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some of Carlitz’s results by computing the exact p-divisibility of cer-
tain exponential sums. As a by-product we obtain an upper bound
for the Waring number for polynomials over extensions of finite fields.

1 Introduction

Exponential sums over finite fields have many applications to different areas
of mathematics [8]. One of the problems of interest is the estimation of its
p-divisibility. By computing the exact p-divisibility of the exponential sum
associated to a polynomial one can determine if families of equations have
solutions over a finite field.

A common tool for the estimation of this divisibility is the well known
theorem of Stickelberger [9]. If the exponential sum is expressed as the sum
of Gauss sums, then Stickelberger’s theorem gives the exact divisibility of
each one of the Gauss sums. Of the many known results on the divisibility
of exponential sums we use results presented in [11] that give conditions to
obtain exact divisibility.

In [3], Carlitz determined conditions under which infinite families of poly-
nomials have solutions in a finite field. In this paper we compute the exact
p-divisibility of certain exponential sums under some natural conditions and
extend some of Carlitz’s results.

We also apply our results to generalizations of the Waring’s Problem over
finite fields, where we consider sums of polynomials. These generalizations
lead to examples where the degree of the polynomial can be arbitrarily large
but its Waring number is small.

2 Preliminaries

Let ¢ = p/, p a prime, F, be the finite field with ¢ elements and F,* = F,\0.
Given 0 < j, j; integers such that 0 < j; < p and j = ZZ:S Jip', we define
the p-weight of j by 0,(j) = Zf;é ji- The p-weight degree of a monomial
X7te- - Xen is defined by wy (X7 -+ - X&) = op(e1) + - - -+ 0p(€,). Sometimes
we use X to denote the variables Xi,---,X,. The p-weight degree of a
polynomial F(Xy,...,X,) = >, a;X{" - X, a; # 0 over Eyr is defined
by w,(F) = max; w, (X7 - -- Xt). The p-weight degree with respect to the
variable X; of the monomial X7 --- X is denoted by w, x, (X7 --- X)) =
op(e;). We denote the p-weight degree with respect to the variable X; of
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a polynomial F' over F, by w, x,(F) = max; w, x, (X" --- X¢). From now
on, we assume that a polynomial F(Xj,---,X,) contains all the variables
X1, X,

Q, is the p-adic field with ring of integers Z,. Let K be the extension
over Q, obtained by adjoining a primitive (p/ — 1)th root of unity in @, the
algebraic closure of Q,. The residue class field is isomorphic to F, and let 7
denote the Teichmiiller representatives of I, in K. Let £ be a primitive pth
root of unity in Q,. Define § = 1 — ¢ and denote by vy the valuation over 6.
Note that vg(p) =p — 1 and v,(z) = %.

Let ¢ : F, — Q(&) be a nontrivial additive character. The exponential
sum associated to F' is defined as follows:

SF)Y= Y ¢(F(ar,...,z)).

Note that, since ¢ is an additive character, if F' = > a; X7 -+ X =
G(Xy, -, X,) + B, where G(0,-- ,0) =0, then

YooeF) = > dG+B) =08 Y, ¢(G)
T1,...,2n € T1,..., rn€R, T1,..., Tn€F

Since ¢(/3) is a unit, the constant term does not affect the p-divisibility of
the sum.

The following theorem [11] gives a bound for the valuation of an expo-
nential sum with respect to 6.

Theorem 1. Let F(X) = SN a;X¢--- X, a; # 0. If S(F) is the
exponential sum

1, ,xn€ly

then vo(S(F)) > L, where L = ming, ;) {Zfil op(Ji) | 0<ji < q}, and

(J1,---,JN) 1S a solution to the system

eiji +ejo+...+enjy =0modg—1
: ' (2)

6n1j1+6n2j2+-~+6anN EOIﬂOdq— ]-7

where Zf\il eiji 20, forl =1,--- n.
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To obtain this bound, the authors in [11] use the Teichmiiller represen-
tatives a; € 7 of the coefficients a; of F' to lift and expand the exponential
sum S(F):

= Z . Z [H c(]z)] [Z tj1e1+--.+jNeN] [H a/gi] . (3)

71=0 IN=0 teTn

For each term T = [V, c(ji) 35, t7r@ T Hiven TV a/% in the sum (3),

)

(il

i=1 =1

N
Z (i) + f(p = D)s,

where s is the number of expressions in (2) that are equal to zero for the vector
(j1,- -+ ,jn) associated to the term. Since the polynomial F' contains all the
variables, we can always find a solution (jy,...,jy) such that Zf;l op(Ji) is
minimum and all the expressions in (2) are positive multiples of ¢ — 1, giving
f(p—1)s = 0. The triangle inequality is then used to obtain the bound.

Note that one does not have equality on the valuation of S(F') because it
could happen that there is more than one solution (ji,...,jy) that give the
minimum value and when the associated terms are added they could produce
higher powers of # dividing the exponential sum. In Section 4 we prove
that, for many infinite families of polynomials, there is a unique solution
(j1,--.,Jn) that gives the minimum. This implies that ve(S(F')) = L. To
prove that there is a unique minimum solution one has to consider all the
possible solutions to the modular system, including those that make some of
the equations in (2) equal to zero.

In our computations we will be using the following lemma, which was
proved in [11].

Lemma 1. For any natural number k, o,((p" —1)k) > o,(p/ —=1) = f(p—1).

The relation between an exponential sum S(F) = >, p» ¢(F'(x)) and

the number of zeros of a system of polynomials P;(X),--- , P,(X) is given by
the following lemma that can be found in [1].
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Lemma 2. Let ¢ = p/, Pi(X), -+, P(X) € F,[X] and N be the number of
common zeros of P,--- , P,. Then,

N=p Z Py1 P (x) + -+ + y (%))

xeF," y€eR,’

In this paper we use p-divisibility of exponential sums to prove solvability
of polynomial equations. Another common method to prove solvability of
equations is to estimate the absolute value of the corresponding exponential
sum. Usually, for the absolute value method, the solvability only depends on
having ¢ > d, where d is the degree of the polynomial and ¢ is the size of
the field (see [12], [8], [7]). The results presented here cover cases that are
not covered by the absolute value method.

3 Carlitz’s Results

There are many results on divisibility properties of the number of solutions
of systems of polynomial equations over finite fields. Our work generalize the
following results of Carlitz ([3]).

Theorem 2. If F(X3,...,X,) is homogeneous of degree n while G(X1, ..., X,)
15 of degree less than n, and

then the equation F(Xy,...,X,) = G(X1,...,X,) has at least one solution
over If;.

This is a very general theorem but the condition }° g n F ~l(x) £ 0
could be hard to verify. The following results do not assume this condition.

Theorem 3. Let d be a divisor of p— 1, and a; € F, fori=1,---,d. If
G(X1,...,X4q) is a polynomial over [, with deg(G) < d, then the equation
alX‘li 4+ 4 ang + G(Xy,...,Xq) =0 has at least one solution over .

Corollary 4. Let d be a divisor of p— 1 and Fy(X4), ..., Fy(X4) be polyno-
mials over F, of degree d. Then the equation Fy(X1) + -+ Fq(X4) = 0 has
at least one solution over I;.



4 Exact Divisibility of Exponential Sums and
Solvability of Equations

In this section we compute the exact divisibility of certain exponential sums
and of the number of solutions of the related equations. With this we guar-
antee that these equations are solvable and obtain generalizations of Carlitz’s
results.

Theorem 5. Let d; be a divisor of p — 1 and a; € E* fori = 1,... ¢t
Consider the monomials

(X, - X, )™ (X - X

n1+1 inQ

Y2 (X X )™ (5)

ne_1+1
all with the same degree d > 1, disjoint support, and 1 < i; < n = ng. If
G(Xy,...,X,) is a polynomial over E, with w,(G) < d, and

F(Xy, - Xn) = (X, - X, I

tay (X, X )"+ G(Xy,. .., X,),

)dl + a2<X’£n1+1 o X

ing

then
w(S(F) = =13 -

Proof. Without of loss of generality, we can assume that the monomials in
(5) are of the form

(Xl e an)dl, (Xn1+1 T an)d2> S (Xnt—1+1 e Xn)dt7

and F(0,---,0) =0. Let G(X1,...,X,)) = SN b, X7 .- X¢ . As in The-
orem 1, we associate a modular system to the polynomial F'. The following
is the modular system associated to F':

dihy +e1151 + €125+ - +ensy =0modg—1
1) . .

dihy 4 en, 181 + -+ €n NSN =0modqg—1

dahy + €ny41151 + -+ ey sy =0mod g —1
2) : :
dahy + €ny 151 + -+ €py NSN =0modg—1
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dihy +€n, 41151+ -+ €p_rinsy =0modg—1
t) . .

dihy +€p 181 + -+ e, NSN =0modg—1

Let (hy, - ,hy, 81,7+, Sn) be any solution to system (6), and T" be the
term in (3) associated to this solution. Then

vg(T) = ng(hi) + ng(si) + f(p—1)s,

where s is the number of equations in (6) that are equal to zero. Let ng = 0,
and, for © = 1,--- ¢, let r; be the number of equations that are equal to
zero in each block ¢ of n; —n,;_; equations in (6). Since d; < p—1, 0,(d;) =
d;. Applying o, to (6), using Lemma 1, adding the first ny — 7 non-zero
inequalities, and dividing by din;, we obtain

agple ctop(en agple +-t+op(en —1)(ni—r
op(hy) + p( 1,1)4;11:1 p( 1,1)017(81)_’_.“_’_ ple1,n) g p( 1’N)Up<5N) > %

We repeat the same to each block i of modular equations in (6) to obtain:

op(en;_1+1,1)++0op(en;,1) op(en;_1+1,N)++0op(en,; N)

op(hi) + P Ep—— op(s1)+ -+ P op(SN)

> [ Duznioizr) o, 1 <4 < ¢,

- (ni—ni—1)d;

Recall that d;(n; — n;_1) = d, and add the above inequalities to get

ijl O—p(h'i) + 0p(61,1)+';l~+0p(6n,1)Up(sl) R Up(e1,N)+'('i'+ffp(en,N)Jp(SN)

t N;i—Ni—1—"4

Since op(e1x) + -+ + 0p(ens) is the p-weight degree of the £ monomial

of G, and w,(G) < d, we have that Up(el"“)Jr';rap(e""“) < 1. Therefore,




Zle op(hi) + Zz]\il op(si) >

25:1 O'p(hi) + o‘p(el,l)Jr';i'ﬂLUp(en,l)O.p(sl) 4+ 4+ Up(el,N)+~[-i-+Up(€n,N)Up(SN)

> flp—1) Yo e

and
w(T) > flp=1) |3 Do 7)
-y [y 3 el

Note that if s; # 0 for some ¢, we have strict inequality in (7). Also
note that since r; [(n; — n;—1)d; — 1] > 0, any solution with vy(T) = f(p —
DY L is minimal and has s; =0 for all i = 1,--- , N.

i=1 d;
Consider Mg 1) M- 1)
1\q — t\q —
< dl ) 7 dt Y 07 ) 0) ) (8>

where 0 < \; < d; for all i = 1,--- ,¢. This is a solution to (6) with

z +zap =3, (Me )

=1

and,

where s is the number of equations in (6) that are equal to zero for this
solution.
If \; =1fori=1,---,t then none of the equations in (6
1

zero and ve(T) = f(p — 1)2:1_1 i Therefore, (E c..oa-d

) are equal to
0,-- ,0) is a

di Y dy 0
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minimal solution. Any other minimal solution must have the form (8) and
Zﬁzl % = 0. Since 7; [(n; — n;_1)d; — 1] > 0, this sum is zero if
and only if n;, —n;_1 =d; =1orr; =0 foreachi=1,--- t. If r; # 0 for
some 2, then n; — n;_1 = d; = 1 and this implies that the polynomial F' has
degree 1, which is a contradiction. If r; =0 for all ¢ = 1,--- ¢, then \; > 1
for all i, vg(T) = f(p— 1) >i_, 3—;’, and this is a minimal solution if and only
if \; =1 for all 3.

Therefore (%, N == I ,O) is the unique minimal solution and

U@(F) = f(p— )22:1 %'
O

Remark 1. This result is false if we allow d = 1. For example, consider
G(Xy, -+, X,) =c¢, aconstant, and F( Xy, -+, X,) = a1 Xq+- - +a, X, +c.
Then, S(F) = 0 and the formula for vg(S(F')) is not correct.

Even though the above theorem includes the case p = 2, because of the
importance of Boolean functions, we include this case as a corollary.

Corollary 6. Let p =2 and consider the monomials

(X Xin )y (X iy X))o (X0 - X;)

ny+1 : ny_1+1 o

all with the same degree d > 1, disjoint support, and 1 < i; < n = ng. If
G(Xq,...,X,) is a polynomial over E, with w,(G) < d, and

+ X +oe

in—FG(Xl,,Xn);

X

i7z2

P(Xy, Xo) = Xiy o Xy,
_’_Xint,1+1

then
va(S(F)) = tf.

The next corollaries give information about S(#') when ¢ = 1.

Corollary 7. Letd be a divisor of p—1, nd > 1, anda € F,". IfG(Xq,...,X,)
is a polynomial over E, with w,(G) < dn, and

F(X1,...,X,) =aX% X4+ G(Xy, ..., X,),

then ve(S(F)) = @.



Corollary 8. Let d # 1 be a divisor of p— 1 and a € F If F(X) =
aX+b XU 4+, X% is a polynomial over B, where o,(d;) < d for every
i, then ve(S(F)) = @. Furthermore S(F) # 0.

As a consequence of Theorem 5 we can compute the exact divisibility of
the number of solutions of families of polynomial equations.

Theorem 9. Let d; be a divisor of p—1 and a; € ;" fori =1,...,t. Suppose

t X . . .
that y ., i 15 an integer and consider the monomials
- l

(Xil e Xinl)d17 (Xin1+1 e Xin2

)2 (X

g1

- XG,)" (9)

all with the same degree d > 1, disjoint support, and 1 < i; < n = ny. If
G(Xy,...,X,) is a polynomial over F, with w,(G) < d, and

F(Xy,. X)) = an( X, - X, )M+ ao( X, o X )2 4
(X, o Xa)" +G(X0, LX),
then p NS 18 the exact divisibility of the number of solutions of F = 0.

In particular, F' has at least one solution over IF,.

Proof. Consider

F/ — y <a1(Xi1 .. .X.

tnq

Y ay (X

ng_q+1

LX) GX, . ,Xn)) .

By Lemma 2, the number of solutions of F' = 0 is p~/S(F’). To compute
S(F") we follow the proof of Theorem 5 with F” instead of F'. The modular
system associated to F” is the same as the one associated to I’ but with the
additional equation

hi+---+h+s+---+sy=0modgqg—1.

If G(0,---,0) = 0, then the proof is almost the same as the one for
Theorem 5. If G has a constant term by X{'™V --- X2V #£ 0, then the term
sy appears in the last new equation of system (6), but e; ysy do not appear
in the other equations. In any case, we follow the proof of Theorem 5 and
note that expression (7) becomes

ri [(n; —ni_q)d; — 1]
> —1
ve(T') = f(p Zd—l-z (i —ny 1 )ds +al,
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where « = 1if by +---+h;+s1+---+ sy =0 and @ = 0 otherwise. Again,
note that if s; # 0 for some ¢, then we have a strict inequality. Also note that

S, W +a >0, and any solution with ve(T) = f(p—1) 3 L_, d%-
is minimal and has s; =0 forall¢=1,--- , N.

The vector

<M7...7M707...70), (10)

dy dy
is a solution to the new modular system if and only if 22:1 2— is an integer.
By hypothesis, 22:1 d%- is an integer, and therefore (%, cee %, 0,--- ,0)

is a minimal solution. Any other minimal solution must have the form (10)
and S0, W + a = 0. This implies that

t .

ve(T) = f(p—1) [Z E] )

i=1 "

and this is minimal if and only if A; = 1 for all 7. Therefore,

qg—1 qg—1
0.---.0
( dl b) ) dt b b b) )

is the only minimal solution and the result follows. O

Using the above theorem one can generalize Theorem 3 by substituting
the degree by the p-weight degree.

Corollary 10. Let d > 1 be a divisor of p—1 and a; € F* fori=1,--- ,d.
If G(Xy1,...,X4) is polynomial over E, with w,(G) < d, then the equation
alel 4+ -+ adeli + G(X4,...,Xq) =0 has at least one solution over F,.

Example 1. Let F(Xy,...,X7) = X{ + X5+ + X7+ 30, ai; XiX; +
X2 X2 over Fygr. The equation F' = 3 has at least one solution
for any [ € Foys.

In the following theorem we impose conditions on the partial weight of
the monomials to compute the exact divisibility of exponential sums. With
the exact divisibility we prove that the related equation is solvable.
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Theorem 11. Let d; > 1 be a divisor of p—1 and a; € E* fori=1,... n.
Let Gy,--- Gy be monomials. If G(X1,...,X,) = Gy + -+ + Gn is poly-
nomial over I, with Z?:lw“xd+i(Gj) <1forj=1,--- N, and F = alell +
codan X9+ G(Xy, ..., X)), then

Proof. We can assume that
G(X1,..., Xp) = b XMoo Xy XN

and G(0,---,0) = 0.
The following is the system of modular equations associated to F"

d1h1+d1131+'--+d1N5NEOmodq—l

(11)

dphy + dpis1+ -+ dyysy =0 mod g — 1.

Let (hy,- -+, hp,s1, - sy) be any solution to system (11). As in Theorem
5, applying o, we obtain:

op(di)o(hi) + op(din)op(s1) + -+ 0p(din)op(sy) > iop(q—1) = aif(p—1),

where a; = 0 or o; = 1.
Since d; < p — 1, 0,(d;) = d;. Dividing by d; we obtain

g dl o dl 6%} —1
op(h) + I 5 ) g D)y > T2 )
fori=1,--- n.

Note that Y"1 | 0,(di;) = > wp x,(G;). Adding all the inequalities and

using the fact that > | . () 1, we get

d;
n N
Z op(hi) + Z op(si) =
i=1 i=1
- — 0, (din) ~ 0, (di) o
Z%(hi) + Z 0 op(s1) + -+ Z Tap(SN) > flp—1) 7
i=1 i=1 v i=1 v i=1
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If T is the term in (3) associated to this solution then

Z%: —l—Z(l —ai)]

=1

= 1) [Zdiﬁz(l‘o‘i;fdi‘”],

1=

vo(T) = f(p—1)

where Y7 (1 — ;) is the number of equations in (11) that are equal to
zero. Note that if s; # 0 for some i we have strict inequality and, since
(1 —a;)(d; — 1) > 0, any solution with ve(T) = f(p — 1) 3°, 7 is minimal
and has s; = 0 for all <.

As in Theorem 5, taking h; = (¢—1)/d; and s; = - -+ = sy = 0, we obtain
a solution to the system with 327 a,(h;) + 3.0, ap(s:) = flp — 1) 20, +
and therefore is minimal. Any other solution with s; = --- = sy = 0 has

hi = 2= for 0 < \; < d; and vp(T) = Y1 0y (ha) + Y00y op(si) + f(p —
)s=f(p—1) [Z?:l 2y s} , where s is the number of equations in (11) that

are equal to zero for this solution. For this solution to be minimal we must
have >"7 | (1_0"';#_1) =0. If 1 — a; # 0 for some ¢, then d; = 1, which is a

contradiction. If 1 —a; = 0 for all 4, then A\; > 1, vp(T) = f(p—1) >, 2—:,
and this is minimal if and only if \; = 1 for all i.

Therefore, (%, e ,qd;l,(), e ,O) is the unique minimal solution and

w(l) = fp— 1), +. -

Note that in Theorem 3 the polynomial has the same degree on each vari-
able and the degree is equal to the number of variables. Applying Theorem
11 we can get another improvement to Theorem 3 that has less restrictions on
the degrees. In Section 5 this improvement will be applied to generalizations
of the Waring’s problem.

Theorem 12. Let d; > 1 be a divisor of p—1 and a; € E* fori=1,... n.

Suppose that Y, dii 1s an integer, and let G1,---,Gyn be monomials. If

G(X1,...,X,) = G+ -+Gy is a polynomial over B, with >}, —w””;ii(Gj) <1

fOT'j = 17 e 7N7 and F<X17 U 7Xn> = alecll+' : “"anXgn‘i‘G(Xl, R 7Xn>;
then the exact divisibility of the number of solutions of F =0 is pf(Zi:1 4 Y,

In particular, the equation has at least one solution over If,.

13



Proof. Similar to the proof of Theorem 9. O

Example 2. Let F(X1,..., X7) = X{%4 - 4+ X%+ X2+ X2+ X2+ X1 Xo X3+
X4 X5X¢X7 over F3;. Then F' =  has solution for every § € F;s.

The following corollary improves Corollary 4.

Corollary 13. Let d > 1 be a divisor of p—1 and suppose that % is an integer.
If Fi(X;) = a; X3 +G,(X;) is a polynomial over F, with w,(G;) < d for everyi,
then the exact divisibility of the number of solutions Fy(X1)+---+F,(X,) =0
is pf @Y. In particular, the equation has at least one solution over .

Example 3. Let p > 5, d = p%l, and consider the polynomial
F(Xp,. . Xg) =X+ + X XU o xo

over [f,. Then F' = 3 has at least one solution over [, for each 3 € F,.

If ¢ = p?, then the equation Xfiﬂ 4ot Xgiﬂ = (3 does not have
solution for all § € F,2:\E,. The above corollary implies that the extra terms
force X+ - -+X§+Xfi+1+- : -—I—Xgl)i+1 = (3 to have solutions for all 5 € F:.

5 Applications to generalizations of the War-
ing’s Problem

The original Waring’s problem is to find the minimum number of variables
such that the equation X¢ + --- + X¢ = 3 has solutions for any natural
number (3. This minimum number is called the Waring number associated to
d. The Waring’s problem has also been considered for equations over finite
fields and there are many bounds for their Waring numbers ([8], [13], [7]).
Many of these bounds are consequences of good estimates of the absolute
value of Gauss sums ([8], [6]).

In this section we consider a generalization of the Waring’s problem:
Given a polynomial F'(X) over F,, find the minimum number of variables
such that

FXy)+---+F(X,) =0 (13)
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has solution over F, for any § € F,. We denote this number by v(F,q). The
above problem can be related to the following problem: Given polynomials
Fi(Xy),...,F,(X,) over F,, find conditions such that every 5 € F, can be
written as

B=Fi(x1) + -+ Fu(vn), (14)

where x1, ..., x, € F,. This problem was considered by Carlitz et. al. [4] and
Cochrane et. al. [5] for the prime field. Carlitz et. al. proved that given
Fi(X1),..., F,(X,) polynomials over F, of degree d,...,d,, every element
B € F, can be written as 8 = Fy(z1) + - - - + F,,(z,,), provided that

Z{p;%wp,

i=1

where ¢ is the number of F;’s which are neither of degree p — 1 nor of the
form a(X; — ﬁ)%(”‘l) + A If F=F =--- = F, the above result implies
that (F,p) < d, where d is the degree of F' and d # p — 1,2 (see [5]). In
[5], Cochrane et. al. use estimates for exponential sums to prove that (13)
has at least one solution for every g € F,, whenever ry + -+ +17ypp) > logp,
where the absolute value of the exponential sum corresponding to each r; is
less than or equal to p(1 — r;). Note that these results are for polynomials
over F,.

We now apply Theorem 12 and obtain some natural conditions so that
the elements [ € [, can be written as 8 = Fy(x1) + ...+ F,(x,). This gives
an upper bound on 7(F,q) for polynomials F' that satisfy certain natural
conditions.

Our results apply to extension fields while the above results only apply
for polynomials over F,.

Theorem 14. Let d; > 1 be a divisor of p — 1, a; € " and F;(X) =
a; X%+ Gi(X;) be polynomials over F, fori=1,...,n. Suppose that >, %
is an integer. If wy(G;) < d;, then every B € F, can be written as

B =Fi(z1) + -+ Fy(xn),
for some xy1,--- ,x, € F,.

Example 4. Let F1 (X)) = XS+ X8 Fy(X,) = X34+ X34 F3(X3) = X2+ X3

over Figr. Then every 3 € g can be written as 3 = 2§ + 218 + 23 + 23t +
2

T3 + T3.
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Corollary 15. Let F(X) = aX? + G(X) be a polynomial over F,, where
d# 1 divides p— 1. If w,(G) < d, then y(F,q) < d.

Example 5. Let F(X) = X? 4 aX?'*! over F,, where 3 divides p — 1.
Then (F,q) < 3. Using Maple, we obtain that (z* + 2%,49) = 2 and
y(x® + z',169) = 2. Note that (2% 49) and ~(z'*, 169) do not exist.

Example 6. Let F(X) _ X4+a1Xpi1+pj1 +1+G2Xpi2+pj2+1+. . _+anXpin+pjn+1
over Ty, then v(F,297) < 4.
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