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1 Introduction

One of the most important questions in number theory is to find properties
on a system of equations that guarantee solutions over a field. This type of
question is called of the Chevalley type and there are many results related to
this ([2], [9], [19]). A well known problem is Waring’s problem that is to find
the minimum number of variables such that the equation z¢ + - - + 2¢ = 3
has solution for any natural number . This minimum number is called the
Waring number associated to d. For finite fields there are many bounds for
Waring numbers ([10] and [20]). For an excellent survey of work related to
Waring’s problem see [19] and [17].

In this note we consider a generalization of Waring’s problem over finite
fields: To find the minimum number of variables such that a system

i+ tah =06
T4t al =6 (1)

has solution over F,; for any (61, Pa) € ]F;f. We denote this number by
§(k,d,p’).

The cases 6(1,d,2/) have been studied intensively because of their appli-
cation to the computation of the covering radius of certain cyclic codes.
The following are some examples of the known cases. It is known that
6(1,28 +1,2/) = 3 if (i, f) = 1 and this is called Gold’s case ([5], [15], and
[12]). Also, 6(1,2° +1,27) =3 if orda(l + 1) < f/2, and | = (2 — 1,2 — 1)
([12]). In particular, 6(1,2° + 1,27) = 3 whenever [ = 1 mod 4. It is also
known that 6(1,2% — 27 4+ 1,2/) = 3 and this is called Kasami’s case ([8], [6]
and [13]). Recently, the case §(1,2° + 3,2%%1) = 3 was proved by Canteaut
et. al. in [3] and it is called the Welch’s case. In [1] it was proved that
§(1,24 4231 1 92 4 9i ] 251) < 4,

For the case where p > 3, it has been known for a long time that
6(1,2,p/) = 3 (see [4], [7] and [18]). When p = 3 it was proved in [4]
that §(1,2,3) = 4.

In Section 3 we prove that, for p > 3, §(1,p" + 1,p/) = 3 if and only if
f # 2i. We also give an example that proves that, for p = 3, §(1,3'+1,37) >
4. In Section 2 we compute the splitting field of a polynomial that it is used
in the proof of 6(1,p' + 1,p/) = 3 for p > 3. In the last section we find
conditions on the coefficients of a system of diagonal equations so that the
system has solutions for any value of the constant terms.



2 Splitting Field
In this section we compute the splitting field of a polynomial of the form
az®™ + bzt 4 bx + d € F,z].

Theorem 1. Let ¢ = p/ and f(z) = az®* + bx? + bx + d € F,[z], where
a# 0. Then f(x) factors into linear factors over Fpe[x].

Proof. We have

f(z) =azt™ + b2t +bx +d
=al(ax +b) +br+d
:axq(:p+g)+b(x+§)+d—§
= (z+ ) (azt +b)+d -
:a(:zc%—%)(m—i—g)q—i—d—%.

Then

fo) = ate+ 2 = (Z —a). )

If b = ad, then f(z) = a(z + )™ and f(z) factors completely over F,.
Now suppose that b # ad. If we let d' =+ (E — >, we obtain

a a

f(z)=a ((:E + g)qﬂ - d’) .

Note that, since d' € F,, there exists D € F 2 such that DIt = d'. Therefore

f(z) =a <(a7 2y Dq+1) _ D! ((% + iD)+ _ 1)

= gDt (yq+l _ 1) 7
T b :
fOI' Yy = D + 2D’ SIHCG
(yq“)") :

11 (y—oc)zy"“—l:(yq“—l)(

one has that f(x) factors into linear factors over Fe.
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The next corollary will be needed to prove that §(1,p' + 1,p/) = 3 for
p > 3, if and only if f # 2i (Theorem 7).

Corollary 2. Let p > 2 and suppose that g € F,. The number of different
roots of f(x) over Fy is even if and only if b* # ad.

Proof. Suppose that b* # ad and x = s € F; is a root of f(x). Then, for y =
£ + b one has that f(s) = aD?"! (y9™ — 1) = 0 = aD?™ ((—y)?+! = 1).
This implies that —s — 22 € F; is also a solution of f(z) = 0.

To see that the number of different roots is even, we first see that s #
—s—2 Ifs=—s—2 then s = =2. But f(=2) = 0 implies that b* = ad and
we are assuming that this is not true. Hence, if s is a root of f(x), we have
that —s— 2 is a different root of f(z) and we have sets of roots {s;, —s; — 2}
with two elements. These sets are either equal or disjoint because 1) s; = s;
if and only if —s; — %b = —5; — %, and 2) s; = —s; — %b if and only if
s; = —s; — 22, This implies that the number of roots of f(z) is even.

Suppose now that b> = ad. Then, from the proof of Theorem 1 we can
see that = —2 € F, is the only root of f(z) and hence the number of

different roots is odd. O

Consider the polynomial z* + 1 = (z + 1)(2® + x + 1) € Fylz]. This
polynomial has the form f(x) = ax? + bx? + bz + d with a = d = 1 and
b = c = 0. The polynomial has only one solution over Fyzi1 but 0 = b* #
ad = 1. This implies that the previous corollary is not true for p = 2.

The next are some results on the reducibility and type of roots of poly-
nomials similar to the one in Theorem 1.

Proposition 3. The polynomial g(z) = ax®™ + bx? + cx + d € F [z] has a
root over Fy if and only if az® + (b+ ¢)x + d is reducible over F,,.

Corollary 4. The polynomial g(z) has at most two different roots over F,.

Corollary 5. Let g = p/, p > 2 and f(z) = axP* + baP? + bz + d € F,[x],
where a # 0. If b* # ad and (f,2) = 1, we have that

1. f(x) = (x—a)(z—az)pi(x) - - pprl(x) over F,; whenever ax®+2bxr+d
is reducible over F,r, where the p;(x)’s are irreducible polynomials of
degree 2, and oy, g are zeros of ax? + 2bx + d over F,.

2. f(z) =pi(x)-- ‘Prs (z) over F,; whenever ax® + 2bx + d is irreducible
over F,;, where the p;(x)’s are irreducible polynomials of degree 2.
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3. f(x) is always reducible over F .

Proof. By Theorem 1,
f(x) = po(x)pi () - - pesa (),

where p;(z) € F,[z] have degree 2 for i =0, - - - ,7%1. Suppose that o € F
and po(or) = 0. Then « is a root of degree at most 2 over F,. This implies
that o € F,2NF,r, and since f is odd, we have o € IF,. Therefore 0 = f(a) =
ac’® + (b + ¢)a + d. Note that any other root of f(z) will also be a root of
az? + (b+ ¢)x + d. This implies that f(x) has exactly two roots in F, and
pi(z) is irreducible over Fs for i =1, 2L, O
Proposition 6. Let g(z) = ax?™ +bx? +cx +d. If b +# ¢ and bc = ad, then
g(x) has exactly two distinct roots.

Proof. Just note that

b b
g(x) =ax™ + bl +cx+d= (v + a)(a:cq +c)=(z+ a)(ax + o).

3 Calculation of §(1,p' + 1,p/)

As we mentioned in the introduction, §(1,d, 2/) has been studied intensively
because of the applications to the computation of the covering radius of cer-
tain cyclic codes. In particular, 6(1,2° + 1,2/) = 3 under certain conditions,
although the necessary conditions for this are still not known.

In this section we find the necessary and sufficient conditions for §(1, p* +
1,p/) = 3 for any field of characteristic greater than 3. The proof that we
present here is elementary and uses a technique introduced in [12].

Theorem 7. Let p > 3. Then the system of polynomial equations
r1+ To + T3 = ﬂ
:L‘Zl)z+1 + x1271+1 + x§l+1 =, (3)
has solutions for every 3,y € F,s, if and only if f # 2i.

5



Proof. Consider the system

Ty + 29 + 23 = Poxy
2y el T = e (4)
Note that (a,b,c,d),d # 0, is a solution to system (4) if and only if (%, %, L—Ci)
is a solution to system (3) with 8 = fy,7 = 7. To prove that system (3)
has solutions we will see that system (4) has solutions with =4 # 0. For this,
consider the system

X1+ Lo+ T3 = 0
AR s e} (5)
The number of solutions of (5) is the number of solutions of PRI S p e
(z1 + z2)P T = 0.
If 2o = 0 then 21‘{“ = 0, and x; = 0. Suppose that x5 = b # 0.
Then 22" + 07 +L 4 (zq + bPHL = 22 4 WL 4 (g + D) (2 + b) =
2271 4 ba?’ 4+ 0Py + 2071 = 0. This equation is equivalent to 2 (gc—bl)p”r1 +

(x—bl)pl + (I—bl) + 2 =0 and has the same number of solutions as

2P 4 2P 4 242 =0. (6)

Note that the polynomial in this equation is of the type considered in
Theorem 1 and therefore it has all its solutions in F2:. Suppose that N is the
number of different solutions of (6) over ;. Then the number of solutions of
system (5) is N(p/ —1)+1 = Np/ — (N —1). By Moreno-Moreno’s theorem
(see [14]), we have that pl#1 divides the number of solutions of (4).

If N =0, then (0,0,0) is the only solution to system (5) and therefore

there is only one solution to system (4) with x4 = 0. Since pl%1 divides the
number of solutions of (4), we must have that this system has solutions with
x4 # 0, and system (3) has solutions. Suppose that N = 1. Then, since

b= % € F,, Corollary 2 implies that b* = ad. Therefore p = 3 and this is a

contradiction.

For N > 1, if we prove that ord,(N — 1) < [g] then the number of
solutions of system (4) is not equal to the number of solutions of system (5).
This means that system (4) has solutions with x4 # 0 and we obtain the

desired result.



Since p > 3 and the degree of (6) is p’ + 1, one has that ord,(N — 1) <.
Now, if i < [£], then ord,(N — 1) < (%} and we are done. We now have to
prove that this is also true when 7 > [ |. Suppose that 2i > f. Without loss
of generality, we can assume that p’ < p/ — 2. Hence i < f < 2i. Note that
all the solutions of (6) over F,s are in Fx = F,r N Fj2i, where k = (21, f).
Hence, N < p*. Since k|f, we must have that k < g or k= f.

If £ < g, then N —1 < pF < p%W and we are done. If k = f, then f|2i
and one has that fr = 2¢ for some r € Z. Since ¢ < f, then ir < fr = 2i
and hence r = 1. This implies that f = 2¢, which is a contradiction. Hence,
for f # 2i system (3) has solutions for every 3,y € F .

If f = 24, then system (3) does not have solutions for all 3,7 € 2. For
example, consider v € Fpi\F,:. Since (o T1)P'~1 =1 for a € [, one has

that a”+! € F,i and 2} oy zh oy 8 o = ~ does not have solutions. [
Corollary 8. Let p be any prime. Then §(1,p' + 1,p*") does not exist.
Proof. Note that the last argument of the proof of Theorem 7 applies to a

similar system with any number of variables. O]
Theorem 9. Suppose that p > 3. Then §(1,p' + 1,p7) = 3 if and only if
f 2.
Proof. Consider the system
T1+ Ty = 0

p +1 p i1 ﬁ (7)
A solution to this system has to satisfy xf "+ g and this does not have a
solution for each (. This implies that ¢§ (1, p'+ 1,p/) > 3. By the previous
theorem §(1,p" + 1,p/) = 3 if and only if f # 2i. O

For p = 3 system (3) does not have a solution for each 3,7 € Fy;. For
example, consider

1+ X9+ X3 = 0
3 P41 + 1'3 ‘41 4 173 1 ﬁ (8)
Note that a solution to (8) has to satisfy § = (2 + o R i S
2 (1172 + 21’3)3”—1
Proposition 10. 6(1,3' +1,3/) > 3.

, and this equation does not have a solution for each (.



4 Generalizations

One of the possible generalizations of Theorem 7 is to consider a system
of two equations with coefficients different from 1 and find conditions on
the coefficients so that the system has solutions over F,s. This is, to find
conditions on ai, as, as, by, ba, b so that

biz1 + bawgy + bz =
a1zt T+ g T 4 agal T = 4, 9)

have solutions over I, for every 3,y € IF,;. It is important to note that the
results here work for any F,; with p # 2.

Theorem 11. Suppose that ajazazbibybs # 0, ay,az,asz, by, by, b3 € Fyr, and
[ # 2i. Then, system (9) has solutions for every 3,y € F,r if one of the
following conditions hold:

1. (a) al,ag,a,g,bl,bg,bg S Fpi
(b) arb?b:+a; =0 and a b;?b+az #0

2. (a) ai, s, as, by, by, by € Fpi
(b) a1b;?b2 4+ ay # 0 and ab;%b2 + a3 =0

3. aby P TV 4y = 0 and ey P TV 4 ay =0

4' (Cl) a17a27a37b17627b3 EIE“p’
(b) aib;?b% + ay # 0 and a1b;%b2 + az # 0
(C) CllbIQb%ag + a2a1bf2b§ + asas 7é 0.

Proof. We are going to use the same technique used in the proof of Theorem
7. Consider the system (9) with g =~ = 0.

Then, z; = —b; 'byxy — b 'b3r3, and we want to compute the number of
solutions of

a1 (b7 byy + b7 Mbgs)P' T + agah T+ agal T = (10)
(axby I 4 ag)ah T 4 anby PV byrsaly +

arby P FVbE 28wy + (aby P 4 ag)al = 0.



a. For coefficients satisfying Theorem 11 part (1), we obtain
(Ilbl_zbgbgl'gl’gi + Cllbl_Qbegﬂfgi.’ﬂQ + (&1b1_2b22’> + a3)$§i+1 =0.

If x5 =0, then 23 = 0. If x5 = «, then

a by 2bobsz + albl_2b2b32pi + (a1by %03 + ag)zpi“ =0,

where z = %2, The polynomial here has the form axdtt + b + bx 4 d,
the polynomial considered in Theorem 1. Here g € F,r and b =
(a1by *byb3)? # 0 = ad. Corollary 2 implies that the number of roots of
the polynomial is even and the rest of the proof follows the arguments

in the proof of Theorem 7.
b. The case (2) in Theorem 11 is similar to case (1) of this theorem.

c. For case (3), we obtain

—(p'+1) 1 p’ p' =" +1)p gp' Pt
albl bIQJ b3$3l’2 + (Z1b1 bgb]g T3 Lo =

(3

LUQQ?galbl—(pi—i_l)bzbg(b‘giil'rgiil + bg 71.13? 71) =0 (11)

So, either xy = 0,23 = 0, or b5 a8 ' + 52 "2 " = 0. Suppose that
29 = a # 0. Then, the number of solutions of b5 ~'z% ~'+b8 '8 ' =0
with x5 # 0 is the number of roots of the polynomial 1 + 2'~! over
F,r, where z = b;’Tx;’, which is 0 or d = (pf —1,p" — 1) > 2. Hence,
any solution to (11) will have the form (0,0), (0,a), (a,0), (a,c), where
a # 0 and c is a solution to 1 + 27'~! = 0. Therefore, the number of
solutions of (11) is either 2p/ — 1 or 2p/ + dp’ — (d+1). Note that any
root of 1+ 27 ~! over F s is also a root of 2#'~1 — 1 and therefore is
an element in F2: NIF,s. Divisibility arguments similar to the ones in

Theorem 7 imply the desired result.

d. For case (4), if 2 = 0, then 73 = 0. If 75 = o, then (a;b; 2b3 + az) ¥ '+
albfszbgozpi“z—l—albl’ngbgapi“zpi+(a1b1’Qb§+a3)0¢pi+1zpi+1 = 0, where
z = 2 We divide both sides by o#'*! to obtain again a polynomial

p(x) of the form az?™ + bx? + bz + d, the polynomial considered in

Theorem 1. Since ad = (albl_ngbg)Q +a1bf2b§a3+a2a1b1—2b§ + asas and

a1 by 2b3as + aza, by *b2 + asas # 0, we have that ad # (albl_ngbg)Q = b2,

9



Again, by Corollary 2, the number of roots of the polynomial p(z) is
even, and the rest of the proof follow the arguments of the proof of

Theorem 7.
O
Example 1. Using part (1) of Theorem 11, we obtain that the system
T+ T+ a3 =7
allef'ﬂ — alxgiﬂ + aga;giﬂ =", (12)

has at least one solution for every B,y € F,r, whenever f # 2i, ai,a2,a3 €
F,i, and az # —a.

Theorem 12. Suppose that ay,az,a3,b1,bo € Fpr NFyi and f # 2i. Then,
the system of polynomial equations

bixy + boxy = 3

ar] T 4 agxh T+ agah T =1, (13)

has at least one solution for every v, € Fpr if ay(—boby M) +ag # 0 and
as 7é 0.

Proof. Again, we will use the same technique used in the proof of Theorem
7. Consider the system (13) with 3 = v = 0. Then z; = —byb; ‘25 and we
want to compute the number of solutions of

(al(—befl)Q + CLQ) Igi+1 + a3x§i+1 = 0.

Suppose that a;(—byb;*)? 4 ag # 0. If 25 = 0, then 25 = 0. If 73 = a # 0,
then we need to compute the number of solutions of d + ag,xg“ = 0, where
d = (a1(—baby")? + az) o1 # 0. The polynomial here has the form az4™ +
bx?+ bx + d, the polynomial considered in Theorem 1. Here g =0€F, and
b* = 0 # azd = ad. Corollary 2 implies that the number of roots is even and

the rest of the proof follow the arguments in the proof of Theorem 7.
]
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