over o, one is looking for sets C of
monomials in F' such that every variable X; appears in at least one monomial in C;
this is, one is looking for monomials in F' that “cover” all the variables X1, ..., X,,.

From the reformulation (2.3) of the system of congruences (2.2) we now see that
in order to estimate the p-divisibility of the exponential sum of a polynomial F' over
F, we need to find the minimal (p — 1)-coverings of F.
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Definition 2.5. Let F(X) = a1 Fy +aoFo+---+anFn. Aset C={F/*,...,F{N}

’
is a minimal m-covering of F if for any other m-covering ¢’ = {Flyl7 e ,F;\’,N}

of F, Zfil vl > Zf\;l v;. We denote by k, (F') the size of a minimal m-covering

of F'; that is, £ (F) = Zf\;l ;.
Example 2.6. In Example 2.3, C3 is a minimal 6-covering of F' of size 3 and it is
unique with the property of having minimal size.

We now restate Theorem 2.1 for ¢ = p (and [6, Theorem 3.1]) using minimal
coverings in the following way:

Theorem 2.7. Let F(X) be a polynomial over F, and C be a minimal (p — 1)-
covering of F' of size kp—1(F). Then v, (S(F)) > K’)%(IF).
In order to simplify the development of our results we introduce the concept of

partial m-coverings of a polynomial F' and see their relation with the m-coverings
of F.

Definition 2.8. Let F(X) = a1 F1 +asFo+---+anFn. Aset C={F/",...,FxN}
of powers of monomials in F' is a partial m-covering of F if in the product
FY* - F{N, the exponent of each variable is a non-negative multiple of m.

The partial m-coverings C allow the possibility of having variables in F' that do
not appear in the monomials in C.

Example 2.9. Consider F' as in Example 2.3. Then, C4 = {(X%)B} is a partial
6-covering of F' but not a 6-covering of F.

Remark 2.10. Note that for partial m-coverings we allow the equations in (2.3) to
have A; > 0. Also note that one can extend a partial m-covering C = {Fy*,..., FyN}

of F' to an m-covering C' = {Flyi,...,FK,EV} of F' by letting y} =m if v; = 0 and

z/j’- = v; otherwise.

When we extend the concept of minimality of m-coverings to partial m-coverings,
we also consider the number of equations s in (2.3) where \; = 0.

Definition 2.11. Let F(X) = a1 Fi +asFo+---+anFn. AsetC = {F",...,F{"}
is a minimal partial m-covering of F if Zfil vi+s(p—1) = K (F), where s is
the number of equations in (2.3) with A; = 0.

It is known [6, Lemma 2.1] that in any partial m-covering of F', Zfil v +s(p—
1) > Kk (F). The next lemma gives a bound for the powers of the monomials in a
minimal partial m-covering.

Lemma 2.12. [6, Lemma 2.3] Let C = {F*,..., F{"} be a minimal partial m-
covering of F(X). Thenv; <m fori=1,...,N.

3. (p — 1)—COVERINGS AND THE EXACT p-DIVISIBILITY OF EXPONENTIAL SUMS

In Theorem 2.7 we used the minimal (p — 1)-coverings of a polynomial F to
obtain a bound on the p-divisibility of the exponential sum of F. We now want
to find sufficient conditions to compute the exact p-divisibility of the exponential
sum. This will extend the results obtained in [5] for Boolean functions to any prime
field. We first look at the expansion of the exponential sum of F'.
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Let F(X) =a1F1 + -+ +anyFn € E,*[X]. Then

S(F) = Z CF(X) — Z (1 _ 9)a1F1+“‘+aNFN

x€Fy x€Fy
M
_ Z Z <G1Fl) lll X eee X Z <aNFN) 70)
xEIF" v1=0 n vn=0

(3.1)

Z Z Z |V|(a1F1> _ (aNFN>’

14
v1=0 VN= OXEJF" N

where 6 =1—-(, M = plee+1 and lv| = vazl Vi.
The exact p-divisibility of S(F), v, (S(F')), is the largest power of p dividing
S(F). To compute v, (S(F)) one can study the p-divisibility of each term in (3.1).

Let

(32) T,(F) = (o) 3 (“fl) (aNFN>

xE]F;} VN
be the term in (3.1) associated to v = (v4,...,vy). Then
Fio (0 F — v +1 Fy--(anFy — 1
T(F) = (-9 T arFy---(aiFy —vi+1)  anFy---(anFv —vn +1)
vy! vn!
xeFy
Vi gUNFYIERY2 ... FYN
3.3 — (—p ap an £y Iy N P
(33) oM T

—_p\lvl
- #alfa..avNN (F/FY2 ... FY 4+ PB,),
vl vyl
x€Fy

where deg (P,) < deg (Fy*Fy? - -- FXN). Now, using that pta; and (2.1),

N
(3.4) v, Z

So, to compute the exact p-divisibility of S(F') one must compute the smallest
vp (T, (F)). If there exists v such that v, (T,,(F)) < v, (T/(F)) for all v’ # v, then
vp (S(F')) = vp (T, (F)). The existence of a unique v with smallest |v| is related to
the computation of the exact p-divisibility of S(F).

The next lemma tells us that the terms in F}* --- FYN + P, with exponents that
are not multiples of p — 1 produce terms in erw (F”1 -F{Y 4+ P,) with high
p-divisibility; terms in Fy* - - - FYN + P, with s missing variables (i.e. variables with
exponents equal to 0) increase the p-divisibility of the term by s; and terms with
exponents that are multiples of p — 1 give terms in erw (FY* - FRY + P,) that

+vp ST (FEe - FR 4B

x€Fy

are not divisible by p. This gives the connection between the (p — 1)-coverings of
F and the p-divisibility of S(F').

Lemma 3.1. Let S = {0,1} if p = 2, and for p > 3, let g be a generator of
the group of units of Z/p™ 2, and S = {0} U {g#" " |0 < i <p—1}. Then, the
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elements of S are a complete residue system modulo p, and for k a non-negative
integer,

p mod p™ ifk=0
(3.5) Z *={p—1 modp™ ifk is a nonzero multiple of p — 1
z€S 0 mod p™ if k is not divisible by p — 1.

We now can consider the exponential sum of F' over the set S,

S(F)= > (M=% ",

xeFy xeS™

and use (3.5) to compute the p-divisibility of the terms in S(F'). We note that a
(p—1)-covering C = {Fy*,..., F\"V} corresponds to a term T}, (F') where F{* - - - F¥
has no missing variables and exponents that are multiples of p — 1 and therefore
P1Y wegn F1' - FRY. The next lemma shows that if the covering is also minimal,
one can compute the exact p-divisibility of the corresponding term.

Lemma 3.2. Let C = {F{*,...,F\"} be a minimal (p — 1)-covering of F(X) =
a1Fy + -+ anFy. Then v, (T, (F)) = YN

i=1 p—1-

Proof. Note that Lemma 2.12 tells us that v; < p—1for i = 1,...,N. Hence
op(v;) = v; and, from (3.4),

N
o (L (F) = - +%<Z (Flyl"'FKrN"f'Pu))'

—1
=1 p xeSn

Since C is a (p — 1)-covering, the exponent of each variable in F}™ --- FX¥ is a non-
zero multiple of p — 1. Therefore, by Lemma 3.1, p { > g F1" --- FyY. Also,
since C is a minimal covering, there are no terms Fll1 e FIlVN in P, for which p —1
divides all exponents. Therefore all the terms in ). _s. P, are divisible by p, and
hence p{ > cgn (F1* -+ F¥ + P,). This completes the proof. O

We now present lemmas that give conditions under which the terms that do not
correspond to minimal coverings will have larger p-divisibility. By studying the
expansion of (3.2) given in (3.3), we note that if F}* --- FYN has a variable missing,
so does P,. By Lemma 3.1, each missing variable gives an extra factor of p in
S oesn (01 -+ (*¥IN) and the sum over the other variables is unchanged. This
implies the following result [6, Lemma 3.5].

Lemma 3.3. Let F(X) =a1Fy +---+anFn. If F{* --- F{N has s > 1 variables

missing, then v, (T, (F)) > Zfil A ts> Zil o2

We mentioned before that if there is only one v for which the corresponding
term T, (F') in the exponential sum has smallest p-divisibility, then this gives the
exact p-divisibility of the exponential sum. So, one needs to guarantee a unique

minimal (p — 1)-covering C = {Fy*,..., F{V} and no partial (p — 1)-covering C' =
{Flul, el F]'(,N} with Zjvzl p’j_-jl +5= Zjvzl pVle, where s is the number of variables

. . . 1// v
missing in Fy* - FY.
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Lemma 3.4. Suppose that F(X) = a1 Fy + -+ + aNFN has a unique minimal
(p —1)-covering C = {F{*,...,F{"}, and let C' = { .. F N} be any set with

SN <N v and C' € C. Then v, (T, (F ))>Zi:1p”_’1.

Proof. Suppose that C’ is not a partial (p — 1)-covering of F. Then, by Remark
2.10, (v4,...,v}y) is not a solution to (2.3) with all A\; > 0, and Lemma 3.7 in [6]
implies the result.

Now suppose that C’ is a partial (p — 1)-covering of F. Since ZZ v < Zz Vi
and C is the unique minimal (p — 1)-covering of F, there must be s > 1 variables

missing in Flu1 e F;\/,é". We can construct another (p — 1)-covering C” of F in the
following way: for each missing variable, choose a monomial F; in C that contains
the missing variable and add F? 1 to the partial (p—1)-covering C’. Note that this
will still produce a partial (p — 1)-covering of F and it could happen that the same
monomial F; contains more than one of the missing variables. Continue adding
powers of monomials of F' to C until C” covers all the n variables.

Now, the new covering C” is such that

N

vl Nutip-1) SN Y
P D D el D B

i=1 i=1 i=1

where [ is the number of monomials added to the partial (p — 1)-covering C’. Since
C is the unique minimal ( — 1)-covering and C' Z C, the new covering C" must be

such that Y7 1577 < PR 1 55 and therefore

N / N //

vp<Tu/<F>>zZp”j1+szZ

i=1 i=1

N
=
= P
O

The above lemmas guarantee that if F' is a polynomial with a unique minimal
(p — 1)-covering C, then almost all the terms in (3.1) that do not correspond to
C have larger p-divisibility. The only terms that were not included in the lemmas
are those corresponding to partial (p — 1)-coverings contained in C. In the next
theorem we include as hypothesis a conditional statement where these terms have
p-divisibility larger than the terms corresponding to the minimal covering. The
theorem provides the conditions needed to compute the exact p-divisibility of new
families of polynomial equations, to unify and improve previously known results,
and to provide an intuitive way to construct families of systems of polynomial
equations over finite fields that are solvable.

Theorem 3.5. Suppose that F(X) = a1 Fy + -+- + anyFy has a unique minimal
(p — 1)-covering C = {F{*,...,F\"} such that if C' = { fl,...,F]l\'/,V} CCisa
partial (p — 1)-covering of F, then v, (T, (F)) > Zi:l 727 Then v, (S(F)) =
Yty 34y

Proof. Let C be the unique minimal (p— 1)—covering of Fandv the vector associated
to C. Lemma 3.2 implies that v, (T,,(F)) = Z@ g I ZZ V> ZZ 1 Vi, then,

by (3.2), T,/(F) > ZZ 1 p"gl > Zfil 25 Now, let v’ be such that Z v <
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Zﬁvzl v. If ¢ = {Flui, .. .,FK,;V} is not a partial (p — 1)-covering of F, then [6,
Lemma 3.7] implies that v, (T, (F)) > Zfil -47- I6C" ¢ Cis a partial (p — 1)-
covering of F', then Lemma 3.4 implies that v, (T,/(F)) > Zf\il S e cec
is a partial (p — 1)-covering, then, by hypothesis, v, (T,,(F)) > Zi\;l p’fl. There-
fore, T,,(F) is only term in S(F') with the smallest p-divisibility and v, (S(F)) =

Up (T, (F)) = Zf\; py_il- O

We will prove that, in order to compute the exact p-divisibility of the exponential
sum of a polynomial F, it is sufficient to require F' to have a unique minimal
(p — 1)-covering where each monomial F; in C has at least two variables that are
not contained in the other monomials of C. We first prove that the terms associated
to the partial (p — 1)-coverings of F' contained in C have larger p-divisibility.

Lemma 3.6. Suppose that F(X) = a1Fy + -+ + anFn has a minimal (p — 1)-
covering C = {Fy*,...,F{"} where each monomial F; in C with v; # 0 has at
least two variables that are not contained in the other monomials of C. Then, if

C = {Fl'/i, e ,FX,;V} C C is a partial (p — 1)-covering of F', then v, (T, (F)) >
N
ZiZl p—1-

Proof. Since ¢’ € C, we can assume without loss of generality that

C ={F",...,F/} and C' = {F/",...,F/"}, where h < r. Also, C’' being a
partial (p — 1)-covering implies that there are missing variables in M = Fy* - .- F;"
and, by Lemma 3.3, v, (T,/(F)) > 2?21 577 + s, where s > 1 is the number of
variables missing in M. Since each F; in C contributes at least two new variables
and there are r — h > 1 monomials in C that are not included in C’, M is missing
at least 2(r — h) variables. Hence

h

h
”p(Tv’(F))ZZ%+2(r—h)>2pyjl+(r_£)_(pl_1)

h T
S T

D —p—1

The next theorem now follows directly.

Theorem 3.7. Suppose that F(X) = a1 Fy + -+- + anyFy has a unique minimal
(p — 1)-covering C = {Fy*,...,FX™} where each monomial in C with v; # 0 has
at least two wvariables that are not contained in the other monomials of C. Then

vy (S(F)) = 0L, 5.

One of the advantages of Theorem 3.7 is that it gives simple sufficient conditions
on the covering that help us to construct families of polynomials whose exponential
sum has exact p-divisibility. The next corollary presents a family of polynomials
for which one can easily compute the exact p-divisibility.
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Corollary 3.8. Let
F(X) = a(Xi - Xi,,
+ a2(Xin1+1"'X )d2+ ot an(X
= aFi+---+anFyn E]F;[X]

)

X

i )Y

ing Inpn_q141

be such that each monomial F; has at least two variables that are not contained in

the other monomials of F. Then v, (S(F)) = m ++ m.

p—1 p—1
< —1.d d(p—1,d . . ..
Proof. Just note that C = { Fg«® =10 g =14 % i the unique minimal

(p — 1)-covering of F' and each monomial contributes at least two new variables to
the covering. O

The condition in Lemma 3.6 of having each monomial in the minimal (p — 1)-
covering contributing at least two new variables is sufficient to guarantee that the
p-divisibility of the terms associated to certain partial (p — 1)-coverings have p-

divisibility vazl p”fl +s larger than the p-divisibility of the minimal (p—1)-covering,
and hence get exact p-divisibility if the minimal (p — 1)-covering is unique. But one
can get a similar result by imposing other conditions.

In the next theorem, on deformed general diagonal equations, we get another
sufficient condition to have a unique minimal (p—1)-covering and exact p-divisibility
of the exponential sum. In [3, Theorem 2], Cao-Sun presented results for the
number of solutions of general diagonal equations. In the following theorem and
its corollary we obtain the exact p-divisibility of the exponential sums of deformed
general diagonal equations, giving an extension to Cao-Sun’s result to exponential
sums for the case where, in each term of the diagonal part, the exponent of one of
the variables divide all the other exponents in the term and p — 1. The theorem
also generalizes [7, Theorem 5| for the case ¢ = p.

Theorem 3.9. Let F(X) = ay X8 - X[ 44 ay X3 X0 £ G(X) =
a1+ - +anvFn +G € IE;[X] be such that the monomials F; have disjoint
support. Suppose that for each i = 1,..., N, there is 1 < j < n; such that D; =
ged(din, dig, - - -

din;,p—1) = dij, and deg G < min{Dy,...,Dn}. Then vy, (S(F)) = g-+-- -+ p-

1

p—1 p—1

Proof. We first prove that C = {FlDl, cee FAJ,DN} ={F/*,..., F{"} is the unique
minimal (p — 1)-covering of F. Suppose that C' = {Flyi7 o ,F;\’,}V,G‘fl, el GL]*\)/[M}
is another covering of F', where G(X) = Gy + -+ + G-

Let k;nj be the exponent of the variable Xj;, in the term G of G. Consider the

variable X;1. Then k;1; is the exponent of X;; in the term G; of G, and, since the
monomials Fi, ..., Fiy have disjoint support, X;; is contained only in F; and G.

Then, the exponent of the variable X;1 in Fy' FyV GYTGYM is

Vz{Di +wikir 4 - Fwnkion = Ai(p— 1)

for some \; € N. Also, Zf\il ki; < Zf\; SN kiny = degG; < degG <
min {D1,..., Dy}, and this implies
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al aly. Y Kam
Zl/ +Zwl>2u—+w1 ZDi + -t wm Z D.

i=1 i=1 i=1 ?

Az N
DI

This implies that C’ is not minimal and therefore C is the unique minimal (p—1)-
covering of F.

We now prove that if ¢’ = {Ffi,...,FK,;V} C C is a partial (p — 1)-covering,
then v, (T, (F)) > %1 +- 4 ﬁ.

Note that Fi,...,Fy with disjoint support and C’ a partial (p — 1)- covering
imply that v} = pD;l or v, = 0. Without loss of generality, suppose that v} = ”Di
fori=1,...,rand v, =0for r+1,...,N. Then there are at least N —r variables

Mz

-1
N
> Z D, [ViD; +wiki + - +wnkin] =

that do not appear in the product F 1 CFY v and therefore

>Z p— _7«_2 Zp

1= 1 1= 7"+1
N
v; o 1 1
> ; 1T et T o
The result now follows from Theorem 3.5. O

Corollary 3.10. The exact p—divisibility of the exponential sum of the deformed
diagonal equation a; X{1" - Xll"1 + o an XN ~--XdN”N + G(X) is equal
to the exact p-divisibility of the exponentlal sum of al(Xn X )Pt o+
an(Xn1 -+ Xnny)PY + G(X), where the monomials have disjoint support, D; =
ged(din, dig, - . . din,,p—1) = d;; forsome 1 < j < n; anddeg G < min{D;,...,Dn}.

The next corollary presents families of polynomials that, if ¢ = p, are more
general than the ones presented in [7, 4]. Also, the proof there was less intuitive
than the one presented here, but the methods in [7, 4] are still useful since they
work for polynomials over any field; so far, the covering method only works for
polynomials over prime fields.

Corollary 3.11. Let F(X) = a1(X11 - X1, )4+ +an(Xn1 - Xyny )V +G €
F7[X] have monomials with disjoint support and degG < min; {ged(d;,p —1)}.

Then v, (S(F)) = coqiato + + e

4. SOLVABILITY OF POLYNOMIAL EQUATIONS OVER FINITE FIELDS

One can use results on the p-divisibility of an exponential sum of a polynomial
F to obtain information on the number of solutions of F/(X) = 0. The relation
between the number of common solutions N of a system of polynomial equations
Gi1(X) = Ga(X) = ... = G4(X) = 0 and an exponential sum is given by the
following lemma ([1, Equation 2.7], [2]).

Lemma 4.1. Let ¢ = p/, G1(X),...,G¢(X) € F,[X] and N be the number of

common zeros of G1,...,Gy. Then N = p~t/ E CT”q/FP(yIGI(X)J“"'erth(x)).
xGJFZZ’,ye]Fé
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Note that if we can compute the exact p-divisibility of the exponential sum
2 ey yert ¢Treq/e G100+ F3:G(9) - we know that pU»\)+1 + A" and hence N
q’ q

0. Therefore the results in the previous section can be used to construct families of
systems of polynomial equations that are solvable.

We will first show that if a polynomial F(X) = a1Fy + asFs + -+ + anFn
has a unique minimal (p — 1)-covering {Fy*,..., F{N} with certain properties,

and Ziil 527 is an integer, then yF'(X) has a unique minimal (p — 1)-covering
{(yF1)",..., (yFn)"~} with the same properties and one gets the exact p-divisibility
of A and hence the solvability of F' = 0. We recall that in this paper we only con-
sider polynomials over IF),.

The next proposition corresponds to Theorem 3.5 in the previous section.
Proposition 4.2. Suppose that F(X) = a1 F1 + asF> + - -+ + ay Fy has unique
minimal (p—1)-covering C = {Fy*,..., F" } such that if ' = {Flyl, ce FK[N} cc
. . . N Vi N Vi 3
is a partial (p — 1)-covering of F, then vy, (T,/(F)) > 32,2, ;%7 U 3052, ;%7 is an

integer, then v,(N) = (ZN - ) — 1 and F(X) = 0 is solvable.

i=1 p—1

Proof. By Lemma 4.1, the number of solutions of FI(X) =0 is
N = p71 Z CyF(x)

x€Fp,yek,

Let C = {F/*,.. .,F]%N};Vbe a (p — 1)-covering of F that satisfies the hypothe-
=1 poT
{(yF)", ..., (yFn)"} is the unique minimal (p — 1)-covering of yF and, if C, =

{(yFl)"1 ey (yFN)DEV} C C, is a partial (p—1)-covering of yF, then v, (T,,/(F)) >
SN i Therefore, using Lemma 4.1, we find that vp(N) = (ZN - ) —1 and

i=1 p—1° i=1 p—1

F(X) = 0 is solvable. O

sis and assume that ) is an integer. Then, as in Theorem 3.5, C, =

The next results correspond to results in the previous section. Their proofs are
similar to the proof of Proposition 4.2 above.

Theorem 4.3. Suppose that F(X) = a1 Fy + -+ + anyFn has a unique minimal

(p — 1)-covering C = {Fy*,..., F\"} where each monomial in C has at least two
variables that are not contained in the other monomials of C. If Zivzl p”jl s an

integer, then v,(N') = (vazl p’fl) —1 and F(X) = 0 is solvable.
We now can construct specific families of solvable equations illustrating the util-

ity of the covering method for this application.

Corollary 4.4. Let F(X) = a1 (X;, -+~ Xi,, Y —l—aN(XinA_1+1 Xy )N =

aFy +---+anFy € IE;[X] be such that each monomial F; has at least two

variables that are not contained in the other monomials of F, and let A/ be the

number of solutions of F(X) = 0. If m + 4 m is an integer,

then v,(N) = (Zf\il m) —1 and F(X) = 0 is solvable.

Theorem 4.5. Let F(X) = a; X4 x4 4 an X XN Lo =

1n1 N’I’LN

arFy + - +anFy + G € F[X] be such that the monomials F; have disjoint
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support. Suppose that for each i = 1,... N, there is 1 < j < n; such that D; =
ged(din, dig, - - -,
din,,p — 1) =d;j, and deg G <min{Dy,...,Dy}. If Dil 4+ 4 ﬁ is an integer,

then vy(N) = (vazl D%) —1 and F(X) =0 is solvable.

Corollary 4.6. Let F(X) = al(Xll < -Xlnl)dl + -+ aN(XNl - ~XNnN)dN +
G(X) € F,[X] have monomials of disjoint support and deg G' < min; {ged(d;,p — 1)}

1 1 . . _ (N 1
I cqa 5=+ ga@e = 1S an integer, then vp(N) = (Zi_l gcd(di,p—l)) -1
and F(X) = 0 is solvable.

In [3, Theorem 2|, Cao-Sun proved that the number of solutions of a gen-

eral diagonal equation of the form a; X! ---Xf;?l b an X ~--Xi;:;;VN +
G(y1,---,Ym) = 0 is equal to the number of solutions of a;(Xyy -+ X1, )Pt 4+ +
an(Xn-- ~XNnN)DN +G(y1,--.,ym) = 0, where the polynomials are over F,, the
terms have disjoint support, yx, # X;; and D; = ged(d;1,dig, - - -, din,;, p — 1). With
this theorem they improved Chevalley-Warning’s theorem for this class of polyno-
mials [3, Theorem 3]. The next result gives the exact p-divisibility of the number
of solutions of a more general polynomial, where the polynomial G can have the
same variables as the diagonal part of F', but the polynomial is defined over F,,
and we have the additional condition that D; is equal to one of the exponents d;;
din,

. di1
in the term a; X7 - X; ™.

Corollary 4.7. If Dil + -+ ﬁ is an integer, then the exact p-divisibility of the

number of solutions of a; X! ~~Xfl,1£’1 + o an Xy ~-~X]C£,27;N +G(X)=0is
equal to the exact p-divisibility of the number of solutions of a; (X1 - ~X1n1)D1 +
o+ an(Xn1- Xnny)PY + G = 0, where the monomials have disjoint sup-
port, D; = ged(d;i,dia, ..., din,,p — 1) = d;; for some 1 < j < n; and deg G <
min{Dy,...,Dy}.

4.1. Extension to systems of polynomial equations. As we mentioned above,
we can use Lemma 4.1 together with the results in Section 3 to construct families of
systems of polynomial equations that are solvable. One needs to guarantee that the
polynomials G1(X), G2(X), ..., G(X) are such that the polynomial F'(X) = Gy +

-+- + Gy has a unique minimal (p — 1)-covering C = {Glﬁl, el G’ﬁ\],vll et thj\zt },
where Zjvzjl p”ijl is an integer for each i = 1,...,t, and that the covering satisfies

one of the conditions in the results above (terms with disjoint support, contributing
two new variables, etc.). In this situation, the exact p-divisibility of N is v,(N) =

t Nj v
(Zi:l Zj:l p—Jl) —t
Example 4.8. Consider

(X1 X2X3X4)? + (X1 X5X6)? =
X3X7 X5 + X1 X9X10 =

over F5. The polynomial associated to this system has the form of the polynomial
in Theorem 4.3. It is easy to see that

C= {[(X1X2X3X4)2}2 ) [(X1X5X6)2]2 X3 X7 Xg)*, [X1X9X10]4}
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is the unique minimal COVGI‘iI’Ig of F = (X1X2X3X4)2 + (X1X5X6)2 + X3X7X8 +
XngXlo, where Vi1 = Vi = 2 = #@1_1),1/21 = V99 = 4 = ﬁjpl—l) and
%, % are integers. Therefore, vs(N) = 2+14+1+1—-2=1and 5 divides
the number of solutions of the system for any «, 8 € F5. One can verify that, for
(a,B) = (4,1), N =27 x 5 x 557, and for («, 8) = (0,0), N =109, 367 x 3 x 5.

Example 4.9. Consider
X3X3 + XSXF+ X1+ Xo + Xg + X7 =«
XEXE+X2XE+ X5+ X5+ Xs =13
over IF,. The polynomial associated to this system has the form of the polynomial in
Theorem 4.5. Note that for p odd, deg(X; 4+ X2+ X6+ X7) < 2 = min{ged(2,4,p—

1), gcd(6,2,p—1)} and deg(X3+X5+Xs) < 2 = min{ged(2, 2, p—1), ged(6,2,p—1)}.
It is easy to see that the unique minimal covering for the system is

1 —1 -1 p—1
) ) )

¢ = { L™ i) ] T )

and v,(N) = (L;l) 4/(p—1)—2 = 0. Hence the number of solutions of the system
is not divisible by p and the system is solvable for any o, 3 € IFp.
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