Exact divisibility of exponential sums associated to elementary symmetric
Boolean functions

Abstract

An n-variable Boolean function F' is a function
defined over " with values in F the finite field
with two elements. Our aim is to calculate the
exact 2 divisibility of exponential sums associated
to Boolean functions. This allows us to determine
whether a Boolean function is balanced, i.e. whether
H{z € F|f(x) = 1} = 2" !, which can be difficult in
ceneral. We prove two theorems which give athrma-
tive answers to some of the open cases of Cusick-
Li-Stanica’s conjecture about the non-existence of

certain balanced Boolean funtions.

Preliminaries

LLucas’ Theorem

Let n € N with 2-adic expansion n = 2% 4+ 2% +
-+ 2%, The binomial coefficient (Z) s odd if

and only if k is either 0 or a sum of some of the
2% g,

Notation
= [F': the finite field with two elements.
“ Onk o 0p(X1, ..., X,), the elementary symmetric

polynomial in n variables of degree k.

« o(m) : The highest power of two that divides the
non-zero mteger m.

« wy(x) : the Hamming weight of x € I

« k1 = ko : Each 1 appearing in the binary expansion
of k1 also appears in the binary expansion of k9 for

kl, ko € N.

An important property of vy is that vo(m +n) >
min{ws(m), e(n)}. Moreover, if vn(m) # 1o(n),
then vo(m +n) = min{wvy(m), vs(n)}.

Let F(X) = F(Xy,...,X,) be a polynomial in n
variables over . The exponential sum associ-
ated to I over [Fis:

x1,...,TnElF

Note that F' is balanced if and only if S(F) = 0.
Also note that if 15(S(0, 1)) < 00, then the function
is not balanced.
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Define A; to be the set of all (z1,---,2z,) € F"
with exactly j entries equal to 1. Then, |A;| =
(7;) and o, 1(x) = (}1) for x € A,;. This allows
us to write the exponential sum associated to an
elementary symmetric polynomial in a way that is
much more useful for our goals of studying the exact
2 divisibility of such sums.

Exponential sums associated to
Boolean functions

In the case of an elementary symmetric polyno-
mial, the exponential sum can be written as

Slopg)=2"—2 Y ) (n))

jeN(n.k) \J

where N(n, k) = {0 < j < n| (i) = 1 mod 2}.
Thus,

vo(S(onk)) = V2(2 2

JeEN (n,k

Previous work

In 2], Cusick, Li and Stanica proposed a conjecture
that explicitly states when an elementary symmetric
function is balanced:

There are no nonlinear balanced elementary sym-
metric Boolean functions except for degree k = 2
and 21D — 1-variables, where |, D are positive
integers.

« T'here have been various articles which tackle parts
of this conjecture, for example [3] in which Cu-
sick, Li and Stanica proved their conjecture for el-
ementary symmetric functions of odd degree and
1] where Castro and Medina proved an asymptotic
version of the conjecture.

« Su, Tang and Pott presented the known results
about the conjecture, and restated the conjecture
to include only the open cases in [4].

Open cases of Cusick-Li-Stanica’s
Conjecture ([4)])

Let D >3beodd, a>1n=2""D+r r=
—1,0,1,2. The elementary symmetric Boolean
function o(X,...,X,) is not balanced in the
following cases:

ok =2"d wy(d) > 2, and 2 < d' < 21 for
r—=—1.0,1,2.

ok =20"d +2% wy(d) > 2, and 2 < d' =< %
forr=0,1, 2.

Problem

We are interested in finding families of elemen-
tary symmetric Boolean functions whose exponen-
tial sum is not equal to 0 and whose 2-adic valua-
tion can be calculated by elementary methods. Of
particular interest are families which are part of the
remaining open cases of Cusick-Li-Stanica’s conjec-
ture. We study the following families:

- degree 24(2""? — 1) and 2%(2" — 1) variables

- degree 24279 — 1) and 2%(2" — 1) variables

- degree 2%m and 2%(2' + m) variables,

where a,? € N and m is an odd positive number.

Results

Theorem

Let a, © be natural numbers with 1 > 6 and a > 1.
Suppose that n = 242" — 1) and k = 24(2""* —1).
Then, r(S(onk)) =T7.

Example: Let ¢+ = 6 and a = 1. Then
we have that n = 22 — 1) = 508 and
k = 2(2* — 1) = 30 = (11110);. By Lucas’

computer
2126

Theorem N(126,30) = {30, 31,62,63,94,95,126}.
system, — we
126)

Using any algebra
can calculate —  235eN(126,30) ( ;

61119442732692689995146730716611952512  and
obtain v5(S(0, ) = 7, as predicted by the theorem.

ceom ¢

Theorem

Let a, v be natural numbers with 1+ > 16 and a >
1. Suppose thatn = 24(2'—1) and k = 29(2"°—1).
Then, vn(S(o, k) = 15.

We use Lucas’ theorem to determine which elements
will be in N(n, k). After conjecturing the value of
o(S(onr)) = 1 via computer experiments, we con-
sider the binomials in the sum ey k) (?) which
have 2-adic valuation smaller than [. Note that since
o(m + n) = min{wn(m), ve(n)} for n(m) # va(n),
then to obtain that 15(S(0,%)) = [ it is enough to
consider these binomials and show that the 2-adic
valuation of their sum is [ — 1. Our two theo-
rems give aflirmative answers to some of
the open cases of Cusick-Li-Stanica’s Con-
jecture.
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