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Abstract

A Latin square (LS) of order n , is an n x n array of n different
elements, where in each row and each column the elements are never
repeated. Latin squares have various applications in Coding Theory
and Cryptography. The famous Sudoku squares are examples of latin
squares. T'wo latin squares of order n are said to be r-orthogonal if
when the squares are superimposed we get r distinct ordered pairs of
symbols. In this work we study generalizations of r-orthogonality to
sets of LS. Also, we will present some preliminary results on some of

the properties of these generalizations.

1 Introduction

To understand and take advantage of the paper one will need to know some
definitions and theorems. We start by formally defining the main concepts
and some important theorems about latin squares. A latin square (LS) of
order n is an n X n array containing n distinct symbols, usually denoted by

0,1,..

Example 1. All the latin squares of order 3.
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.,n—1, with the characteristic that each row and column of the array
contains each symbol exactly once (see Example 1).
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To study the r-orthogonality of latin squares one must consider two spe-
cial cases of latin squares which are reduced latin squares and semi-
reduced latin squares. These are important to obtain subsets that can be
used to study r-orthogonality without having to examine each latin square
of order n. A reduced latin square is a latin square that has the first row
and the first column in the standard order 0,1,2,...,n — 1 In Example 1,
array A shows the only reduced latin square of order 3. The symbol RLS
will be used when referring to reduced latin squares.

The semi-reduced latin square is a latin square that has only the first
row in the standard order 0,1,2,...,n — 1 In Example 1, arrays A and B
show the only standard latin square of order 3. The symbol SLS will be
used when referring to semi-reduced latin squares.

The next theorem shows how to compute the numbers of latin squares of
order n, knowing the number of RLS. This theorem is Theorem 2.2.6 proved
in [1].

Theorem 1. For anyn > 2, L, = n!(n—1)!l,,. Where L,, denotes the number
of all latin squares of order n and [, denotes the number of all reduced latin
squares of order n.

Now we define some concepts that are needed to understand r-orthogonality.
Two latin squares A and B are superimposed when putting one on top of
the other and forming the pairs (o), B,;)) Where o j) is a element in the
row ¢ and column j from the latin square A and f(; ;) is a element in the
row ¢ and column j from the latin square B (see Example 2). The notation
N(A, B) is used for the number of distinct order pairs and S(A, B) denotes
the array of ordered pairs (ov ), Bi,j))-

Example 2. Consider two latin squares A and B of order 3.
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Then
(0,0) (1,1) (2,2)

S(A,B)= | (1,2) (2,0) (0,1)
(2,1) (0,2) (1,0)

Two latin squares of order n are r-orthogonal if when the squares are
superimposed we get r distinct ordered pairs of symbols. In the Example 2
and Example 3 the set of latin squares is 9-orthogonal.

Example 3. The following latin squares LS, and LS, are 9-orthogonal

012 3 0123

130 2 1230

LS:=1 9 ¢ 3 1 LS =119 3 01
3210 301 2

(0,0) (1,1) (2,2) (3,3)

(L,D)* (3,2) (0,3) (2,0)

S(LSa, LSy) = (2,2)* (0,3)* (3,0) (1,1)*
(3,3)* (2,0 (1,1)* (0,2)

the pairs with the asterisk (*) are the pairs that are repeated in S(A, B).

Two latin squares A and B of order n are said to be orthogonal if
N(A, B) = n?. For example, the arrays in Example 2 are orthogonal.

When every pair of LS in a set of two or more LS S = {LS;, LSy, ..., LS} t >
2 are orthogonal, we say that the LS in S are mutually orthogonal.

To define the concept of frecuency of r - orthogonality of a set of LS we
need more notation. Let {LSi,..., LS;} be a set of LS. Define

ry - orthogonality =

t—1 t—1

D> ) N(LS;, LS;4)

i=1 j=i

where two LS are superimposed each time.
Taking this into consideration we define the frequency of r; - orthogonal-
ity is the number of sets of ¢ latins squares of order n with r; - orthogonality

is denote by h,,(n).



Example 4. hg,(4) = 12, and hs,(5) = 56 denote the frequency of two
different cases of LS.

Once the frequencies are found, they are clasified in tables to analyse how
frequency changes depending on the r-orthogonality.

2 r- Orthogonality considering only set of RLS
and SLS

To study the r-orthogonality and the frequency of r-orthogonality we need
to make a lot of computations, as known in the Section 3 were we talk about
some proposition between different sets of latin squares, some studies show
that if we have a N(LS;, LS;) = r where LS; and LS, are normal latin
squares then exist N(RLS,, SLS,) = r see Example 5 and Proposition 2.1.
Knowing this the different r-orthogonality that have a set of normal latin
squares LS x LS are going to be found in a set of reduce latin squares and
semi-reduce latin squares RLS x.SLS. This results are important because the
time of computations studying the set of LS x LS is more than studying the
set of RLS x SLS. For example the numbers of comparisons for computing
the maximum r-orthogonality in a set of LS x LS of order 5 is L5 X Ls
that is (5! x 4! x 56) x (5! x 4! x 56) = 26011238400 but if we do the same
using the set of RLS x SLS the number of comparisons is l5 X sl5 that is
(4! x 56) x 56 = 75264 note this 0.000289352% of all LS of order 5.

Proposition 2.1. To know every possible r-orthogonlity between any two
Latin Squares of order n, we only need to superimpose every RLS with every

SLS of said order.

Proof. Consider any two non-standard LS of order n and r-orthogonality X.
We can apply a relabeling function on each of the LS to transform then into
SLS while preserving their X-orthogonality. Furthermore, by permuting the
rows of one of the SLS we can obtain a RLS and applying that same permuta-
tion on the other SLS we get different SLS. At this point we still get the same
r-orthogonality X. And so it follows that it is enough to superimpose every
RLS with every SLS of a given order n to get every possible r-orthogonality
between any LS of that order. O]



Example 5. Take two non-standard latin squares LS, and LS,

LS, =

W N O
N = W D
S W N
_— O N W

Doing the superimposition of LS, and LS, we will get the following matrix
and N(LS,, LS,) = 12.

(2,1) (1,00 (3,2) (0,3)
| 3,0) (0,3) (2,1) (1,2)
S LS =1 (0.2) (3.1) (13) (2.0)
(1,3) (2,2) (0,0) (3,1)
Applying the relabel permutations p, = (g 1 g g) to the latin square LS,

and the permutation p, = ((1] (13 g g) to the latin square LS, we will get the

=)

latin squares LS, and LSy in standard form.
0123 0123
2 3 01 1 30 2
SL% =13 9 1 ¢ SES% =149 0 3 1
1 0 3 2 3210

Where SLS, and SLS, denote the standard forms of LS, and LS, respec-
tively.
Then applying the row permutation pro, = (0 12 3) to the latin squares SLS,

0231
and SLSy. Observe that SLS, is transformed in to a reduced latin square.
0123 0123
1 0 3 2 L 3210
RLS, 2 3 01 SLS, 1 3 0 2
3210 2 0 31

Where RLS, denotes the reduced from of SLS,. If you made the the su-
perimpositions of RLS, and SLS; you will get the following matriz and
N(RLS,,SLS;) = 12.

(
S(RLS,, SLS}) = E
(



2.1 Algorithm for computing frequency for latin squares
of order n.

The following pseudocode gives the frequency table for the r, —orthogonality
of latin squares of order n. The algorithm requires to especify the value
of n and also to give every semi-reduced latin square of said order as in-
put. As a result we get two output files, one with the frequency table and
another containing all the sets of t latin squares that give the maximum
ry — orthogonality. First we declare some constant values:

e n = the order of the Latin Square.

e reds = the number of reduced Latin Squares of order n.

e NUMLS = the total of semi-reduced Latin Squares of order n.
e minM =n X (;) ; minimum possible r; — orthogonality.

o maxM =n? x (;) ; maximum possible r; — orthogonality.

e rs = maxM —minM+1 ; number of possible distinct r;,—orthogonalities.

2.2 Main program
LS[NUM LS] = {(Semi — reducedLatinSquaresofordern)}

for RLS =0 to reds — 1 by 1 do
for SLS; =0to NUMLS —1 by 1 do
for SLSy = SLS; to NUMLS — 1 by 1 do

for SLS; 1 = SLS; 5 to NUMLS —1 by 1 do
re = MAX(LS[RLS], LS[SLS,], LS[SLSs),..., LS[SLS;_1])
if(Max < r;) then
if(Max < r;) then
Max =1,
clear output file
print set of Latin Squares and its r-orthogonality
increase freqlr, — minM] by 1
close output file
print frequency



2.3 MAX function

Recieves t latin squares: Lsqry, Lsqrs, ..., Lsqr;
Return Y17) (32025 supimp(Lsqri, Lsqrjs1))

2.4 r-Orthogonality function

Recieves two Latin Squares to be superimposed: Lsqr; and Lsqrg

supimp[n?] = {0}
for row =0ton?—1by 1 do
for col =0ton?>—1by 1 do
supimp|Lsqry [row][col] x n + Lsqra[row][col]] = 1
r—ort=0
for s =0ton?—1by1do
if (supimp[s] = 1) then
increase r-ort by 1

Return r-ort

3 r- Orthogonality relation between sets of
latin squares

The study of the r - orthogonality of latin squares is based in observe an
analyze the superimposing of latin squares. Exist six different set to study
the r - orthogonality of latin squares the first case is made the superimposing
of a LS with another LS but in this we need to make to much superimposing.
Another set is made the superimposing of one RLS and a SLS this set need
less superimposing that the first set also this is the case that we use more in
the investigation. We observed that knowing the r - orthogonality in one set
we can know the same r - orthogonality in the other set. Next in the paper
we show all the cases described and how move between set and their proof.

Using the theorem 1 we can formulate a corollary to know the the number
of all semi-reduce latin square of order n denote sl,,.

Corollary 1. For anyn > 2, sl,, = (n — 1)!l,,.



Table 1: Latin square sets

Sets Description
LS x LS Two Latin Squares are superimposed.
This procedure is repeated for all Latin Square combinations.
SLS x RLS | One Standar Latin Square and one Reduced Latin Square are superimposed.
This procedure is repeated for all Latin Square combinations.
SLS x SLS Two Standar Latin Squares are superimposed.
This procedure is repeated for all Latin Square combinations.
LS x RLS One Latin Square and one Reduced Latin Square are superimposed.
This procedure is repeated for all Latin Square combinations.
LS x SLS One Latin Square and one Standar Latin Square are superimposed.
This procedure is repeated for all Latin Square combinations.
RLS x RLS Two Reduced Latin Squares are superimposed.

This procedure is repeated for all Latin Square combinations.

Proof. Given a RLS of order n, note that have n rows and remember the
definition of a semi-reduce latin square, that have the first row in the standard
order, now it is easy to see that by permuting the second row to the n row of
a RLS the result is a SLS, knowing this note that by permuting the (n — 1)
row we can generate (n — 1)l SLS from a RLS. Moreover note that all the
SLS of order n is (n — 1)!,,. O

We need to define some notations to show how to know the r - orthogo-
nality of a set of LS knowing the r - orthogonality of a different set.

Definition 1. N, (D) represent the number of latin squares r - orthogonal in
the set ©. Moreover O is a set from the table 1

Example 6. N, (LS x LS) represent the number of latin squares r - orthog-
onal in the set LS x LS. Also N,.(SLS x RLS) represent the number of latin
squares r - orthogonal in the set SLS x RLS.

Knowing the theorem 1 and the corollary 1 and using the notations from
the definition 1 consider next propositions.

Proposition 3.1. N, (SLS x RLS) = —(anSi)X!(Lné;)Z

8




Proof. Since the number of SLS is (n—1)!l,, by the theorem 1 and the number
of RLS is I, we know that SLS x RLS = (n—1)!(l,,)%. Moreover the numbers
of LS is n!(n—1)!,, by the theorem 1 this show that LS x LS = (n!(n—1)!,)?
note following:

LS x LS
SLS x RLS = m (1)
B (n‘(n —1),)?
(0 — D)2 )
(il — )l
(n — D)2 ¥
_(nl(n—1)W,) - (nl(n —1)1,,)
B (n —1)!(n!)? (4)
_ () = DY)
BRIV IEE (5)
(6)
cancel the same term from the numerator and denominator show that SLS x
RLS = (n — 1)!(1,,)? this prove that SLS x RLS = % O

Proposition 3.2. N,(SLS x SLS) = LS><)I2,S

Proof. Since the number of SLS is (n— 1)!,, by the theorem 1 we know that

SLS x SLS = ((n — 1)!(l,))*. Moreover the numbers of LS is n!(n — 1),
by the theorem 1 this show that LS x LS = (n!(n — 1)!l,)? note following:

SLS x SLS = % (7)
_ (7%!(7"b(;!)12)!ln)2 ®)

_ (n!(n(;!;)!ln)Q o)

_ (nl(n— 1)!12)71.!)(271!(71 —1)!1,,) (10

_ (n!)2((n<;!>12)!>2(ln)2 (11)

(12)



cancel the same term from the numerator and denominator show that SLS x
SLS = ((n — 1)I(1,))? this prove that SLS x SLS = LxLS. -

(n)?

Proposition 3.3. N, (LS x RLS) = (nLix)ﬁgl)

Proof. Since the number of LS is (n!(n — 1)!1,)? by the theorem 1 and the
number of RLS is I, we know that LS x RLS = n!(n — 1)!(I,,)?. Moreover
we konw that LS x LS = (n!(n — 1)!1,))? note following:

T 1y
T s
_ (ol 1)) (nkn— 1)) (16)
N (n!)?gi—lﬁzﬁ(zn)? 17)
(18)

cancel the same term from the numerator and denominator show that LS x

RLS = n!(n — 1)!(l,)? this prove that LS x RLS = (7%551165!)' O

Proposition 3.4. N,.(LS x SLS) = —Lf:!)LS

Proof. Since the number of LS is (n!(n — 1)!1,)? by the theorem 1 and the
number of SLS is (n—1)!l,, we know that LSxSLS = n!(n—1!1,,)2. Moreover

10



we konw that LS x LS = (n!(n — 1)!1,))? note following:

LS x SLS = % (19)
~ (nl(n—1),)?
B (n!) (20)
~ (nl(n—1),)?
= o) (21)
_ (n!(n — 1)!ln27;'§n!(n — Dll,) (22)
_ (@) ((n — D)D)
B (n!) (23)
(24)

cancel the same term from the numerator and denominator show that LS x

SLS = n!(n — 1!1,)). this prove that LS x SLS = L*?;!)LS. O

Proposition 3.5. N.(RLS x RLS) = (LSst

n—1ln!)?

Proof. Since the number of RLS is I, we know that RLS x RLS = (I,)*.
Moreover we konw that LS x LS = (n!(n — 1)!/,)? note following:

LS x LS
(n!(n — 1)1,)?
= 2
(nl(n = 1)1)2 (26)
(n!(n — 1)1,)?
— 2
(nl(n = 1)1)2 (27)
B (n!(n — D!, - (n!(n — 1)L,
B (nl(n —1)!)2 (28)
1\2 _ 12 2
_ (= 1)Y() 2
(n!(n —1)!)2
(30)
cancel the same term from the numerator and denominator show that RL.S x
RLS = (I,)?* this prove that RLS x RLS = % O

11



3.1 Results of r-Orthogonality for Latin Squares of Or-

der 3
Table 2: Number of Superimposition
Sets Total number of superimposition

LS x LS 144
SLS x RLS 2
SLS x SLS 4

LS x RLS 12

LS x SLS 24

Table 3: r - Orthogonality distribution according to cases

Set
r — orthogonal | LS x LS | SLS x RLS | SLS x SLS | LS x RLS | LS x SLS
3 — orthogonal 72 1 2 6 12
9 — orthogonal 72 1 2 6 12

After realizing every possible superimposition of latin squares for order 3,
we found that threre are only two different r-orthogonalities: 3-orthogonality
and 9-orthogonality. Interestingly enough, there is the same number of 3 and
9 orthogonalities for each case. Knowing the N(9) in the set LS x LS we can
know the N (D), also we con know the N(0) for a special set and the using
the propositions 3.1, 3.2, 3.3, 3.4 and 3.5 and applying elemental operations
like substitution you will get the N (LS x LS) a then the N(9) for the others
sets the example 7 show the relations between sets. For this example we do
not see the set RLS x RLS because the LS of order 3 only have one RLS.

Example 7. Some relation between set using the propositions 3.1, 3.2, 3.3,

3.4 and 3.5.

1. N(SLS x RLS) =

N(LSxLS)
21313!

12




2. N(SLS x SLS) = NESxLS)

313!

3. N(LS x RLS) = NLSxLS)

213!

4. N(LS x SLS) = NESxLS)

3!

4 Isotopy Partitions of latin squares

Now we introduce another characteristic of latin squares called Isotopy par-
titions. Partitions are a family of subsets from some set S denoted ¢
where ¢ is not empty (¢ # 0), the interseption between partitions is empty
(px N, = 0) and the union of all the partitions of S are equal to S also
the elements of one partition are related with a unique relation R for this
partition. The relation R for the isotopy partition is if you take a LS for
the partition ¢, and permute the row, columns and relabels or combination
of this permutation the result is a LS in the partition ¢,. Since our goal is
study the r-othogonality and know the r - orthogonality with the less number
of comparisons between LS we know that is sufficient use the set RLS x SLS
knowing this we decide to study the isotopy partitions to see the distribution
of the RLS, SLS also the distribution of the latin square that produce the
maximum r - orthogonality. The notation LS}*” where n is the order, p is
the isotopy partition and L is a label to differentiate the LS, for our conve-
nience the partition representative is denote with L = 1 like LS]"?. We made
programs for generate the partitions of latin squares of order 4 and order 5
and investigate the distribution of the RLS, SLS and the LS that produce
the maximum r - orthogonality in the isotopy partition.

For the set of latin squares of order 4 and order 5 exist two isotopy
partitions that are given by two isotopy partition representatives that are
LS}, LS and LSY', LSy

01 2 3 01 2 3

41 | 10 3 2 42 |1 30 2
LSy = 2 3 01 LS = 2 0 31
3 2 10 3 2 10

13



01234 01234
1240 3 1 3042
LS =124 310 LS =124 310
301 42 30421
43021 4210 3

Is important to know that other Latin Square in the partition can be one
isotopy partition representative. When we refer to the partitions we will use
the isotopy partitions representative LS or LS. The distribution of the
latin square in each partition is 432 for the isotopy partition LS;1 1144 for
the isotopy partition LSf’2, 17280 for the isotopy class LSf’1 and 144000 for
the isotopy class LSf’z.

4.1 Distributions of the RLS in the Isotopy Partitions

In the case of Latin Squares of order 4 we find that the distribution of the
RLS is 1 for the partition LSf’1 that is the same latin squares that the
isotopy partition representative RLS;L’1 and for the partition LS;1 2 we found
3 reduced latin squares that are RLS;”*, RLSy”* and RLS§’2.

e Reduced Latin Squares in the Patition LS

01 2 3
w1073
3 210

e Reduced Latin Squares in the Patition LS

0123 0123
42 |1 3 0 2 52 |1 230
RLS™ = 2 0 31 RLS," = 2 301
3210 301 2
0123
12 |10 3 2
RLS3_2310
3201

14



The distribution of the reduce latin square for order five is six reduce latin
square in the isotopy class LSf’l and 50 in the isotopy class LSf’z. Also in
the appendix A we have al the reduce latin square of order 5, the reduce latin
square in the isotopy class LS are the 14, 23(representative), 24, 38, 40 and
50, and the other reduce latin square are in the isotopy class LSf’Z.

4.2 Distribution of the LS that produce maximum r -
orthogonality in the partition

Studying the results from the isotopy partitions of latin squares of order 4
and order 5 we observe that all the latin squares that produce the maximum
r-ortogonality are in the same partition that are LS} and LS}"". This results
are given because the maximum r - orthogonality is the absolute maximum,
that is that the absolute is n2. In the proof of the Theorem 2 show that the
maximum absolute r - orthogonality is given by the set of mutually orthogonal
latin squares also show that the set of mutually orthogonal latin square is
made from a RLS and permutations of rows. Moreover this is the reason
why all the LS that produce maximum r - orthogonality are in the same
isotopy partition. We know this only for the case when the order of the latin
square is prime power

Theorem 2. If q is a prime power, then the size of the largest collection of
mutually orthogonal LS of order q is ¢ — 1.

This Theorem 2 show that the maximum absolute r - orthogonality exist
in all LS of order ¢ when ¢ is a prime power and also show that | MS}? |=
n — 1. Knowing this we can know all the maximum r - orthogonality in LS
of order ¢ and ¢ is a prime power.

Proposition 4.1. A set of latin square MS of order p*, p is a prime num-
ber and i € N, the mazimum 1, - orthogonality is equal to (p*)?* - (;) Let
MS be a set of p' — 1 distinct mutually orthogonal latin squares, MS =

{LS1, LS, ... LSy}

Proof. Knowing the Theorem 2 is easily to know that all latin squares with
order equal to p’, has a mutually orthogonal latin square. Also the maxi-
mum set of mutually orthogonal latin square has p' — 1 latin squares, that is
MS?P" = {LSy,LS,,...,LSyi_1}. If we take two LS from MS?" we get (p')?
- orthogonality moreover note number of possible superimposition of LS in

15



a set MS of p* — 1 latin squares is (piz_ 1) knowing this we can say that r; -

orthogonality is equal to (p')?- (¥, 1).

Example 8. Use esto si quiere incluir un ejemplo.

Definition 2. Use esto si quiere incluir un ejemplo.

4.3 Escriba aqui el titulo de la subseccién

Contenido de la subseccién.

5 Escriba aqui el titulo de la seccién

Contenido de la seccién.

6 Apendix A: Reduce Latin Square of order

5 label with the respective isotopy class

(1): LSS =

(4): LSS =

(7): LSS =

01234
10342
23410
34021
42103

01234
10423
23140
34012
42301

01234
10423
24310
32041
43102

(2):

(5) :

(8):

LSy =

LSS =

LSS =

16

01234
10342
23401
34120
42013

01234
10342
24013
32401
43120

01234
10423
24301
32140
43012

(3):

(6) :

(9) :

LSy =

LSy =

LSy =

01234
10423
23041
34102
42310

01234
10342
24103
32410
43021

01234
12340
20413
34021
43102




(10) :

(13) :

(16) :

(19) :

(25) :

(28) :

LS5

LS}

LS}

LSS

: LS?

LSS

LSS

01234
12340
20413
34102
43021

01234
12043
23401
34120
40312

01234
12403
23041
34120
40312

01234
12043
24301
30412
43120

01234
12340
24103
30412
43021

01234
13042
20413
34120
42301

01234
13420
20341
34012
42103

(11) :

(14) :

(17) :

(20) :

(23) :

(26) :

(29) :

LSS

LS}

LSS

LSS

LS}

LSS

LSS

17

01234
12403
20341
34012
43120

01234
12043
23410
34102
40321

01234
12403
23140
34012
40321

01234
12043
24310
30421
43102

01234
12340
24103
30421
43012

01234
13402
20143
34021
42310

01234
13402
20341
34120
42013

(12) :

(15) :

(18) :

(21) :

(27) :

(30) :

LSS =

LSS =

LSS =

LSS =

: LS?::

LSS =

LSS =

01234
12403
20341
34120
43012

01234
12340
23401
34012
40123

01234
12403
23140
34021
40312

01234
12340
24013
30421
43102

01234
12403
24310
30142
43021

01234
13420
20143
34012
42301

01234
13420
20341
34102
42013




(31) :

(34) :

(37) :

(40) :

(43) :

(46) :

(49) :

LS5

LS}

LS}

LSS

LS

LSS

LSS

01234
13042
24103
30421
42310

01234
13420
24301
30142
42013

01234
13042
24310
32401
40123

01234
13402
24310
32041
40123

01234
14320
20143
32401
43012

01234
14302
20413
32140
43021

01234
14023
23410
30142
42301

(32) :

(35) :

(38) :

(41) :

(47) -

(50) :

LSS =

LSS =

LSS =

LS} =

: LEE::

LSS =

LSS =
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01234
13042
24310
30421
42103

01234
13042
24103
32410
40321

01234
13402
24013
32140
40321

01234
14023
20341
32410
43102

01234
14302
20413
32041
43120

01234
14023
23140
30412
42301

01234
14320
23041
30412
42103

(33) :

(36) :

(39) :

(42) :

(45) :

(48) :

(51) :

LSS =

LSy =

LSS =

LSS =

LS} =

01234
13420
24013
30142
42301

01234
13042
24301
32410
40123

01234
13420
24103
32041
40312

01234
14302
20143
32410
43021

01234
14320
20413
32041
43102

01234
14023
23401
30142
42310

01234
14302
23140
30421
42013




(52) : LSS =

(55) :

7 Appendix B: Maximal sets MS? for

01234
14320
23401
30142
42013

LSy =

(53) : LS5 =

01234
14302

23041 | (56) :

32410
40123

squares of order 5.

MS; =

MS; =

MS; =

MLS; =

(

01234
12043
23410
34102
40321

01234
12340
24103
30421
43012

01234
12403
24310
30142
43021

01234
13402
24013
32140
40321

01234
23410

40321
34102

01234
24103

43012
30421

01234
24310

43021
30142

01234
24013
| 13402
40321
32140

19

| 12043 |,

| 12340 |,

| 12403 |,

01234
14023

23140 | (54): LSS =

32401
40312

LSS =

01234
40321
34102
12043
23410

01234
30421
43012
24103
12340

01234
30142
43021
24310
12403

01234
32140
.| 40321
24013
13402

01234
14302
23410
32041
40123

01234
34102
| 40321
23410
12043

01234
43012
, | 30421
12340
24103

01234
43021
, | 30142
12403
24310

01234
40321
| 32140
13402
24013

01234
14023
23401
32140
40312

latin




01234 01234 01234 01234

13402 24310 32041 40123
MS? = 24310 |, | 13402 |.,| 40123 |,| 32041
32041 40123 24310 13402
40123 32041 13402 24310
01234 01234 01234 01234
14320 23041 30412 42103
MLS? = 23041 |, | 14320 |.| 42103 |,]| 30412
30412 42103 23041 14320
42103 30412 14320 23041
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