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LATIN SQUARES

* A latin square of order n is Example.
an n x n matrix containing ol1l213
n distinct symbols such

112(31|0
that each symbol appears
in each row and column 213101
exactly once. 3/]0]1)2

JTheorem. There is a latin square of order n for
eachn > 1.

G. Mullen & C. Mummert, 44.



Why study latin squares?

—Applications
—Puzzles
—[t’s fun!



Computational Problem

A central problem in the theory of
latin squares is to determine how

many latin squares of each size
exist.
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9,982,437,658,213,039,871,725,064,756,920,320,000

11 |776,966,836,171,770,144,107,444,346,734,230,682,311,065,600,000

Taken from N.J. A. Sloane, A002860, On-Line Encyclopedia of Integer Sequences (1996-2008)
http://www.research.att.com/~njas/sequences/A002860



http://www.research.att.com/~njas/sequences/A002860

TYPES OF LATIN SQUARES

* A latin square of order n is

said to be reduced if its Example.
first row and first column 0l1]2]3
are in the standard order
0,1,.. n-1. 11230
23|01
* A latin square of order n is 310112
said to be semi-reduced if ;s of order 4

its first row is in the
standard order.
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5.36 x 1033

Taken from N.J. A. Sloane, A000315, On-Line Encyclopedia of Integer Sequences (1996-2008)
http://www.research.att.com/~njas/sequences/A000315.



http://www.research.att.com/~njas/sequences/A000315

Theorem. For any n > 2,
L=nl(n-1)l'1

G. Mullen & C. Mummert, 45.
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r-ORTHOGONALITY
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SUPERIMPOSING LATIN SQUARES

e Given two latin squares of the same size we can
superimpose them, that is, we can place or lay
one latin square over the other to create a
square of ordered pairs.

 Example.

11210 21011 (1,2) | (2,0) | (0,1)

2101 11210 (2,1) | (0,2) | (1,0)

LS, LS, S(LS,LS,)



r—ORTHOGONALITY

* r=P(LS;,LS;) is the number of distinct
ordered pairs you get when you
superimpose LS; and LS..

* LS;and LS;are said to be r-orthogonal if
r=P(LS;,LS)) .



r—ORTHOGONALITY

 Example. 8-orthogonal latin squares:

0/1(2]3 0/1(2]3
112{3|0 3/0/1|2
2|3|0|1 2|3|0|1
3/0/1|2 112{3|0

(0,0) | (1,1) | (2,2) | (3,3)

L5 L5, (1,3) | (2,0) | 3,1) | (0,2)

S(LS,LS,)



ORTHOGONAL LATIN SQUARES

* Two latin squares of order n are orthogonal
if r = n?.

Example:

11210 AR (1,2) | (2,0) | (0,1)
2101 1120 (2,1) | (0,2) | (1,0)
LS, LS, S(LS,,LS,)




MUTUALLY ORTHOGONAL LATIN
SQUARES

* A set of mutually orthogonal latin squares
(MOLS) is a set of two or more latin squares
of the same order, all of which are
orthogonal to one another.

* Example. {LS,, LS,, LS;} is mutually
orthogonal if P(LS,, LS,)=n?, P(LS,, LS;)=n"
and P(LS,,LS,)=n".



MUTUALLY ORTHOGONAL LATIN

SQUARES
 Example:
0(1(2|3 01231 0/3[1]|2
1/0(3|2 1(3(2]|0 11203
21301 201113 211|130
3121110 311/0/2 310121
LS, LS,

P(LS,, LS,)=16  P(LS,, LS,)=16
P(LS,, LS,)=16



The concept of MOLS of a given
order is important, because it is
known that there exists a projective

plane with n points if and only if
there are n — 1 MOLS of order n.

Theorem 2.3.8. (Bose 1938). G. Mullen & C. Mummert, 62.



MUTUALLY ORTHOGONAL LATIN

SQUARES
Questions:

Is there a collection of mutually
orthogonal latin squares for every
order?

If they exist, how big is the largest
collection of mutually orthogonal latin
squares for each order?



MUTUALLY ORTHOGONAL LATIN
SQUARES

e Let N(n) denote the size of the largest collection
of mutually orthogonal latin squares (MOLS) of
order n (that exist).

»Theorem. N(n) = 2 for all n except 2 and 6.

N(2) =1and N(6) =1

»Theorem. N(n) £ n-1 for any n = 2.

»Theorem. If g is a prime power, then N(q) = g-1.
g=p’, wherepisaprimeandr=>1

G. Mullen & C. Mummert.



MUTUALLY ORTHOGONAL LATIN
SQUARES

Question:

Are there n — 1 mutually orthogonal
latin squares of order n if nis not a
prime power?



Conjecture. [The Prime Power
Conjecture] Forn=22, N(n)=n-1if
and only if nis a prime powetr.

G. Mullen & C. Mummert, 48.




r,-ORTHOGONALITY




r~ORTHOGONALITY

* Let {LS,,..., LS,} be a set of t > 2 Iatin squares.
Then,

r,=) P(LS;,LS;)

17 |

* Example. Let {LS,, LS,, LS;}:
ry = P(LS,, LS,) + P(LS,, LS;) + P(LS,, LS,)



r—ORTHOGONALITY

* Example: r;=9+12+9=30

\/ \/

P(LS,, LS,)=9  P(LS,, LS,)=12
P(LS,, LS,)=9

01|23 01|23 01|23
113(0|2 112310 213/0|1
210131 21301 112310
32|10 3/011/2 30112
LS,




The ri-orthogonality Is related to
how “close” one is from getting
projective planes. Thus, computing
sets of latin squares of order n that
give the maximum r,-orthogonality,
denoted by M,(n), is an important
problem.
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Problems

e What is the maximum
r—orthogonality, M (t)?



What Is Known

For n=6 we know these values for the M:(6)

t M(6)

2 34

3 96

4 188

5 300< Ms5(6) < 340

Taken from R. Arce & J. Cordova & I. Rubio. (2009)



Computational Problem

Reduce the number of comparisons
and time (the estimated time for
computing M.(6) is 1.95 x 102 years).

* Restrict focus to special sets of latin
squares.

* Eliminate unnecessary comparisons.



Computational Problem

* The plan:

—Distribute the work:
* Cores
* Processors
* Computers

—Design a specialized circuit that
compares latin squares.

—Optimize the algorithm for
computing M.(6)



Problems

e What is the maximum
r—orthogonality, M (t)?

* Are there any properties related to
M, (t)?



Problems

e What is the maximum
r—orthogonality, M (t)?

* Are there any properties related to
M. (t)?

* Find constructions for sets of MOLS.



Sets of MOLS




MOLS Generating Matrix

* Let L be a LS of order n, we say that L is
symmetricif L = L.

 Example:

[l
A TWIN| = O
N | B~ O W |-
Wi L ~ON
OIN =R | B~ W
R Ol W N |

Il

\l




MOLS Generating Matrix

e A transversal in a latin square of order nis a
set of n cells, each from a different row and
a different column, such that every element
in each cell is different.

0111234

 Example: 11310142

T=il1,=1,1,5=0, L=|2]|0l4]1]3

.L3,5=3’ L4,4=2'.L5,1=4} 314111210
is a transversal in L.

412301




MOLS Generating Matrix

» Setting the value of each cell in the
transversal to 1 and the rest of the cells to
0, gives a permutation matrix.

 Example:
0/1(2/3|4 0[{1/0|0]|0
113|042 0[0|1]|0]|0
2/10(4]1(3 0/0|0|0]|1
3(4(1]2|0 0(0|0|1]0
412301 1/0/0[0|0




MOLS Generating Matrix

 Multiplying a permutation matrix by a latin
square gives a latin square.

 Example:
of1/0/0(0| |0[21|2(3|4| [1|3|0]4]|2
oloj1/0(0| |1]3]|0(4|2| |2]|0|4|1|3
PxL={0/0/0|0[1|x|2|0[4|1[3|=[4|2(3|0|1]|=
olo|ofa|o| [3|4|1|2/0| [3]|4|1]|2]|0
1|0/0|0|0| |4|2|3|0[1| |0|1]|2(3|4




MOLS Generating Matrix

* Let L be a LS of order n = g, where g is a prime
power, and let G be an n x n permutation matrix.
We say that G is a MOLS generating matrix if
{GL,G?L,...,G"1L=L} is a set of MOLS.

:Example. i
113(0(4|2 2014113 4121301 011|234
2014113 4121301 011|234 113(0(4|2
41213(0(1|,0(12(3(4/(,(1|3/0(4(2|,2(0(4|1|3|
314|11(2|0 314/1(2|0 3(4(1/2|0 34120
0/1/12(3|4 113|10|4|2 2(0(4|1|3 4121301




Conjecture. Let L be a symmetric RLS
contained in a set of MOLS. If G is a
permutation matrix given by a
transversal in L with exactly one 1 on its
main diagonal, then G is a MOLS
generating matrix.

Bermudez.




SUMMARY




What is Known

* Number of distinct latin squares and distinct
reduced latin squares when n < 11.

* For latin squares of order n = p", where p is a
prime numberandr>1, N(n)=n-1.

* The maximum r—orthogonality when t € {2,
3,4} and n=6.



What is Unknown

* The number of distinct latin squares and
distinct reduced latin squares when n > 12.

* The maximum r,—orthogonality when t =5
andn =6.

* The maximum r,—orthogonality when n is not
a prime power and 2 <t < n-1.



FUTURE WORK

* Optimize the computing approach for M:(6).

* Find properties of the latin squares that produce
the Mt(n).

* Find a formula for M¢(n) when n is not a prime
power and t < n-1.

* Modify and prove the MOLS Generating Matrix
Conjecture.

* Generalize the concept of the MOLS generating
matrix to maximal sets of latin squares.
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