Linear complexity analysis of multidimensional periodic arrays

Rafael Arce-Nazario, Francis Castro, Domingo Gomez-Perez, Oscar Moreno,
José Ortiz-Ubarri, Ivelisse Rubio, Andrew Tirkel®

December 25, 2020

Abstract

The linear complexity of a sequence is an important parameter for many applications, especially those
related to information security, and hardware implementation. It is desirable to develop a corresponding
measure and theory for multidimensional arrays that are consistent with those of sequences. In this paper
we use Grobner bases to develop a theory for analyzing the linear complexity of general multidimensional
periodic arrays. We also analyze arrays constructed using the method of composition and establish tight
bounds for their linear complexity.
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1 Introduction

Many researchers in different areas have studied multidimensional arrays and in recent years there has been
wide interest in constructions of two-dimensional arrays with good correlation properties [13, 18, 20, 22, 23],
see also the recent survey by Gyarmati et al [16]. Auto correlation and cross correlation are generally
considered to be important parameters. However, many other multidimensional array parameters exist
and their desirable values are determined by the particular application. Multidimensional arrays can be
constructed from known sequences. It would be practical to be able to generate multidimensional arrays
with desirable properties by constructing them from sequences that possess those properties. For example,
for a 2-dimensional array, one can compose two sequences, a sequence with good correlation properties and
another sequence with a desired linear complexity and also good correlation properties. To construct the
array use cyclic shifts of the sequence with the desired complexity as columns, where the shifts are determined
by the sequence with good correlation. One hopes to obtain an array that has both good correlation and the
expected linear complexity. The method of composition to construct arrays using a shift sequence was used
by Tirkel, Osborne and Hall in [36] and was generalized by Moreno and Tirkel in [25]. Arrays constructed
using this method have been proved to preserve the good correlation properties [17, 25, 26, 35], and examples
suggested that they also preserve complexity properties [17, 26]. One can also visualize a 2-dimensional array
as a sequence of sequences, or a multisequence [8, 27|, where the array is a sequence of columns.

The linear complexity of a periodic sequence is the minimum length of a linear shift register that generates
the sequence, or, equivalently, the degree of the minimal polynomial that generates the sequence, and
measures the resistance to a Berlekamp-Massey type of attack. Special two-dimensional arrays, also known
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Figure 1: Labeling of elements in array.

as Cellular automata, have been used to generate sequences used in cryptography, see [3, 6]. These results
are based on properties of the linear shift register that generates the two dimensional arrays. We remark
that the proofs depend heavily on the linear shift register and there are no attacks using multidimensional
arrays.

It is natural to look for a corresponding measure and theory for multidimensional arrays that are con-
sistent with the existing ones for sequences. The analysis of arrays visualized as multisequences is done by
computing the joint linear complexity of the multisequence: the degree of the minimal polynomial that
generates all the individual sequences in the array [5, 8, 9, 21]. This analysis does not take into consideration
possible relations among the sequences (columns) that constitute the array. In [14, 15], Gyarmati, Mauduit
and Sarkozy proposed a new definition for the linear complexity of two-dimensional binary lattices. The
authors mention explicitly that this complexity is difficult to calculate. In [26], the complexity analysis of
2-dimensional arrays was done by “unfolding” the array into a sequence using a method based on the Chinese
Remainder Theorem (CRT), and then analyzing the linear complexity of the sequence using the Berlekamp-
Massey Algorithm. The use of the CRT imposed two restrictions on the arrays: they must be periodic in
the two dimensions, and the periods of the array must be coprime, i. e. the period in one dimension has to
be relatively prime to the period in the other dimension.

In [12, 24], a new general theory for analyzing the linear complexity of multidimensional periodic arrays
was introduced, providing a definition and a method to compute multidimensional linear complexity that is
consistent with the one-dimensional definition and the unfolding method. This analysis takes into consider-
ation relations between the entries of the array, including relations across the sequences that constitute the
columns. The new definition and method do not require the periods of the array to be coprime and there is
no restriction on the dimension of the array; the only restriction is that each period is not divisible by the
characteristic of the field. In addition, the algorithm used in the proposed scheme is based on linear algebra
calculations and can be implemented easily. In this paper we develop this theory further and analyze arrays
constructed with the method of composition [25, 26, 36], presenting tight bounds for their linear complexity.

1.1 Periodic arrays and recurrence relations

Let F, be the finite field with ¢ = p” elements, F,[X] = F,[X3,...,X,,] be the ring of polynomials in m
variables and coefficients in F,, and Ny = {0,1,2,...}. Let a = (a;, .., ) C Iﬁfz}n be an m-dimensional
infinite array. A 1-dimensional array is a sequence. To represent 2-dimensional arrays as matrices, we label
the rows from bottom to top and the columns from left to right, as in Figure 1. This representation might
seem unusual but the choice is convenient when one relates m-dimensional finite arrays to polynomials in m-
variables, and infinite arrays to power series. For example, the 2-dimensional array in Figure 1 corresponds
to the power series in the variables X,Y, where a; ; is the coefficient of the term with monomial X*Y7 :

A(Xv Y) = ap,0 + CL(),lY + al,oX =+ a072Y2 + al,lXY + a271X2 4o

Definition 1 An m-dimensional array a is said to be m-dimensional periodic if there is a m-tuple, that
we call the period vector, n = (n1,...,n,) € N™ such that

A(ay,...,am) = Uar+niky,...,am~+nmkm)



for k; € Ny and all (aq, ..., o) € NG

The definition of linear complexity of arrays that we present in Section 2 depends on the polynomials
that define linear recursion relations on the array and the notion of lead exponents. Consider the exponent
a=(a1,...,00,) € NJ" and set X* = X7 X532 ... X2 Suppose that we have a monomial ordering (see
Section 1.2) in the monomials of F,[X] and denote by LE(C') the exponent of the leading monomial of the
polynomial C' € F;[X]. Also set a < 8 if and only if a; < §; for i = 1,...,m; this is not a monomial ordering
but it defines a partial order in the monomials.

The periodicity of the array gives recurrence relations among its entries and the entire infinite array
can be then generated by a finite subarray and the recurrence relations. However, there might be other
recurrence relations on the array. These recurrence relations are satisfied by polynomials. Let

C(X) = Z coX® € F,[X], where Supp(C') := {a | ¢q is a non-zero coefficient of C'}.
a€Supp(C)

Definition 2 Let a,u € Ni*. The polynomial C defines a linear recurrence relation at a point a, of the
array a if LE(C) < u and

Z Calatu—LE(C) = 0. (1)
a€Supp(C)

In this case we say that C' is valid at the point a,. Also set C' to be valid at a,, if LE(C) £ u.

Definition 3 A polynomial C' is valid for the array a if the equation

Z Calatsg =0 (2)

aeSupp(C)

holds for all B € Ni*. In this case we also say that a satisfies the m-dimensional linear recurrence
relation given by C.

Note that C'is a valid polynomial for a if and only if C' is a valid polynomial at every point a, such that
LE(C) < u. The valid polynomials for a sequence (s;) are called characteristic polynomials, and the unique
monic characteristic polynomial of minimal degree is called the minimal polynomial of (s;).

Let Val(a) denote the set of all valid polynomials for the array a. It is easy to check that Vai(a) is an
ideal in F,[X]. If a is an m-dimensional periodic array with period vector n = (n1,...,ny,), as the ones
considered here, then it is also easy to see that Val(a) contains the polynomials X7 —1, X32—1,..., X" —1,
and hence the algebraic variety defined by Val(a) is zero dimensional. In this paper we assume that p fn;
for i = 1,...,m, and hence Val(a) is a radical ideal. The infinite array a = (aj,,., ) can be generated
using a set of generators for Val(a) and the finite subarray (a;, determined by the period vector
n=N,...,Nm)-

Sakata [33] studied the relation between periodic two dimensional arrays, linear recurrence relations and
ideals. He proved that if an array a is 2-dimensional periodic, then the ideal of linear recurrence relations
valid on a is 0-dimensional, a fact that also follows from the paper of Gianni et al. [11]. Later, Sakata [34]
generalized the well known Berlekamp-Massey algorithm [19] to compute the minimal polynomial generating
a sequence to an algorithm to compute a Grébner basis for the ideal Val(a) of valid polynomials generating
the multidimensional array a.

The problem of finding linear recurrence relations on multidimensional periodic arrays was reinterpreted
in [31, 32], and the approach included an algorithm based on linear algebra that can be implemented easily
and is suitable for the applications to compute multidimensional linear complexity presented here.

,,,,, lm)ij<nj



1.2 A brief introduction to Grobner Bases

To define the linear complexity of multidimensional periodic arrays we first need to review some concepts
from Grobner bases. An excellent reference for more details is [4].

The partial order a < 8 defined in the previous section is the partial order of divisibility where XC“|XB
if and only if @ < . We say that a monomial X* = X" X5?.-- X% in a set of monomials is minimal with
respect to < if there is no other monomial X” in the set with 8 < cv.

We say that <7 is a monomial order if it is a well ordering in N’ such that <7 is a total order, and
a <p [ implies that a4+~ <g B+ for o, 8,7 € Ni*. Note that divisibility is not a total order and hence is
not a monomial order, but it is compatible with any monomial order in the sense that X%|X#? implies that
X <p XP.

Define || = 31" | ;. Two common examples of monomial orders are the lexicographical order, where
@ <jex B if in B — a the left most non-zero entry is positive, and the graded lexicographical order, where
a <griez B if |a] < |B] or if |a| = |8] and & <jep f. We will use the following notation:

Let IF be any field and C' = )" ¢oX® be a nonzero polynomial with each ¢, # 0 and I C F[X]. Then,

1. LE(C) = leadexp(C) is the largest exponent vector « in C' with respect to <r.

2. LM(C) denotes the leading monomial of C' and it equals X*F(C),

3. LC(C) denotes the coefficient of LM (C). In other words, the so called leading term of C'is LC(C)LM (C).
4. LE(I):={LE(C) | 0+# C € I} C Nj". (Note that if I = {0}, then LE(I) = {}.)

5. LM(I):={LM(C) |0#£C eI} ={X*|acLE)}. (If I ={0}, then LM(I) = {}.)

Definition 4 Let G = {G1,...,G;} C I, I an ideal in F[X]. G is a Grobner basis for I with respect to
<7 if (LM(G1),...,LM(G))) = (LM (I)). If LC(G;) =1 fori=1,...,1 and LM(G;) does not divide any
term of G; for i # j, then G is a reduced Grébner basis for I with respect to <r.

The key concept for the definition and computation of the linear complexity of multidimensional arrays
is the concept of a delta set. A set A C N{* is called a delta set if it satisfies 1. in the following lemma:

Lemma 1 Let A,I' C Ni* be set theoretic complements. The following conditions are equivalent:
1. For e A,a e N, if a < B then a € A.
2. Forael',fe N7, ifa < then f €T.

Obviously the set of exponents of all monomials which occur as leading monomials of an ideal I satisfies
2. of Lemma 1. Hence, the set of exponents of all monomials that do not occur as leading monomials of an
ideal I is a delta set (these monomials are called standard monomials in [1] and also excluded point set). We
will denote the delta set of the ideal I as Aj. So, Ay = NJ*\LE(I).

It is a standard result that a Grobner basis for an ideal generates the ideal. Also G = {Gy,...,G;} C T
is a Grobner basis for I if and only if for any C € I, LM(G;)|LM(C) for some G; € G (see [4]). This
implies that, to compute the delta set of an ideal with respect to a monomial order, we just need to compute
a Grobner basis for the ideal with respect to that monomial order and look for the monomials that are not
divisible by any G; € G.

Proposition 1 Let G = {G1,...,G;} C I be a Grébner basis for an ideal I with respect to a monomial
order <r. Then,
A= {Oé ENgL | LM(Gl>'i'Xa,GZ € G}



Of course the delta set of an ideal depends on the specific monomial order chosen. However, the size of
a delta set is invariant under monomial orderings as we proceed to explain.

When we talk about the dimension of an ideal I C R we mean the Krull dimension of the ring R/I.
I C F[X] is a 0-dimensional ideal if and only if F[X]/I has finite dimension as a F-vector space. In this
case, the dimension of F[X]/+/I, where +/T is the radical of I, is also the number of common roots in the
algebraic closure of IF of the polynomials in 7. The set of monomials which do not occur as leading monomials
of elements in I map one to one to a basis of F[X]/I. So, I is a 0-dimensional ideal if and only if Ay is
a finite set. Since the A; corresponds to a basis of F[X]/I as a F vector space, its size does not depend
on the specific monomial order chosen. This invariance is an important fact for the definition of the linear
complexity of multidimensional arrays.

Algorithms for computing Grobner bases usually assume the knowledge of some basis for the ideal. It is
important to note that we are interested in computing the linear complexity of multidimensional periodic
arrays and for this we need to compute a Grobner basis for the ideal of linear recurrence relations on the
array without having a generating set for the ideal. Hence, we need algorithms that do not assume the
knowledge of a basis for the ideal, like the ones given in [31, 32, 34].

2 Linear Complexity

In order to use arrays in cryptography, the arrays need to be robust to attacks and there is a need to
measure the complexity of the arrays. For sequences (one-dimensional arrays), the linear complexity is
defined as the degree of the minimal polynomial, or feedback polynomial [19], that generates the sequence, if
there is any [7, 27]. If no polynomial generates the sequence, the linear complexity is defined to be oo. If a
sequence is periodic, the minimal polynomial always exists, has degree less or equal to the period, and the
linear complexity measures how resistant the sequence is to a Berlekamp-Massey type of attack. The linear
complexity of random sequences has been studied by Niederreiter in [28].

For two-dimensional periodic arrays where the periods are relatively prime, the linear complexity can
be measured by “unfolding” the array into a sequence by using a method based on the CRT, followed by
the Berlekamp-Massey algorithm. This method imposes a restriction as it can only be applied to arrays
whose periods are relatively prime. The linear complexity of arrays constructed from multisequences can be
measured by computing the joint minimal polynomial of the sequences. The joint minimal polynomial gives
the recurrence relations among the entries within each of the columns, but does not take into consideration
possible relations among the different columns that constitute the array. The joint linear complexity of ran-
dom multisequences have been studied by several authors [10, 29, 30] and tends to increase with the number
of sequences. Definition 7, introduced in [12, 24] and analyzed here, works for general multidimensional
periodic arrays and Grébner bases methods can be used to compute it.

The set of all the polynomials that generate a periodic sequence form an ideal, and, since the polynomials
are in one variable, this ideal is principal and is generated by the minimal polynomial of the sequence. The
arrays considered in this work are periodic and hence there are multivariate polynomials that generate the
arrays. The set of all the polynomials that generate the array forms an ideal, but, since the polynomials
are multivariate, the ideal might be generated by a set of polynomials instead of just one polynomial. In
[12, 24] the theory of Grobner bases was used to extend the concept of linear complexity of sequences to
multidimensional periodic arrays, providing a definition and a method to compute multidimensional linear
complexity that is consistent with the one-dimensional definition and the unfolding method, and does not
have restrictions among the periods of the array or its dimension.

We now provide all the details for the definition of multidimensional linear complezity.

2.1 Linear complexity of periodic sequences

As we mentioned before, for a periodic sequence s, the linear complexity £(s) is defined as the degree of
the minimal polynomial M (X) that generates the sequence. This is the same as the number of monomials



that are not divisible by the lead monomial of M (X). The set of polynomials that generate the sequence,
the valid polynomials, form an ideal, and the ideal is generated by M (X). This is, Val(s) = (M(X)). The
minimal polynomial M(X) of the sequence s can be obtained using the Berlekamp-Massey algorithm and
the first 2d entries of the array, where d = deg (M (X)). Of course, one does not know d in advance, but,
since the sequence is periodic with period n, one knows that X™ — 1 € Val(s) is a characteristic polynomial,
d < n, and hence can use the first 2n entries of s to compute the minimal polynomial. The linear complexity
of the sequence is the degree of the minimal polynomial, which is also the number of monomials that are not
lead monomials of any element in the ideal. This is, £(s) = |Aval(s) |, where Ay q(s) is the set defined after
Lemma 1.

2.2 Linear complexity of multisequences

As we mentioned before, one can visualize a 2-dimensional array as a sequence of sequences, or a multise-
quence where the array is a sequence of columns [8, 27].

Definition 5 For an arbitrary m € N, an m-fold multisequence S = (s1,...,s,,) over Fy is a string of
parallel sequences s1,...,sy, over F,.

The joint minimal polynomial of the multisequence S is the unique monic polynomial M € Fy[X] of
smallest degree which is a characteristic polynomial of s; for all 1 < i < m. The joint linear complexity
of S is the degree of M. If each of the sequences has period n, the joint linear complexity L£(MS) of the
multisequence S is given by

L(MS) = n — deg (ged (X" — 1,81(X), ... S(X))).

where S;(X) = 377 5, X J is the polynomial associated to the sequence s; [5, 21]. This minimal polynomial
is also in the ideal of all valid polynomials in the array. It can be found explicitly given a Grobner basis of
the ideal as we will note after Example 1.

2.3 Linear complexity of two-dimensional arrays

In Definition 5 of [14], Gyarmati et al. propose a definition for the linear complexity of two-dimensional
arrays over Fo. For the special case of periodic arrays, the definition can be written as follows:

Definition 6 Let a be a two-dimensional periodic array and Val(a) be the ideal of recurrence relations valid
on the array. The two-dimensional linear complexity L (a) of the array a is defined as

Lg(a) = min{(deg (F) + 1)(degy (F)+1) — 1| F(X,Y) € Val(a)}.

The intuitive idea behind this definition is a generalization of the one dimensional case for ¢ = 2. The authors
remarked that this complexity is difficult to calculate explicitly. In a second paper [15], they calculated the
expected value for a random sequence. One can use a Grébner basis for Val(a) to ease the calculations for
Ls(a). Note that if GB = {G1,...,G;} is a Grobner basis for Val(a) with respect to <r, then

EG(a) < Mg = mln{(degX(GZ) + 1) (dng(Gi) + 1) -1 ‘ G, € GB}

To compute the exact value of L (a) one considers all the monomials M with (degy (M) + 1) (degy (M) +1)—
1< Mgp. If Lg(a) < Mgg, then there exists a polynomial depending on these monomials that is an element
of Val(a). This can be checked reducing the candidates by the Grobner basis.



2.4 Linear complexity of multidimensional periodic arrays

In the case of a multidimensional array a, the set of polynomials that generate the array, the valid polyno-
mials, form the ideal Val(a). Since this ideal might be generated by more than one polynomial, the natural
generalization of the concept of linear complexity to a multidimensional linear complexity L(a) is to
define it as the number of monomials that are not divisible by the lead monomial of any element in the
ideal Val(a). This is, the number of elements in the delta set Ay g ) that can be obtained by computing
a Grobner basis for Val(a) as stated in Proposition 1. This definition is consistent with the definition of
the linear complexity of sequences (one-dimensional arrays) and it is invariant under monomial orderings
[12, 24]. The computation of a Grébner basis for a multivariate polynomial ideal is the generalization of the
Berlekamp-Massey algorithm for univariate polynomials.

Definition 7 Let a be a multidimensional periodic array and Val(a) be the ideal of recurrence relations
valid on the array. We define the multidimensional linear complexity L(a) of the array a as the size
of the delta set of Val(a); this is, L(a) = ’AVal(a)|.

As it was discussed after Lemma 1, the delta set of an ideal depends on the specific monomial order
considered, but the size of the delta set of an ideal is invariant. To compute the linear complexity of an
array a, we just need to compute a Grobner basis with respect to any monomial ordering <. For example,
one could use the graded lexicographic ordering <p=<gre; and all the entries w = (uq,...,un) of a with
lu| <2(ny+ -+ nm) —m (See Proposition 1.2 of [31]).

Scheme to compute the linear complexity £(a) of a multidimensional periodic array a

1. Choose a monomial ordering <.

2. Compute a Grobner basis with respect to <p for Val(a), the ideal of linear recurrence relations in the
array a, using Sakata’s algorithm [34] or the Rubio-Sweedler-Taylor (RST) algorithm [31].

3. The set of exponents of monomials that are not divisible by the lead monomials of the elements in the
Grobner basis form the delta set Ay q(a) (Proposition 1).

4. L(a) = |AVal(a)|~

The RST algorithm for computing a Grobner basis for the ideal of valid polynomials for the array
a, Val(a), is based on linear algebra computations and can be implemented easily. The first step of the
algorithm is to order the elements of the array a with respect to a chosen monomial ordering. When using
the method based on the CRT to compute the linear complexity of an array a, the “unfolding” turns the
array into a sequence and therefore it is giving a total order to the elements of the array. This is, the CRT
defines a monomial ordering on the elements of a. For arrays with dimensions that are relatively prime,
both methods are equivalent and produce the (same) number of monomials that are not divisible by the lead
monomials of the polynomials valid in the array. Hence, the definition of the multivariate linear complexity
is consistent with the process of “unfolding“ to obtain the minimal polynomial. The Grébner bases method
has the advantage that it can be used in any multidimensional periodic array, not only those with dimensions
that are relatively prime as it happens with the “unfolding” method.

To be able to compare the complexity of periodic arrays a of different sizes, we use the normalized linear
complezity, where the complexity £(a) is divided by the size of the subarray (ai17~~,im)ij<nj defined by the
period vector (nq,...,n.;,). The normalized linear complexity is also referred in other references [24] as the
relative linear complezity.

Definition 8 Let a be a multidimensional periodic array and (ny,na, ..., Ny,) be its period vector. We define
the normalized linear complexity £, (a) of the array a as L,(a) = L(a)/ning - Ny,



For a periodic array a with period vector (nq,...,n,,), we know that X7 —1,X52 —1,..., X! —1 €
Val(a) and hence the size of the delta set Ay ,(a) is bounded by ny - ng---ny,. This gives trivial upper
bounds on the linear complexity and the normalized linear complexity of any periodic array.

Proposition 2 Let a be a periodic array with period vector (ny,...,n,) and L(a) be the linear complezity
of a. Then, L(a) < nj-ng-- Ny,

Corollary 1 Let a be a periodic array with period vector (ny,...,ny,) and L(a) be the linear complexity of
a. Then, L,(a) <1.

Since the normalized linear complexity of an array considers relations among all the entries of the ar-
ray, it will always be less or equal to the normalized joint linear complexity of the array (visualized as a
multisequence). The normalized linear complexity gives a better analysis of the complexity of the array.

Example 1 Consider the binary array in Figure 2. The construction of this array is detailed in Example 2.
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Figure 2: Binary array.

We now compute the normalized linear complezity of a. The reduced Grobner basis for Val(a) with
respect to the graded lexicographical order and X >Y is:

G={X—LXY’+ XYV’ + X+ Y’ +Y?+ 1,V +Y?+Y + 1},

and |Ava(a)| = 19. Hence, L,(a) = 13 ~ 0.45. It is also easy to check that L (a) = 4.

To compute the normalized linear complexity of array a visualized as a multisequence we compute the ged
of YT — 1 and the polynomials associated to the columns, Y° + Y3 + Y2 Y5 + Y4+ 1, Y0 + Y44 V3 V3 +
Y+ 1LY +Y?+Y, YO+ Y241, to obtain that Y> +Y + 1 is the ged, and L, (Ma) = T2 ~ 0.57. Note
that we divide by the length of the sequences that compose the multisequence.

Note that, since L,(Ma) is not taking into account the recurrence relations among all the entries in

array a, L,(a) < L,(Ma). Hence, the normalized linear complexity in Definition 8 gives a more accurate
understanding of the complexity of the array. Indeed, it is quite simple to construct arrays a with “low”
normalized linear complexity L,(a) but high normalized joint linear complexity L,(Ma). Considering an
array a generated by the composition method with constant shift of a sequence s gives arrays with normalized
joint linear complexity equal to the normalized linear complexity of the sequence, L, (Ma) = L, (s), but the
normalized linear complexity is the mormalized joint linear complexity divided by the number of rows, na,
(the length of the sequence), Ly (a) = %/;@)
The arrays that we are considering are periodic arrays and this implies that any Grobner basis for Val(a)
will contain a polynomial that depends only in the variable Y. This polynomial has to be valid for the
complete array, in particular, for each column. This polynomial is the joint minimal polynomial of the array
visualized as a multisequence. Hence, the joint linear complexity can also be obtained when computing the
linear complexity.



3 Construction and complexity analysis of arrays by the method
of composition

Let s be an infinite sequence with entries in any finite field F,. An infinite two dimensional array is a = (a; ;),
where the first index represents the column and the second represents the row. Hence, an array a can be
thought as a sequence a = (sg, S1,S2, . ..), of columns of sequences s;.

In [25, 26] Moreno and Tirkel presented constructions of 2-dimensional arrays a by considering circular
shifts of a suitable sequence s in F;, and constructing the array by using shifts of s as the columns. The
shifts on the columns were determined by another sequence t defined by a function ¢ : i, — F; with good
correlation properties. Two-valued autocorrelation balanced sequences were preferred for the columns. If
q’ = p we can illustrate the construction in the following way: To determine the shift on each column select
an ordering for the elements in F, (for example, considering the non-zero elements of the field as powers
of a primitive root and ordering them by their exponents); the shift of column ¢ is the value of ¢(X) when
evaluated in the i’th element of F,. For example, if we order the non-zero elements of F,, a’, by the exponents
i, we can construct a p x (p — 1) array a = (a; ;) by setting column ¢ to be a circular shift up of s by ¢ (o/)
entries. This is, a;; = 8j_1, = Sj_¢(a?)-

The construction described above produces a solitary array. To obtain families of arrays the exponent of
the shift sequence can be changed to a higher degree polynomial or a rational function map, as it was done
also in [25, 26].

Example 2 Let s be the Legendre sequence with respect to 7, s = (0,1,1,0,1,0,0,...) given by

3

Sj{ ) 40 (mod 7)

0, otherwise

where (%) is the Legendre symbol [7], and (t;) be the Costas sequence defined by t; = 3* (mod 7).

To construct the array a with period vector (6,7) of Figure 4, we place the first 7 entries of the Legendre
sequence s with a circular shift up of 1 =ty = 3° (mod 7) in column 0, the first 7 entries of s with a
circular shift up of 3 =t; = 3% (mod 7) in column 1, the first 7 entries of s with a circular shift up of
2=1ty=3% (mod 7) in column 2, and so on. These and other constructions are described in [35].

n
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Figure 3: Costas t and Legendre s sequences

It is common to represent the shift sequence t as a doubly periodic array of 0’s and 1’s (here represented as
blanks and ‘*’, respectively), where each column has exactly one ‘*’. The number of rows has to be consistent
with the period of the sequence that will be used as columns. Figure 4 shows the array corresponding to the
Costas sequence t of Figure 3. Shifts of the other sequence s will form columns that will be substituted in
the array corresponding to t. A ‘«’ in column 4, row j of the array t means that column i will be replaced
by the sequence s shifted up circularly by ¢ entries.
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Figure 4: Shifts up of s sequence as columns.
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Figure 5: Array corresponding to the Costas sequence t of Figure 3.

This construction can be generalized by using any two sequences s, t (over any finite field) of period
n1, ng respectively. For a general finite field I, the value of ¢; might not be an integer mod p and one cannot
take t; as the shift, but one can write the non-zero elements as powers of a primitive root, t; = a¢, and use
the exponent e as the shift up in column ¢. This is, if [ is the logarithmic map [ : Fy — Zg_1, I(a®) = e,
then the array a formed from sequences s and t is defined by

Qi3 = Sj—1(t;)» (3)

where j — [ (¢;) is considered modulo ns.
We now study the complexity of arrays constructed using the composition method. For simplicity of the
notation we continue with the 2-dimensional case.

3.1 Complexity of 2-dimensional arrays constructed using
the composition method

In [17] the authors conjectured that the linear complexity of some families of arrays constructed by Moreno
and Tirkel using the composition method is the complexity of the column sequence times the number of
columns (the period of the shift sequence). To obtain exact formulas for the linear complexity of arrays a
one would need to be able to determine a Grébner basis for Val(a). If, at least, one can determine some
elements of Val(a) one can provide bounds for the size of the delta set, | Ay q(a)|, and hence bounds for the
linear complexity of a.

By determining some elements of Val(a) we now present bounds for the linear complexity of 2-dimensional
arrays a constructed using the composition method. We prove that the complexity is bounded by the
complexity of the sequence s with desired properties used in the construction of the columns times the
period of the shift sequence used. The examples in [17] attain the bounds, and hence prove that the bound
is tight.

The following proposition states that any polynomial C(Y") valid on the sequence s used to construct the
columns of the array has corresponding polynomials that are valid on the 2-dimensional array constructed

10



using the composition method as in (3).

Proposition 3 Let s be any sequence over I, with period no and a be the array constructed with the com-
position method as in (3) by defining the columns as cyclic shifts up of s, where the shifts are given by a
sequence t over Fy with period ni. Suppose that C(Y) = 3 .cqumm(c) ¢;YJ € Val(s). Then C'(X,Y) =
P(X,Y)C(Y) € Val(a) for any polynomial P(X,Y) € F,[X,Y].

Proof: C € Val(s) implies that >, q,..(c) ¢isj+s = 0 for any 3 € Ny. Since Val(a) is an ideal, we only
have to show C'(X,Y) = C(Y) € Val(a).

Let ¢o,; = ¢; for j € Supp(C). Then C'(X,Y) =" )co,ij and, for any v € N3,

jESupp(C
E €0,54(0,5)+y = E €0,jA(y1,j+r2) = E CiSjtma—i(ty,) = E ¢jsjvp =0,
0,j€Supp(C’) 0,j€Supp(C’) JjE€Supp(C) jE€Supp(C)

where 8 =9 — I (t4,) € Ng. This implies that C'(X,Y) = C(Y) € Val(a) and C'(X,Y) = P(X,Y)C(Y) €
Val(a) for any polynomial P(X,Y) € F,[X,Y]. O

Remark 1 Since X" —1,Y™ —1 € Val(a) one can always reduce C' mod (X™ — 1,Y"2 — 1) and therefore
consider C" € Fy[X, Y]/ (X™ —1,Y"2 —1).

The only polynomials not depending on X in Val(a) are those arising from the polynomials that are
valid on s. As a consequence we get a bound for the linear complexity of the array that only depends on the
linear complexity of the sequence s and the period of the sequence t.

Proposition 4 Let s be any sequence over I, with period ny and a be the array constructed with the com-
position method as in (3) by defining the columns as cyclic shifts up of s, where the shifts are given by a
sequence t over Fy with period ni. Then, for any i € No, C'(X,Y) = X'C(Y) € Val(a) if and only if
C(Y) € Val(s).

Proof: Let i€ Nyand C'(X,Y) = X‘C(Y) € Val(a). Then, c; ; = ¢j, and, for any (61, B2) € NZ,

’I’szl

> )+ (8,8a) = O

Jj=0

Let v € Ny and fix 82 = v+ (t;) € Ng. Then,

71271 nzfl n271 ngfl

_ / _ / _ / .
D CiSitn = D ChiSitsi(t) = D GGt = D Chia(is)+0,8) = 0.
=0 i=0 =0 =0

Therefore, C(Y') € Val(s).
The other direction is a special case of Proposition 3. O

Proposition 4 implies that the complexity of arrays constructed using the composition method is bounded
by the complexity of the periodic sequence used to construct the columns of a and the period of the shift
sequence.

Theorem 1 Lets be any sequence over Iy, with period ny and a be the array constructed using the composition
method as in (3) by defining the columns as cyclic shifts up of s, where the shifts are given by a sequence t
over By with period ny. If L(s) is the linear complexity of the sequence s and L(a) is the linear complexity
of the array a, then L(a) < niL(s).

11



Proof:  Let C(Y) be the minimal polynomial of s. Then, £(s) = deg(C(Y)). By Proposition 3,
C(Y) € Val(a). Since t has period n;, we have that X™ — 1 € Val(a). This implies that Ay,a)

cannot contain the exponents of any monomial that is a multiple of Y'#€9(¢) or a multiple of X™ . Therefore
L(a) = ‘AVal(a)| < nyL(s). 0

Note that the bound on the complexity of the array has the maximum factor in one of the dimensions
and the other factor depends on the complexity of the sequence s; if £(s) is maximal, then £(a) attains the
trivial upper bound. The examples presented in [17], and many of our own examples attain the bound in
Theorem 1, and hence prove that this bound, in general, is tight.

Corollary 2 Let s be any sequence over I, with period no and a be the array constructed using the com-
position method as in (3) by defining the columns as cyclic shifts up of s, where the shifts are given by a
sequence t over By with period ny. If L,(s) is the normalized linear complexity of the sequence s and L, (a)
is the normalized linear complexity of the array a, then L,(a) < L,(s).

In the case where the sequence s has entries in a field of characteristic 2 and the minimal polynomial
C(Y) for the sequence s is divisible by ¥ — 1, then the bound in the complexity of the array is reduced by
ny — 1, where ny is the period of the shift sequence t (the number of columns in the finite array). This
implies that, the equality of the conjecture in [17] cannot be attained in general.

The next lemma and proposition are needed to give a bound for the linear complexity for this case where
the sequence s has entries in a field of characteristic 2 and the minimal polynomial C'(Y") for the sequence s
is divisible by ¥ — 1.

. h h h

Lemma 2 Fiz eg,e1 € No. If 375 48548 = D0 jSj+p+1 for any B € No, then Y i qjSjte, =
h

>0 GiSi+er -

Proof: We can assume that eg < e;. By hypothesis, taking 8 = ey, we have that Z?:o QjSjteq =
Z?:O @jSjt+eo+1- oince the hypothesis is true for any 8 € Np, we can now take 8 = ey + 1 and obtain
Z;.L:O QjSjteo = Z?:o Qi Siteot1 = Z?:o ¢jSjteo+2- It is clear that we can continue the argument and ob-

. h h
tain that > . qjSj+reo = D=0 diSj+er- O

In the case when the minimal polynomial C(Y) for the sequence s is divisible by Y — 1, we obtain
additional polynomials in Val(a) and, as a consequence, the bound on the linear complexity of a is tighter.

Proposition 5 Let s be any sequence over For and a be the array constructed using the composition method
as in (3) by defining the columns as cyclic shifts up of s, where the shifts are given by a sequence t over Fy.
IfFC(Y)= (Y —1)Q(Y) € Val(s). Then, C'(X,Y) = Q(Y) (X' —1) € Val(a) for any i > 1; in particular,
QYY) (X —1) € Val(a).

Proof: Since X —1 divides X?—1 and Val(a) is an ideal, we only have to show Q(Y) (X — 1) € Val(a). We
need to prove that 3=, ;e g.mn(cr) €1,;0(1,5)+y =0  (mod 2) for any v = (y1,72) € N2. Let v = (y1,72) € N2.
Then,

Z C’l,ja(lvj)w: Z 4a; (a(17j)+7+a(0,j)+v)

1,j€Supp(C’) JE€Supp(Q)
= Z TiA(14y1,5+72) T Z A (y1,5+72) = Z DS jtng—1(t10ay) T Z T8 jtma—1(ty, )"
JjESupp(Q) JESupp(Q) JESupp(Q) JESupp(Q)

12



qq Since v2 —1 (t14+, ) and v2 —1 (¢4, ) are fixed, let g = v2—1 (t14+,) and e; = 2 —1 (¢, ). Now, since (¥ —
DQ(Y) € Val(s), we have that 3 cq...) 4Si+1+8 T 2 jesupp(q) 45i+8 = 0 for any 8 € No. This implies

th?f 2 jesupp(@) USi+1+8 = Ljesupp(Q) USj+p- By Lemma 2, 5 00, 0) €jSj+e0 = 2jesupp(@) Gisi+ers
an

Z qjsj+’)'2—l(t1+wl) + Z qjsj—k'yg—l(tvl)

JESupp(Q) JESupp(Q)
= > Gt t Y, GSite =2 Y, ¢Sjte, =0 (mod?2),
JESupp(Q) jESupp(Q) jE€Supp(Q)
and this completes the proof. O

The following proposition gives a bound for the complexity of arrays constructed with the composition
method and sequences s with entries in a field of characteristic 2, and where the minimal polynomial C(Y)
for the sequence s is divisible by ¥ — 1.

Theorem 2 Lets be any sequence over For with period ne and a be the array constructed using the composi-
tion method as in (3) by defining the columns as cyclic shifts up of s, where the shifts are given by a sequence
t over F, with period ny. If the minimal polynomial of s, C(Y), is divisible by y — 1, L(s) is the linear
complezity of the sequence s and L(a) is the linear complexity of the array a, then L(a) < ni (L(s) — 1)+ 1.

Proof: Let C(Y) = (Y — 1)Q(Y) be the minimal polynomial of s. By Proposition 3, C(Y') € Val(a) and,
by Proposition 5, Q(Y)(X —1) € Val(a). Since t has period n;, we have that X —1 € Val(a). This implies
that Ayyi(a) cannot contain the exponents of any monomial that is a multiple of yded(C) of Xy des(C)—1
or of X™ . Therefore, since L(s) = deg (C(Y)), we have that £(a) = [Ayg@a)| < n1 (L(s) —1) + 1. O

In this case, even if £(s) is maximal, £(a) will be nq—1 smaller than the trivial upper bound. Nevertheless,
the bound is tight. This is shown by the examples presented in [17], and our own examples attain these
bounds.

Corollary 3 Let s be any sequence over For with period ns and a be the array constructed as in (3) by
defining the columns as cyclic shifts up of s, where the shifts are given by a sequence t over F, with period
ny. If the minimal polynomial of s, C(Y'), is divisible by Y — 1, L,,(s) is the normalized linear complexity of

the sequence s and L, (a) is the normalized linear complezity of the array a, then L,(a) < L,(s) — 211;21

3.1.1 Complexity of arrays constructed using the composition method and Legendre se-
quences

The linear complexity of Legendre sequences is given in [7]; we now apply Theorems 1 and 2 to give tight
bounds for the complexity of arrays constructed using the composition method and Legendre sequences as
defined in [7].

Proposition 6 Let s be the Legendre sequence with respect to p and a be the array constructed using the
composition method as in (3) by defining the columns as shifts of s, where the shifts are given by a sequence
with period ny. Then, linear complexity of a, L(a) is:

n (B77), p=1 (mod 8)
n(p—1)+1, p=3 (mod 8)
L(a) < ni(p—1), p=5 (mod )
ni (B1)+1, p=7 (mod8)



Proof: From [7] we know that the linear complexity of the Legendre sequence s with respect to p is

bl p=1 (mod 8)

) p p=3 (mod 8)

L(s) = p—1, p= (mod 8)
L;l, p=7 (mod 8)

From the same reference we know that Y — 1 divides the minimal polynomial of the Legendre sequence
with respect to p when p=3,7 (mod 8). The result now follows from Theorems 1 and 2. O

At this moment we cannot prove that all the arrays a constructed with a Legendre sequence attain the
bound on linear complexity of Proposition 6 but all the examples that we have computed validate this claim
and prove that the bound is tight.

Conjecture 1 The linear complezity of the array a, L£(a), constructed using the composition method as in
(3) by defining the columns as shifts of the Legendre sequence s, where the shifts are given by a sequence with
period ny is the maximal linear complexity given in Proposition 6.

Conjecture 2 Let s be the Legendre sequence with respect to p and a be the array constructed using the
composition method as in (3) by defining the columns as shifts of s, where the shifts are given by a sequence
with period ny. Then, the normalized linear complexity of a is:

%—12%, 1 p=1 (mod B)
1-1+-L p=3 (mod38)

— p nip
Lnla) = 1-— %, p=5 (mod 8)
%f% ﬁ, p=7 (mod 8)

This is, for large arrays, L,(a) is close to .5 if p=1,7 (mod 8) and close to 1 if p=3,5 (mod 8).

4 Conclusions and future work

In this paper we developed a theory of complexity for general multidimensional periodic arrays by using
concepts from Grobner bases. Our approach is consistent with the one-dimensional definition of linear
complexity and allowed us to make generalised yet precise statements about the linear complexity of multi-
dimensional arrays built using the composition method. Future work includes proving the conjectures posed
for arrays composed from Legendre sequences as well as the analysis of constructions that use methods other
than the composition.

It is also interesting to study cellular automata under this framework. The example in Figure 6 is taken
from [3, Table 5]. The two dimensional array, or cellular automata, has linear complexity equal to 3 and
the set of valid polynomials is an ideal generated by {Y + X + 1,(Y + 1)3}. The two dimensional array is
periodic in one dimension but not purely periodic in the other. However, the polynomial X3 is valid for
the array, which means that most of the columns are equal to zero. Viewing the cellular automata as a
multidimensional array, whose ideal of valid polynomials can be generated by a Grobner basis, one can give
alternative proofs of several results, for example Theorem 4 of [2].
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